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PREFACE. 



The method of teaching algebra set forth in this book 
assumes as a leading principle that algebraic language, like 
other language, is best acquired, not thi'ough definitions and 
formal rules, but rather through actual use of the language 
itself as an instrument of thought. The singular power 
of algebraic language in analysis and reasoning is under- 
stood only when one has learned to use it in those processes. 
The earlier a beginner can be taught to use even a little 
of this language in reasoning, the better; for so may his 
interest in it be earlier awakened through the conscious 
exercise of a new power. 

Accordingly, the first part- of this book is devoted to the 
solution of easy problems, by the use of simple equations, 
with one unknown quantity. The few symbols needed are 
briefly explained in the first section. The second section 
is a carefully arranged collection of problems, interspersed 
with explanations, as new features in the process of solu- 
tion call for them. Small numbers are used in a por- 
tion of the problems, that the reasoning may with ease be 
carried on mentally and expressed orally. This oral use of 
algebraic language is found to be a very efficient means 
of instruction. 

Regarding the processes used in the solution of equations, 

• • • 
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the remark should be made here, that all these processes are 
based directly on the axioms given in Article 24. The 
process called ''transposition" is not used, and tlie word 
'' transpose " does not occur. It is believed to be ])etter for 
the beginner to fix his thought directly on the real nature 
of the step he is taking than it is to run the risk of form- 
ing misconceptions through the use of terms which do not 
rightly mark the real nature of that step ; for experience has 
shown that the operation called ''transposition," though 
perfectly legitimate when properly understood, is, neverthe- 
less, likely to be misleading and confusing to the beginner. 
Throughout this book, accordingly, equations are reduced 
by dh-ect applications of the axioms, that is, the same quantity 
is added to or subtracted from each member, or each member 
is multiplied or divided by the same quantity. 

The third section is devoted to operations on algebraic 
quantities. The matter given in this section is more 
commonly given at the beginning of text-books ; but the 
arrangement here adopted recognizes the principle that the 
meaning of algebraic expressions must be clearly appre- 
hended, before rules for operating upon or with them can be 
well understood. Attention is asked to the manner in which 
negative numbers are introduced, to the distinction made 
between algebraic and arithmetical numbers, and to the 
distinction between algebraic addition, subtraction, multipli- 
cation, and division, and the arithmetical operations of the 
same names. All the algebraic operations are based on 
the nature of algebraic numbers as distinguished from arith- 
metical numbers. 

Another special feature of this treatise consists in the 
grouping of some related topics that are usually treated 
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separately. For example, fractions, algebraic quotients, 
and ratios, being intimately related topics, are brought to- 
gether in the same section. Also radicals, which are usually 
set apart, and treated under a separate set of rules, are here 
treated in immediate connection with fractional exponents 
in the section devoted to the general theoiy of exponents. 
When the fact is clearly recognized, that the radical signs 
and the fractional exponents are merely different expres- 
sions of the same thing, the need of separate sets of rules 
for operating with the one and with the other disappears, 
and the general exix)sition of the subject thus gains, not 
only in brevity, but also in clearness and simplicity. A 
similar remark applies to the case of fractions, algebraic 
quotients, and ratios, which, though they relate to different 
conceptions, and bear correspondingly different interpreta- 
tions, are identical in form, and may be operated on by the 
same rules. 

The learner is not in full possession of the algebraic 
method of reasoning until he has leanied how to solve 
problems in a general manner, and to interpret the results 
for particular cases. The sixth section contains some illus- 
trations of this process of generalization applied to problems 
already familiiar. A degree of familiarity with generalized 
statements and processes, on the part of the learner, is as- 
sumed throughout the rest of the book. He is supposed to 
be ready to use the general language of algebra in the 
investigation of such topics as the binomial theorem, roots 
of numbers, arithmetical and geometrical progression, and 
logarithms. He is taught to guide his processes, not by 
rules, but by formulas, as in the solution of binomial equa- 
tions in the ninth section, of quadratic equations in the 
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tenth, and in various other instances- All this is in pur- 
suance of the principal aim of algebraic training, which is 
to enlarge and generalize our notions of number and our 
methods of reasoning on numerical questions. 

The course of study embraced in this book is sufficient to 
meet the requirements for admission to any of our colleges, 
and is such as is pursued in our best high schools and 
academies. The work is submitted to teachei*s in the hope 
that it may prove helpful in promoting improved methods of 
mathematical instruction. 

Boston, May, 1882. 
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Elementary Algebra. 



SECTION I. 

THE LANGUAGE OP ALGEBRA. 

Article 1. Algebra is a method of reasoning about 
numbers in a language of symbols. 

Two kinds of symbols are used, symbols of quantity 
and symbols of operation. 

2. Symbols of quantity are letters of some alpha- 
bet, which are used to represent numbers known or 
unknown. 

3. Symbols of operation are certain signs used to 
denote mathematical operations. 

4. The sign + denotes addition, and is called plus. 

Thus, the addition of 5 to 8 is denoted by 8+5, and the ex- 
pression is read "eight plus five." So, too, if a stands for some 
number, and x for some other number, the sum of these numbers 
is denoted by a-{- x, and the expression is read " a plus x.*' 

5. The sign —denotes subtraction, and is called minus. 

Thus, the subtraction of 5 from 8 is denoted by 8 — 5, and the 
expression is read "eight minus five." So, too, the subtraction of 
the number x from the number a is denoted by a — a;, and the 
expression is read "a minus x," 
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6. The sign x denotes multiplication, and is called 
the sign of multiplication. 

Thus, the multiplication of 8 by 5 is denoted by 8 x 5, and the 
expression is read "eight multiplied by five." So, too, the multi- 
plication of the number a by the number x may be denoted by ax x. 
It is usual, however, to omit the sign of multiplication when one 
or both the factors are represented by lettera. Thus, instead of 
a X x, we write a x ; and, instead of 8 x a:, we write 8 x ; but instead 
of 8x5, we should not write 85, because the expression 85 always 
retains the meaning given to it in arithmetic, the sum of 8 tens 
and 5 units. 

The expression a x may be read " a multiplied by x ; but it is 
usual to omit the words " multiplied by," and say merely "ax." 

?• The signs -5- and : denote division, and are called 
signs of division. 

Thus, the division of 8 by 4 is denoted by 8 -r 4, or by 8 : 4, 
and either expression is read " eight divided by four." So, too, 
the division of the number a by the number x is denoted by a -f x, 
or by a : a:, and either expression is read "a divided by x." 

Another way of denoting division is to write the dividend as 

numerator t and the divisor as denominator, of a fraction. Thus, 

the division of 8 by 4 is denoted by |, which is read " eight divided 

a 
by four ; " and the division of a by x is denoted by -, which is 

read "a divided by x." 

8. A number represented by an algebraic symbol or 
combination of symbols is an algebraic quantity, 

9. Oral Exercises. 

1. Suppose a to represent the number of pigeons on one 
tree, and b the number on another tree. What will represent 
the number on both trees ? 

2. Suppose a to stand for the number of pears taken from 
one basket, b for the number taken from another basket, and 
c for the number taken from another. What will stand for 
the whole number taken? 
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3. A carriage costs eight}- dollars more than a horse. If 
X represents the cost of the horse, what will represent the 
cost of the carriage ? 

4. If a? represents the number of cents you paid for a 
slate, and you paid as much more for a book, what will repre- 
sent the number of cents you paid for both ? 

10. Since the number represented by a: -f a; is twice 
as great as that represented by o^, the quantity x-^-x 
may be written as a product, 2 x^ and read " two a;." 
For a similar reason 3 a; is written instead of x-\'X-\-x^ 
4:X instead oi x-hx-hX'\- x^ and so on. 

5. Three times x and five times x are how many times x? 
What, then, may be written instead of 3 a; -|- 5 a;? 

6. What may be written instead ofa;-|-3a;-|-7a;? 

7. If aj stands for the number of cents that must be paid 
for a pound of coffee, what will stand for the cost of seven 
pounds ? 

8. Represent the cost of five quarts of cherries at x cents 
a quart. 

9. If a represents the number of books on a shelf, and I 
take down a number of them represented by &, what will 
represent the number that remain ? 

10. The difference between two numbers is three. If x 
stands for the larger, by what may the smaller be represented ? 

11. The sum of two numbers is twenty-five. If one of 
them is represented by x, what will represent the other? 

12. If three times a certain number be subtracted from 
seven times that number, how many times that number will 
remain? What, then, may be written instead of 7 a? — 3 a;? 

13. What may be written instead of 9a;-h3aj — 5a;? 

14. George has seven cents less than William. If x stands 
for the number of cents William has, what will represent the 
number of cents George has? What will represent the num- 
ber both have? 

15. What is the remainder when three times x and five 
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times X are subtracted from twelve times x? What, then, 
may be written instead of 12 x — l^ x — o x? 

16. What may be written instead of 5x-\-Sx — 2x-\-x? 

1 1. The quantity 5x -\- S x — 2x -h x is made up of 
four parts which are added or subtracted as indicated 
by the signs -f and — . The parts of an algebraic 
quantity which are combined by addition or subtraction 
are called terms. 

Finding a single term equivalent to two or more sepa- 
rate terms is called uniting terms. 

1 7. Unite .the terms of 7 x + dx-^Qx — lix, 

18. Unite the terms of ^y-\-y — y — y — y^ 

12. Only like terms can be united. In the quantity 
3a:-f52:-l-4 + 6 the first two terms are alike, each 
being a certain number of times x\ the last two terms 
are alike, each being a certain number of times 1 ; but 
the first two are unlike the last two. Hence the 
shortest expression for 3 a; + 5 a: -{- 4 -|- 6 is 8 a: +10. 

13. The order in which terms are united is of no 
consequence. 

Thus, 10-3 + 10-6 and 10 + 10-3-6 have the same value, 
that is 11 ; and a: — 3 + x — 6 and a: + x — 3 — 6 have the same 
value, that is 2x — 9. 

Unite terms in the following quantities : 

19. 2 aj +10 + 4 a; -1-7. 

20. 5a; + 6-3a;-3. 

21. 3a; + 3 + 4a;+4-5aj — 5. 

22. 5a; — 8a;+12a;. 

23. — 5 + 4a; — 3+2a:. 

24. — 3a;-3+5a; + 6. 

25. y-i + y-l+y-i' 

26. aj— 1 + aj — 1 + aj— l + a — 1. 
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SECTION 11. 

SIMPLE EQUATIONS. 

14. The sign = stands for the words " equals," or 
is equal to," and is called the siffn of equality, 

15. An algebraic expression in which the sign of 
equality occurs is an equation. Thus, 7 + 5 = 4x3 is 
an equation. 

An equation is a sentence asserting that whatever is written on 
one side of the sign of equality equals whatever is written on the 
other side. Thus, 7 + 5 = 4x3 is equivalent to the sentence, The 
sum of seven and Jive equals the product of four and three, 

16. The quantity written at the left of the sign of 
equality is the first, or left-hand member of the equa- 
tion, and that written at the right of the sign is the 
second, or light- hand member, 

UnknoTvn terms in the first member: knoTvn terms in the 

second. 

17. Oral Exercises. 

1. If 3 a; = 6, what number does x stand for? 

2. If 2 a? = 8, what number does x stand for? 

3. If 7 03 = 28, what number does x stand for? 

4. What number is represented by x when 4 ic = 20? 

5. What number is represented by y when 6y = 42? 

The number represented by a letter is called the 
value of that letter. 

6. WTiat is the value of x when 5 a; = 30 ? 

7. What is the value of y when 8 y = 56 ? 

8. Given x + S a? =8, to find the value of x. 
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9. Given z -f 5 2 = 54, to find the value of z. 

10. Find the value of a? in a; + 5 a; -f- 4 a; = 30. 

11 . Find the vakie of a; in 3 a; -f 8 a; = 77. 

18. Illustrative Problem. A boy bought a 
peach and a pear for eight cents, paying for the pear 
three times as much as for the peach. How much did 
he pay for each ? 

The easy problems given among the oral exercises are suited 
to oral work ; but the beginner will do well to write down some 
of his oral solutions in the form here given. 

Solution. Although the ju'ice of wkitten work. 
the peach is not known, we may let x = price of the peach, 
some letter represent it, and then we 3 a; = price of the pear, 
can reason about it just as well as if it a; 4- 3 a; = 8 
were known. . ^ 

Let X represent the number of cents 
he paid for the peach. Then 3 x will 

represent the number of cents he paid for the pear ; and the num- 
ber of cents he paid for both will be represented by a: 4-3x. 

Now, we know that the number of cents he paid for both is 8- 
To state this fact in algebraic language, we say z + 3 a: = 8. By 
uniting terms, this equation becomes 4 x = 8, from which we see 
that X must represent 2. 

Ans, The peach cost 2 cents, and the pear 6 cents. 

The quantity represented by x in the solution of a 
problem is called the unknown quantity. 

19. Oral Exercises: Problems. 

12. A bat and a ball together cost sixty cents, and the ball 
costs four times as much as the bat. Find the cost of each. 

13. Charles bought a book and a slate for seventy-five 
cents, paying for the book twice as much as for the slate. 
What did he pay for each ? 

14. For fifty-four cents Mary bought some worsted and 
some muslin, pacing for the former five times as much as 
for the latter. How much did she pa}' for each ? 
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15. A pedestrian walked a certain distance before break- 
fast, five times as far during the forenoon, and four times as 
far during the afternoon. The whole day's journe}' was 
thirty miles. How far did he walk in each part of the day? 

20. Illustrative Proble:m. Albert bought or- 
anges at three cents apiece, and the same number of 
bananas at eight cents apiece, paying for the whole 
seventy-seven cents. How many of each did he buy ? 

Solution. Let x represent the written work. 

number of each. Then x oranges ^ ^ ^^^^^^^^^ ^^ ^^^^ 

at 3 cents apiece will cost 3 x cents, ^ . i. .i 

, , .o , . -n 3 a; = cost of the oranffes. 

and X bananas at 8 cents apiece will ® 

cost 8 X cents. The equation, there- ^ » = c^»* ^^ ^^^ bananas. 

fore, is 3 x + 8 a: :=77, from which 3 a? -f- 8 a; = 77 

we find the value of a; to be 7. 1 1 a; = 77 

Ans. He bought 7 oranges and x=7. 

7 bananas. 

^ Proof. To test the correctness of this result we must find 

whether 7 oranges at 3 cents apiece and 7 bananas at 8 cents 

apiece would cost 77 cents, as stated in the problem. 

16. A farmer bought an equal number of sheep and calves, 
the sheep at three dollars apiece, and the calves at five dol- 
lars apiece, pa3'ing for the whole seventy- two dollars. How 
many of each did he buy ? 

17. Ellen bought some 3-cent and some 2-cent postage- 
stamps, of each the same number, paying for the whole fift}' 
cents. How many stamps of each kind did she buy? 

18. Robert bought some peaches at three cents apiece, 
and twice as many pears at four cents apiece, paving for the 
whole thirt3'-three cents. How many of each did he buy? 

Partial Solution. Let x represent the number of peaches ; then 
2 x will represent the number of pears. Now x peaches at 3 cents 
apiece will cost 3 x cents ; and 'J x pears at 4 cents apiece will 
- cost 8 X cents. 

19. Kate bou2:ht some red ribbon at six cents a vard, and 
twice as much blue ribbon at seven cents a 3'ard, pacing for 
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the whole eighty cents. How many 3^ards of each kind did 
she bu}' ? 

20. A traveller rode a certain length of time at the rate of 
ten miles an hour, and walked four times as long at the rate 
of three miles an hour, to finish his journey of fortj^-four 
miles. How long did he ride, and how long did he walk? 

21. John has twice as much money as William, and Edgar 
has twice as much as they both, while all three together have 
ninety cents. How many cents has each? 

22. In a certain school there are fortj'-eight pupils, and 
there are twice as man}- girls as boys. How many of each 
are there? 

23. Divide thirtj'-six nuts between two boys so as to give 
three times as man}^ to one bo}' as to the other. 

24. A pole stands partly in the mud, parti}' in the water, 
and partl}^ in the air. The part in the air is as long as the 
parts in the mud and water together ; the part in the water is 
five times as long as the part in the mud ; and the whole 
length of the pole is twenty-four feet. What is the length 
of each part? 

25. Two travellers set out at the same time from towns 
fifty-six miles apart, and walked towards each other till they 
met, one at the rate of three miles, and the other at the 
rate of four miles, an hour. How long had the}' been walk- 
ing when they met ? 

26. Three times a certain number added to four times the 
double of that number gives for the sum fifty-five. What 
is the number? 

21. 'Written Exercises: Problems. 

27. Ahorse and a harness are together worth $315, but 
the horse is worth six times as much as the harness. What 
is the value of each? 

28. Separate the number 378 into two parts, such that one 
part shall be thirteen times as great as the other. 

29. The sum of two numbers is 1504, and one is forty-six 
Mmes as great as the other. What are the numbers ? 
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30. A debtor made a payment of 5200 dollars to discharge 
his debt, both principal and interest. The principal was 
twenty-five times as much as the interest. What was the 
principal? and what was the interest? 

31. Find two numbers such that one is eighteen times as 
large as the other, the difference between them being 408. 

32. A grocer sold tea at 50^ a iwund, and coffee at 20^ a 
pound, of each the same quantity, getting for the whole 
$8.40. How many pounds of each did he sell? 

33. A clerk went to a bank with a check for J 36, and asked 
to have for it half-dollars, quarters, dimes, and half-dimes, 
of each the same number. What was the number? 

34. A carpenter, 12 journeymen, and 4 apprentices^ receive 
for a certain time $198 as wages. The carpenter receives 
two dollars a day ; each journeyman, a dollar and a half; and 
each apprentice, half a dollar. How many days have thcj- 
worked for this money ? 

35. A courier rode a certain number of hours at the rate of 
12 miles an hour, and then, to finish his journej' of 286 miles, 
rode as much longer at the rate of 14 miles an hour. How 
long was he in making the whole journej'? 

36. A farmer paid for a farm and the buildings $14400. 
The house was valued at three times as much as the barn, 
and the land at twice as much as the house and barn together. 
What was the value of each ? 

37. A man dying leaves by his will $11000 to be divided 
between his widow, two sons, and three daughters. He in- 
tends that the widow; shall receive double the share of a son, 
and that each son shall receive twice as much as a daughter. 
How much will each receive ? 

38. Mary bought some apples at IP apiece, oranges at 3^ 
apiece, and bananas at 9^ apiece, pa3'ing for the whole $1.92. 
There were three times as many apples as oranges, and half 
as many bananas as apples and oranges together. How many 
were there of each? 

39. A mixture made of corn worth 80^ a bushel, oats 
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woith 45^ a bushel, and barlej' worth $1.10 a bushel, is worth 
$97.20 in all. There is twice as much corn as barle}', and 
twice as much oats as corn and barley together. How many 
bushels are tliere of each? 

40. Twenty-seven times a certain number added to seven- 
teen times the double of that number gives 298*J for the sum. 
What is the number ? 

41. The difference between thirtv-seven times a certain 
number and nine times the double of that number is 1007. 
What is the number? 

42. Divide 275 acres of land among A, B, and C, in such 
a wa}" that A may have twice as much as B, and B thrice as 
much as C. 

43. In a certain factory the wages of the men are $1.50 a 
day, of the women 90^, and of tlie children 40^ ; and tlie 
whole amount paid the operatives for a week's work is $693.60. 
There are five times as many women as men, and one-third 
as many children as men and women together. How manj' 
operatives of each class are there ? 

44. Four men, A, B, C, and D, agi'ced to contribute $ 6600 
for founding a public library in their native town. B gave 
twice as much as A, C as much as A and B together, and D 
as much as B and C. How much did each contribute? 

22. By reviewing the work of the foregoing problems, 
it may be seen that when a problem is solved by 
algebra there are two things to be done : 

(a.) To express the statements of the problem in 
algebraic language. This is called putting the problem 
into an equation, 

(J.) To reduce the equation so as to find the value 
of the unknown quantity. This is called solving the 
equation. 

For putting problems into equations no definite rules 
can be given. It is a matter of skill , which, like skill 
in any other art, is gained by practice. In solving 
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equations, however, we are guided by certain general 
principles called axioms. 

23. An axiom is a statement that needs no proof: it 
is self-evident; that is, no one, if he understands the 
words, can fail to accept the statement as true. 

24. Axioms. 

1. If the same quantity or equal quantities be added 
to equal quantities, the sums will be equal. 

2. If the same quantity or equal quantities be sub- 
tracted from equal quantities, the remainders will be 
equal. 

3. If equal quantities be multiplied by the same 
quantity or by equal quantities, the products will be 
equal. 

4. If equal quantities be divided by the same quan- 
tity or by equal quantities, the quotients will be 
equal. 

5. The value of a quantity is not changed by both 
adding to it and subtracting from it the same quantity. 

6. If the product of two quantities be divided by 
either of them, the quotient will be the other. 

7. Two quantities each equal to a third quantity are 
equal to each other. 

25. Exercises iUastrating the Axioxns. 

a. What are the results if each member of the equation 
4 a; = 20 be divided bj' 4 ? Are these results equal ? Wh}' ? 
(Axiom 4.) 

b. If it is true that 3x= 24, why does it follow that 
x = S? 

c. What are the results if 4 be subtracted from each mem- 
ber of the equation 2a;-|-4=14? Are these results equal? 
Why? (Ax. 2.) What equation, then, may be written? 
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d. If it is true that a;-f-7=17, am I right in saying that 
a; =10? Why? 

e. A man had a certain number of dollars in his pocket. 
During the daj' he received 3 dollars, and spent 3 dollars. 
How much money had he then? (Ax. 5.) 

/. What is the quantity a; -f 3 — 3 equivalent to ? 

g, A man, having a certain number of dollars in his pocket, 
paid out 4 dollars, and afterwards received 4 dollars. How 
much money had he then ? 

2z. What is the quantity a? — 4 -|- 4 equivalent to ? 

i. If 4 be added to each member of the equation 

3a;-4 = ll, 
what equation will be obtained? Why? (Ax. 1.) 

J. How may the first member of the equation 

3a;-4-f 4 = 15 
be reduced? Why? (Ax. 5.) 

3 a? X 4 

k. What is the quantity — j — equivalent to? Why? 

(Ax. 6.) 

L What are the results if each member of the equation 

3a; 

-J- = 6 is multiplied by 4 ? Do these results form an equa- 
tion? Why? (Ax. 3.) 

X 

222. If it is true that ^ = 7, does it follow that a; = 35 ? 

o 

Why? 

3a; 
n. How do you know that 3 a; = 24 when -^ = 6 ? 
•^ 4 

2x 
o. What equation may be derived from -q- -f 7 = 13 by aid 

of Ax. 2? 

p. What equation may be derived from -— = 6 by aid of 

Ax. 3? 

q. What equation may be derived from 2 a; = 18 by aid of 
Ax. 4? 
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Unknown Terms in the First Member: Known Terms in 

Both Members. 

26. Oral Exercises. 

45. If a? + 2 = 6, what number does x stand for? 

46. If 2a; + 3=ll, what does 2x equal? If 2a? = 8, 
what is the value of a; ? 

47. If 3 a; -f 7=16, what is the value of x? 

48. What is the value of x when 5a;-|-7=17? 
Solve the following equations : 

49. 3a?-f 5 = 20. 52. 8a; + l = 9. 

50. 5a7 + 5 = 30. 53. 7a;-f-3 = 24. 

51. a? + 18 = 38. 54. 6a;-f 3 = 42. 
55. If aj — 2 = 6, what number does x stand for? 

56*. If 2a; — 3 = 7, what does 2a; equal? What is the 
value of a; ? 

57. If 2 a; — 5= 9, what is the value of a; ? 

58. What is the value of x when 5a; — 4 = 11? 
Solve the following equations : 

59. 3a;-ll = 10. 62. 3a; -9 = 30. 

60. 7a;-8 = 20. 63. 8a;-5=3. 

61. 6a;-3=15. 64. 4a;-17 = 3. 

27. From these exercises it will be seen that, when 
an equation has known terms in both members, we 8w6- 
tract from .or add to each member such knoivn terms as 
will leave one member free from known terms, 

28. Oral Exercises: Problems. 

Qb, George had 20 cents. He bought some oranges at 
3 cents apiece, and gave the rest of his money, which was 
5 cents, to a beggar. If x represents the number of oranges 
he bought, what will represent their cost? What will 3 a; -|- 5 
represent? What equation, then, may be formed? How 
many oranges did he bu3'? 

66. A courier, after riding a certain number of hours at the 
rate of 9 miles an hour, found that he must ride 7 miles more 
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to finish his journey of 70 miles. How man}" hours had he 
been riding? 

67. William and John on counting tlieir money find that 
togetiier tliey have 40 cents, but William has 10 cents more 
than John. If a; represents the number of cents John has, 
what will represent tlie number William has? What will 
represent the amount both have? What equation may be 
formed ? Solve the equation a; -|- a; -|- 10 = 40. 

68. Mary is 5 years older than her brother, and their 
united ages amount to 27 years. What is Mary's age? 

69. In example 67, if a; represent the number of cents Wil- 
liam has, what will represent the number John has? What 
equation may be formed ? Solve the equation aj + a?— 10 = 40. 

70. Henry is 4 years 3'ounger than his sister, and their 
united ages amount to 30 3'ears. What is IIenr3'*s age? 

29. Illustrative Problem. Arthur and Walter 
had equal sums of money. When Arthur had spent 
8 cents and Walter 9 cents, they put what they had 
left together, and found that it amounted to 31 cents. 
How many cents had each at first? 

Solution. Let x represent 
the number of cents each had written work. 

at first; then :r - 8 will repre- y, ^ number of cents each had. 

sent what Arthur had left, and ^ _ 3 _ number Arthur had left. 

a: — 9 what AVaiter had left. ,. , 111- 1 4. u j i t*. 

_- - , . , a: — 9 = number n alter had left. 

Ihe sum of these remamders q __ qi 

is a; ~ 8 + a: - 9, which, by the «~^+^'- ^ = ^1 

statement of the question, is ^^ 1/— 01 

31 cents. Hence the equation 2 x == 48 

a:-8-f-a:-9 = 31. aj=24. 
Ans. Each had 24 cents. 

71. There were two purses, each containing the same 
number of coins. When 3 coins had been taken from one 
purse and 5 coins from the other, there were found to be 16 
coins remaining in both purses together. How man}' coins 
were there in each purse at first? 
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72. John is twice as old as Margaret, and 4 years ago 
their united ages amounted to 19 ^ears. Wiiat are their 
ages now? 

73. What is the sum of .v — 4 and x — o ? 

74. What is the sum of .t- — 3 and a; — 4 and a; — 6 ? 

75. What is the sum of a; — 2 and a; — 2 and a; — 2 ? 

It will be noticed that the quantity a; — 2 is taken 3 times 
to foim the sum just found. Hence 3 a; — G is the product 
of the quantity a; — 2 multiplied by 3. This product may be 
found by multiplying each term of a; — 2 separately b}- 3. 

76. What is the sum of aj — 3 and a; — 3 and a; — 3 and 
a;— 3? What, then, is the product of x— 3 multiplied by 4? 
Show how this product may be obtained by multiplying the 
terms separate 1}'. 

What is the product 

77. Of a;-3 by 5? 80. Of a;-|-7by 3? 

78. Of aj-7by 4? 81. Of 2a;-8 by 5? 

79. Of 2a;-3 by 6? 82. Of 3a;-j-5 by 10? 

30. Illustrative Problem. A grocer sold 6 
pounds of sugar and 4 pounds of rice for 70 cents, ask- 
ing 5 cents less for a pound of rice than for a pound of 
sugar. What was the price of each ? 

Solution. Let X represent the price of a pound of sugar; then 
ar — 5 will represent the price of a pound of rice. Six pounds of 
sugar at x ceuts a pound will cost 62* cents; and four pounds 
of rice at a; — 5 cents a pound will cost 4 a: — 20 cents. The equa- 
tion, therefore, is 6 a- + 4 a; — 20 = 70. 

83. A fruit- vender sold 7 oranges and 4 pears for 47 
cents, and the price of a pear was 2 cents less than the 
price of an orange. What was the price of each? 

84. The difference between two numbers is 7, and the 
result obtained by adding three times the less to four times 
the greater is 42. What are the numbers? 

85. At 6 o'clock a.m., a man sets out to walk from A to 
B, a distance of 40 miles, and he walks at the rate of 3 
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miles an hour. At 10 o'clock a.m. of the same day another 
man sets out from B and walks towards A, at the rate of 4 
miles an hour. How many hours will each have been walk- 
ing when they meet ? 

86. A cashier paid out $26 in one-dollar and two-dollar 
bank-notes, and the number of notes of the latter kind was 
less than the number of the former kind by 5. How many 
notes of each kind did he use ? 

87. A pound of coffee costs 5 cents less than four pounds 
of sugar, and I can buy 2 pounds of coffee and 9 ix)unds of 
sugar for $1.60. What are the prices of each? 

88. Charles had three times as many marbles as Ralph, but, 
after he had lost 7 and Ralph had bought 9, they put what 
they had together, and found they had 54. How many had 
each at first? 

31. 'Written Exercises: Problema. 

89. Two merchants, A and B, charter a ship for $1125, of 
which A pays $325 more than B. How much does each pay? 

90. At a certain election 1297 ballots were cast for two 
candidates, and the winning candidate had a majority of 125. 
How man}' had each ? 

91. Separate the number 3957 into two parts, making one 
part 335 greater than the other part. 

92. Separate the number 4987 into two parts, making one 
part 295 less than the other part. 

93. How far has a ship sailed on her vo^'age of 2890 miles 
when the remainder of the vo3'age is reckoned to be 154 
miles less than the distance already sailed? 

94. In a certain election 5789 votes were cast for three 
candidates. One of the losing candidates received 593 votes 
less, and the other 2114 votes less, than the winning candi- 
date. How many votes did each receive? 

95. Divide a line 33 feet long into four parts, of which the 
second shall be 1^ feet longer than the first, the third 2^ 
feet longer than the second, and the fourth 3 J feet longer 
lihan the third. 
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96. A boy has 155 hills of potatoes to dig in five hours. 
He proposes to lay out his work in such a way that he may 
have each hour six hills fewer to dig than in the hour preced- 
ing. To do this how many hills must he dig in each of the 
five hours? 

97. Divide a pole 12 feet 3 inches long into seven parts 
such that each part shall be two inches longer than the part 
next above it. 

98. It is required to divide the number 99 into five sueii 
parts that the first may exceed the second b}' 3, be less tlian 
the third by 10, gi*eater than the fourth by 9, and less than 
the fifth by 16. 

99. A merchant tailor bought 12 pieces of cloth for $700. 
Two pieces were white, three black, and seven blue. A 
piece of the black costs $10 more than a piece of the white, 
and a piece of the blue costs $15 more than a piece of the 
black. Required the price of each kind. 

100. A cistern which holds 820 gallons is filled in 20 min- 
utes by three pipes, one of which carries 10 gallons more, 
and another 5 gallons less, per minute, than the third. How 
much flows through each pipe per minute? 

101. A man by working 9 days, and having the help of his 
son 5 days, does a piece of work for which he is paid $13.75. 
The wages of the son are 75^ less a day than the wages of 
the father. What are the day's wages of each? 

102. A farmer rents 124 acres of land for $173.50. The 
land is of two sorts, the better being rented at $1.75 an acre, 
and the poorer at $1.25. How many acres of each sort are 
there ? 

103. A pile of 60 cannon-balls weighs 732 pounds. The 
balls are of two sizes, some weighing 10 pounds, and others 16 
pounds apiece. How many of each size are there in the pile? 

104. A grocer has two kinds of tea ; one worth 35^ a 
pound, and the other 42^ a pound. He wishes to make a 
mixture of 50 pounds in such a way that he may sell it with- 
out gain or loss for 38^ a pound. How many pounds of each 
kind must he use in the mixture ? 
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105. A debt of 312()5 was paid in bank-notes, 5's, lO's, 
and 20' a. There were used 3 less than twice as many o's as 
lO's, and 12 more than thrice as many 20's as lO's. How 
many of each denomination were used? 

106. A father bequeathes $8000 to his four children. Ac- 
cording to the will, the share of the eldest is to be $100 lesu 
than double that of the second ; the share of the second, 
$ 200 less than thrice that of the third ; and the share of the 
third, $300 less than four times that of the fourth. What is 
the share of each ? 

Fractional Unknown Terms in the First Member: Kno^FU 

Terms in Botli Members. 

32. Oral Exercises. 

107. If ;r = 5, what is the value of x? 

2 

QS 

108. If Q = 4, what is the value of »? 

o 

109. If - >- = 6, what is the value of 3 x? Of a?? 

o 

3 X 

110. What is the product of ^r- multiplied by 5? 

i X 

111. What is the product of y^ multiplied 15|}M2? 

112. What is the product of any fraction multiplied by its 
denominator ? 

3 X 

113. What is the product of — multiplied by 12? 

Note. First multiply by 4, then multiply the result by 3. 

4 X 

114. What is the product of -- multiplied by hO? 

o 

X 2 X 

115. What is the product of - + -— multiplied by 6? 

116. Multiply 1 + ^ by 12. 
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117. Multiply ^-^by9. 

118. Multiply a; + ^ - 1 by 6. 

119. What equation is obtained when both members of 

•27 

a; + - = 15 are multiplied by 4 ? 

120. What equation is obtained when both members of 

3 X 
2x F- = 14^ s^re multiplied by 5 ? 

121. What equation is obtained when both members of 

- 4- J = 7 are multiplied by 3 ? 

122. What equation is obtained when both members of 

3 X 
x-{- -— = 21 are multiplied b}' 4 ? 

123. What equation is obtained when both members of 

- -f- - = 7 are multiplied by 12 ? 

33. The results in the last two exercises are equa- 
tions in which no fractional terms occur. In such cases 
it is said that the given equation has been cleared of 
fractions. ^ 

To clear an equation of fractions : Multiply each mem- 
ber of the given equation by one of the denominators^ then 
each member of the result by another denominator., and so 
on., till an equation is obtained free from fractions. 

Or, Multiply each member of the given equation by the 
least common multiple of all the denominators. 

Clear of fractions, and then solve the following : 

124. 2a;-h — = 11. 12G. — = 6. 

4 7 

125. 307-^ = 9. 127. ^ + ^ = 9. 

4 3 6 
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128.1 + ^ + 9 = 30. 131.^-^ = 131. 

129. ?-? = 16. 132. ^_?_1 = 2. 



2 5 6 3 

g+g_l. 133. ^ -- 



34. Oral Exercises: Problems. 

134. In a certain school there are fift3'-five pupils, and 
there are five-sixths as man}- boys as girls. How many of 
each are there in the sciiool? 

135. I sold a cow for $45, thereby gaining one-fourth of 
what she cost me. What did the cow cost? 

136. A merchant was obliged to sell cloth at 70^ a yard, 
thereby losing one-eighth of the cost. What did the cloth 
cost? 

137. Divide twenty-one apples between two boys so that 
the 3'ounger may have three-fourths as many as the elder. 

138. Divide a straight line 16 inches long into two parts 
that shall be to each other in the ratio of 3 to 5. 

Note. This means that one part shall equal { of the other i)art. 

139. Divide a straight line 24 inches long into three parts 
that shall be to each other in the ratio of 2, 3, ^jnd 7. 

Note. This means that the first part shall equal ^, and the second ^, 
of the third part. 

140. Charles spent one-third of his mone}' for a book, and 
one-fourth of it for a slate, and these cost him 70 cents. 
How much mone}' had he? 

141. Two-thirds of a certain number added to five-sixths 
of it gives 9 for the sum. What is the number? 

142. One-half and two-thirds of a certain number, and nine 
more, make thirt}'. What is Ihe number? 

143. James is five years older than his sister, but three- 
sevenths of her age added to his amounts to fifteen years 
What is the age of each? 
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144. What number increased by 20 per cent of itself 
amounts to 48 ? 

Note. The expression 20 per cent, or, as it is often written, 20%, 
means ^^, which, reduced to its lowest terms, is \, 

145. What was the original length of a piece of cloth, which, 
after shrinking 15 percent, measures 17 yards in length? 

146. The difference between one-fourth and one-eighth of 
a certain number is one. What is the numl)er? 

147. Mary's father told her that the difference between 
three-fourths and two-thirds of his age was four years, and 
asked her to tell how old he was. What was the right 
answer ? 

148. Two travellers, A and B, set out on a journey at the 
same time from the same place. At the end of the first day 
A had gone seven- twelfths of the whole distance, B had gone 
two-thirds of it, and they were then seven miles apart. 
What was the whole distance to be travelled ? 

35. Illustrative Problem. A can do a piece of 
work in five days, and B can do the same in six days. 
In how many days can they do it working together ? 

Solution. Let x represent the number of days in which both 
can do it working together. If A can do the work in five days, he 
will do one-fifth of it in a day, and in x days he will do x-fifths of 
it. Again, if B can do the work in six days, he will do one-sixth 
of it in a day, and ar-sixths of it in x days. A and B together, 

X X 

in X days, will do ^H-^ of the work ; and this, by the statement of 

o o 

the question, is the whole. Therefore the equation is 

--I- --1 
from which we find that x=2^^, Ans. In 2^^^ days. 

149. Two pipes discharge into a cistern. The first will fill 
the cistern in six hours, and the second in three hours. In 
how many hours will the cistern be filled by both pipes run- 
ning together? 

150. Ann can pare a basket of apples in eight hours, and 
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hcr mother can pare them in four hours. How long will it 
take them if they work together? 

151. A bag of meal will last a horse ton da3's, or a cow 
filleen days. How long will it last both? 

152. A man can reap a field of rye in five days, and his 
son can reap it in twenty days. How long will it take them 
both working together? 

153. Two travellers, A and B, set out at the same time 
from different towns, and ride towards each other. A's horse 
would travel the whole distance in four hours, and B's horse 
in five hours. In how many hours after they start do they 
meet ? 

154. A cistern is supplied b}- a pipe that would fill it in six 
hours, and discharged by a pipe that would empt}- it in eight 
hours. If, when the cistern is half full, both pipes are 
allowed to run, in how many hours will the cistern be filled ? 

155. How many days will it take A, B, and C together, to 
do a piece of work, if A can do it alone in four daj's, B in 
three days, and C in six days? 

36. Written Exercises: Problems. 

156. What number increased b}' three-eighths of itself will 
amount to 234G3 ? 

157. What number diminished b^^ two-sevenths of itself 
will leave as a remainder 1 765 ? 

158. What number is that whose sixth part exceeds its 
seventh part by 116? 

159. What number is that whose seventh part exceeds its 
ninth part by ^? 

160. What is the number, from the sixth pnrt of which if 
six be taken, six times the remainder is equal to six? 

161. How much mone}' have I when the fourth part and 
the fifth part of it together amount to $t]H.'2i)? 

162. By selling cloth at 45 cents a 3'ard, a merchant gains 
25%. What did the cloth cost him? 

163. The difference between two numbers is 1 ; and the 
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sum of five-eighths of the smaller and the whole of the 
larger is 40. What are the numbers? 

164. A bo}' gave one-third of his chestnuts to his sister, 
sold one-fourth to his brother, ate one-sixth of them, and had 
thirty left. How man}' had he at first? 

165. From a^ cask of oil one-twelfth of the whole had 
leaked out, and two-thirds had been drawn out, when there 
were found to be nine gallons left. How many gallons did 
the cask contain at first? 

166. I bought some cloth at the rate of 7 dollars for 5 
3"ards, and I sold the same at the rate of 1 1 dollars for 7 j'ards, 
thereby gaining $102. How much clolh was there? 

167. What number increased bj' 25 per cent of itself will 
amount to 1725? 

168. What number diminished bj' 5 per cent of itself will 
equal 8265? 

169. What number increased by 13 per cent of itself will 
amount to 1000? 

170. A debtor made a payment of $3887.25, which dis- 
charged the principal and interest of his debt. The interest 
was 0.095 of the principal. What was the principal? 

Note. The decimal may be changed to a common fraction. 

171. What sum of mone}', placed at interest for 1 year and 
5 months, at 6 per cent, will amount to $400? 

172. By the terms of a bequest a man will receive $8000 
ten 3'ears hence, but he wishes to sell this claim now for its 
present value. The use of mone}' being worth 5 per cent 
a 3'ear, simple interest, what is the present value of the 
claim ? 

173. If I am satisfied with an income of 5% on my invest- 
ment, what can I afford to pay for a share of bank-stock 
that yields a yearly dividend of eight dollars ? 

174. A widow receives jearl}- an income of $705 from 
money at interest. Five-ninths of the mone}' bears interest 
at the rate of 5 % , and the rest at the rate of 5^ % a year. 
How much mone}' has she at interest? 
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175. At what rate must $750 be placed at interest that 
it ma}' yield <i>0 a year? 

Note. The rate may bo represented by - -• 

17G. A inarki4-iuan bought some eliiekens of one farmer at 
the rate of two for a dollar, and an equal number of another 
fanner at the rate of three for a dollar. He sold them all at 
the rate of five for two dollars, and lost two dollars by his 
trading. How many chickens did he buy? 

177. A person can walk 3^ miles an hour, or ride 9 miles 
an hour. How long will it take him to make a journey of 
30 miles if ho walks half the time, and rides half the time? 

178. A student has just an hour and a half for exercise. 
He starts off on a horse-car which travels 10 miles an hour; 
and after a time he gets out, and walks home at the rate of 4 
miles an hour. What is the greatest distance he can go from 
home so as to return within his time? 

179. What distance has been gone over when the hind- 
wheel of a bicycle has made GOO revolutions more than the 
fore-wheel, the circumference of the latter being 14 feet, and 
that of the former 3j feet? 

180. A party of girls walked to the top of a mountain at 
the rate of 2^ miles an hour, and down the same path at the 
rate of 34- miles an hour, and they were walking 5 hours. 
How far did the}' walk? 

181. A cistern can be filled by three different pipes ; b\- the 
first in IJ hours, by the second in 3 J hours, and by the third 
in 5 hours. In what time will this cistern be filled if all 
three pipes are opened at once ? 

182. A person can walk from one town to another in 14 
hours, or ride the same distance in 6 hours. How long will it 
take him if he walks half the time, and rides half the time? 

183. A bath-tub can be filled from the hot-water faucet in 
10 minutes, from the cold-water faucet in 5 minutes, and 
emptied In' the waste-pipe in 4 minutes. How long will it 
take to fill the bath-tub when both faucets are open and the 
waste-pipe closed? How long with the waste-pipe open? 
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184. Three men engaged to harvest a field of wheat, but 
they were unable to saj' beforehand how long it would take 
them. A knew that he alone could harvest the field in 6 days ; 
B knew that he could do it in 8 days ; and C knew that it 
would take him 10 days. How long would it take them 
working together ? 

Unknown Terms in Both Members : Known Terms in One or 

Botli. 

37. Oral Ezerciaes. 

185. From each member of the equation 3 a? = a; 4- 6, sub- 
tract X. Solve the resulting er^uation. 

186. To each member of the equation 3 a; = 12 — x, add x. 
Solve the resulting equation. 

187. From each member of the equation 2a;-f 6 = 5aj, 
sabtract 2 a;. Solve the resulting equation. 

Note. Having obtained the equation 6 = 3 a*, we may interchange 
the members, and say3jc=G; since it is evidently unimportant which 
member is written first. 

188. To each member of the equation 12 — 2aj = 4a;, add 
2 a?. Solve the resulting equation. 

38. From these exercises it will be seen, that, when 
an equation has unknown terms in both members, the 
first step in the solution is to subtract from or add to 
each member such terms as will leave one member of the 
result free from unknown terms. 

What must be subtracted from or added to each member oi 
the following equations, that one member may be free fron? 
unknown terms? 

189. 4a; = a; + 12. * 194. 3a; + 9 = 7a;. 

190. 5a; = 10-|-3x. 195. 14 -f-3a; = 5a;. 

191. 2a;=6-a;. 196. 21-3a; = 4a;. 

192. 3a;=21-4a;. 197. 16-a;=7a;. 

193. 6 + 2a; = 4a;. 198. 15-2a; = 3a;. 
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Solve the following equations : 

199. 3a: + 7 = a.+ 19. 9-^.4 

201.^.-5 = 0. 208. 2a;-? = ^-H6. 

202. oa; + 10 = 8a;-5. .3 3^ 

203. 4x-8 = 3a:-l. a: x 

204. 7a:-21 = 0. ^^^' 3 " ^ " "^ ~ 4' 

205. 0=15-3a;. ^a; 3x 

206. 4x-36 = 2aj. ^^^' 3 ^^-X^"^- 



39. Oral Exercises: Problems. 

211. If fifteen be added to a certain number, the sum will 
be four times the number. What is the number? 

212. What number will become seven times as great as 
itself b}' adding eighteen to it? 

213. What number is diminished to two-fifths of itself bj' 
subtracting six from it? 

214. A father is thirty years older than his son, and twice 
the father's age is equal to seven times the son's age. How 
old is each ? 

215. Said A to B, '^ I am eight jears older than you.*' 
'*Then," replied B, "five times 3'our age is equal to seven 
times mine." How old was each? 

216. A merchant sells broadcloth for one dollar a vard 
more than he sells doeskin for ; but ten yards of doeskin 
would come to as much as eight 3'ards of broadcloth. What 
is the price of each kind of cloth? 

217. A's horse can travel as far in four davs as B's can 
in five days, and the difference in one day is six miles. How 
far can each horse travel in a da}'? 

218. A mother is now three times as old as her daughter, 
but ten 3'ears hence she will be only twice as old. What are 
their ages now ? 

219. A father is twenty-four years older than his son. 
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but ten years ago his age was five times that of his son. 
What are their ages ? 

220. A boy has a number of shells which he wishes to 
arrange in rows, with a certain number in each row. He 
finds that he can fill five rows, and have five shells left over ; 
but to fill six rows he needs three more shells. How many 
shells does he wish to place in a row ? and how manj^ shells 
has he? 

221. Richard proposes to divide a number of pears among 
his companions. If he gives them six apiece he will have 
six left, but to give them eight apiece he needs two more. 
How many companions has he ? and how manj' pears does he 
propose to divide ? 

222. A father fifty 3'ears old has a son twenty-one 3'ears 
old. In how many 3'ears will the father's age be double 
that of the son ? 

223. How many years ago was the father's age thrice that 
of the son? 

224. Emil}' spent one-third of her money for worsted, one- 
fourth for silk, one-sixth for linen thread, and had five cents 
left. How much money had she at first ? 

225. The sum of two-thirds and five-ninths of a certain 
number is six greater than the number itself. What is the 
number ? 

226. Two casks contained equal quantities of oil ; but when 
ten gallons had been drawn from one cask into the other, the 
latter contained three times as much oil as the former. How 
much oil was tliere in each cask at first ? 

227. Said A to B, "I have onh' two-thirds as much money 
as you ; but give me twelve dollars, and I shall then have 
twice as much as you." How much money had each? 

228. In a certain orchard one-third of the trees bear apples, 
one-sixth pears, one-twelfth cherries, and the remaining 
twenty bear peaches. How many trees are there in the 
orchard ? 

229. What number is doubled by adding to it two-thirds 
of itself, one-fourth of itself, and five ? 
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230. One piece of rope was three-fourths as long as another ; 
but when twentj- feet had been cut from the longer, and five 
feet from the shorter piece, the two were equal. How long 
were they at first ? 

40. Written Exercises: Problems. 

231. How much rye at 4of a bushel must be mixed with 
fifty bushels of wheat at 60^ a bushel, that the mixture may 
be worth 50^ a bushel ? 

232. A debtor, having received a certain sum of mone^-, 
proposes to divide it equally among his creditors. He finds, 
that, if he gives them $250 apiece, he will have $150 left; 
but, if he should try to give them $300 apiece, he would lack 
$500. How many creditoi*s has he? and what is the sum he 
proposes to divide? 

233. A peddler, being asked the price of some buttons, 
said that six of them cost as much more than a dime as eight 
of them cost less than a quarter of a dollar. Required the 
price of the buttons. 

234. A market-woman having a basketful of eggs offered 
them at 18^ a dozen; but, before she sold any, two dozen 
were broken by a dog upsetting her basket. Fortunately, 
however, she was able to sell the remainder at 21^ a dozen, 
thereby getting as much as she would have got for the whole 
at the first price. How many dozen eggs had she in the 
basket ? 

235. The owners of a saw-mill, sharing its profits equally, 
make each 5 dollars a day. If the number of owners were 
three less, the}' would make 8 dollars each. Required the 
number of owners, and the total dail}' profits of the mill. 

236. A shopkeeper, in consequence of bad book-keeping, 
knows neither the weight nor the first cost of a certain lot 
of tea he bought. He only remembers, that, if he had sold 
it at 30^ a pound, he would have gained $1 ; but, if he bad 
sold it at 25^ a pound, he would have lost $1.50. What 
was the weight and first cost of the tea? 
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237. Two men, A and B, invested equal amounts of money 
in real estate. At the end of five 3'ears it was found tliat 
A's investment had increased b}- 34900,- and IVs lacked 
$1300 of having tripled, while the present value of both in- 
vestments taken together was equal to five times tlie original 
value of either. What amount was invested b}' each ? 

238. A and B began to trade with equal amounts of capi- 
tal. In the first year A tripled his capital, and $135 over; 
B doubled his capital, and $765 over. Now the amount of 
both their gains was five times the original capital of either. 
With what amount of capital did each begin? 

239. In a mixture of alcohol and water, 5 gallons less than 
half the whole mixture was alcohol, and 15 gallons more 
than a third of it was water. How man}' gallons were there 
in the whole mixture ? 

240. Out of a cask of oil from which a third part had leaked 
away, 21 gallons were afterwards drawn, when the cask was 
found to be half full. How much did it hold when full? 

241. A land-owner sold 125 acres more than one-fourth of 
his land, and there remain 15 acres less than a third part 
of it. How many acres had he at first? 

242. A trader beginning with a certain capital doubled it 
during the first 3'ear, but took out $1500 to pa}' household 
expenses ; using the remainder during the second year, he 
doubled it, and again took out $1500, when he found that he 
had 2^ times as much capital as he had at the beginning. 
With how much capital did he begin ? 

243. Four children inherit property-, sharing it in the fol- 
lowing manner : the first takes $ 3000 less than half of the 
property, the second takes $1000 less than one-third of it, 
the third takes one-fourth of it, and the fourth takes $600 
more than one- fifth of it. What was the whole amount of 
property ? and what was the share of each child ? 

244. Find a number such that, if we add it to its half, 
the sum shall exceed 60 by as much as the number itself is 
less than 65. 
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245. At what rate of interest will $9000 yield the same 
income as 87500 at a rate 1 per cent higher? 

246. A mother is 4 times as old as her son, but 3 3'ears 
ago she was 7 times as old. What is the age of each now ? 

247. A's age is to B's as 7 to 8 ; but 6 years hence A's age 
will be to B's as 8 to 9. What are the present ages of each? 

248. A man fifty years old has three sons, aged ten, 
twelve, and sixteen years respective!}'. In how many 3'ears 
will the united ages of the sons equal the age of the father? 

249. A messenger started from this place 12 da^s ago ; 
and to-day another is sent in pursuit, whose speed is to that 
of the first as 9 to 5. In how many days will the second 
overtake the first? 

250. A and B start from diflferent places to meet at a place 
half-way between. A starts at 7 o'clock a.m., and will arrive 
at 3 P.M. How much later may B start to arrive at the same 
hour, if he can walk sixteen miles while A walks fifteen miles ? 

251. Into one scale-pan is put eight-ninths as much sugar 
as into the other ; but, if a quarter of a pound be transferred 
from one pan to the other, the two will balance. How many 
pounds of sugar are in each scale-pan? 

252. A mast consists of two parts, the upj^er part being 
three-fifths as long as the lower. When put together, one 
part laps on the other 2 feet ; and the height of the mast so 
made is 20 feet less than double the length of the lower part. 
What is the length of the lower part? of the whole mast? 

253. There was a large fish caught whose head weighed 9 
pounds ; the tail weighed as much as the head and half the 
body ; and the body weighed as much as the head and tail 
together. What was the weight of the fish? 

Terms Known and Unknown in the Numerator of a Fraction. 

41. Oral Exercises. 

254. What is one-half of the quantity 4 .r -f 6? 

255. What is one-third of the quantity 9 + 3a;? 
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256. What is two- thirds of the quantit}' 6 a; 4- 12? 

257. Divide the quantity 10 a; -|- 15 by 5. 

258. Divide the quantity 12 x -f 20 by 4. 

42. Let it be required to divide 2x + 5 by 3. In 
this example, since the separate terms are not divisible 
by 3 without remainder, the quotient cannot be found 
at once in a simple form, as in the examples above. In 
such cases it is usually best to express the division by 
writing the dividend as the numerator, and the divisor 
as the denominator, of a fraction. 

*> a: + 5 
The di^dsion of 2 a; + 5 by 3 is expressed by writing **— ^ — , 

which is read, "the quantity two x plus five divided by three ;" 
or, "one-third of the quantity two x plus five." 

Two-thirds of the same quantity would be found by doubling 
the numerator of the fraction above given, which would give 
43: + 10 

3 • 

259. What expresses one-fifth of the quantity x -{- 1 ? 

260. What expresses one-eighth of the quantit}* 4 a; -|- 9 ? 

261. Express three-fifths of the quantity x-\-7, 

262. Express seven-eighths of the quantity x—\, 

263. Express five-sixths of 7 — 3 x. 

264. P^xpress three- fourths of 1 — x. 

x-{- 1 

265. If — - — = 3, what is the value of a; ? 

o 

/J. 3 

266. If — -— = 4, what is the value of x ? 

4 

3 /J. I g 2 X 

267. What is the value of x in the equation - — p *- "^ 






2x— 1 

268. What is the value of x in the equation — -\-2 = x? 

6 

5 a? 2 a; -f- 8 

269. What is the value of x in the equation *-— = — ., — ? 

bo 
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Solve the equations : 

3—x X ^^ 45 — 3a: 



270. 



"" 10* 



X^ ili - 


4 


a; 4-1 


2 a; -4 


4 "" 


5 • 


a; 4-2 


12-a; 


3 ~ 


4 • 


S-x 


a; 4-1 


3 


6 • 


5-2x 


2-a? 



271. — 5^— = «- 1. 276. 

o 

272. ^4-l = ic-l. 277. 

273. ?-^-- + 5 = 6. 278. 

o 

45 4- 3 a; 

274. 10 4- a; =—5 ' ^'^^ 3 - 2 " 

43. Oral Ezercises: Problems. 

280. If a certain number be increased b^' one, and the 
sum divided by five, the quotient will be three. What is 
the number? 

281. Said A to B, " I have two dollars more than 3'ou, and 
three-fifths of m^^ money is equal to two- thirds of jours." 
How much mone}' had each? 

282. John is four j-ears older than William, and five-sixths 
of William's age is equal to two-thirds of John's age. Re- 
quired the age of each. 

283. Mary is now ten 3'ears old, and Alice fifteen. How 
many years before Marj-'s age will be equal to three-fourths 
of Alice's age? 

284. Equal quantities of wine were drawn from two casks, 
one containing twelve and the other fifteen gallons, when it 
was found that the quantity remaining in one cask was three- 
fourths that remaining in the other. How much was drawn 
from each? 

285. A and B had equal amounts of monej' ; but, when A 
had lent B four dollars, he had only two-thirds as much as B. 
How much had each at first? 

286. A son's age is now three-fifths that of his father; 
but twelve 3'ears hence his age will be two-thirds that of 
his father. What are their ages now? 
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287. There are two boards, one twenty and the other 
twenty-eight feet long, and it is required to make the shorter 
two-thirds as long as the longer by cutting off a piece of the 
same length from each. How much must be cat off? 

288. Walter has twice as many marbles as Henry ; but, if 
he should give one to Henry, two-thirds of the number he 
would have left would be equal to the number Henr}* would 
have. How many marbles has each? 

289. Separate the number thirty into two parts such that 
two-sevenths of the greater may be equal to two-thirds of 
the less. 

290. Two travellers, A and B, set out from towns forty 
miles apart, and travelled toward each other. When they 
met, it appeared that two-fifths of the distance A had trav- 
elled was equal to two-thirds of the distance B had travelled. 
How far had each travelled ? 

291. If I multiply a certain number by three, subtract ten 
from the product, and divide t4ie remainder by four, the result 
will be one-third the original number. What is the number ? 

292. Find a number from which, if 5 be subtracted, J of 
the remanider will be 40. 

44. Written Ezercises: Problems. 

293. Find a number such that if you multiply it b}- 5, sub- 
tract 20 from the product, divide the remainder b}- 7, and 
add 24 to the quotient, you obtain the number itself. 

294. From a bin full of corn one horse consumed 8 
bushels, and then another horse ^ of what remained, when 
the bin was found to be ^^ ^^^^' How much did the bin hold? 

295. Find three consecutive numbers such that the least 
is equal to four-nhiths of the sum of the other two. 

296. One side of a triangle is 2 inches longer, and another 
is 3 inches shorter, than the third side, while the shortest side 
of the triangle is equal to fj of the distance around it. 
Find the length of each side. 
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297. A privateer ninniiig 20 miles an hour gives chase to 
a schooner 18 miles off which is making way at tlie rate of 
8 miles an hour. How many miles can the schooner run 
before she will be overtaken? 

298. At what o'clock mav it correctlv be said that one- 
seventh of the time passed since noon is equal to one-ninth 
of the time to come before midnight ? 

299. A man holding a certain estate bv lease for 99 vears, 
and being asked liow much of the time had already expired, 
answered that two-thirds of the time past was equal to four- 
fifths of the time to come. How much of the time had 
expired ? 

300. The length of a rectangular field exceeds its breadth 
b^' 8 rods, and its breadth is equal to f^ of the distance 
around it. What is the area of the field? 

301. A square grass-plat is surrounded b}- a walk five feet 
wide. The distance around the plat, measured on the inner 
edge of the walk, is eight-ninths of the distance around, 
measured on the outer edge of the walk. What is the length 
of one side of the plat ? 

302. Two inches from the middle point of a straight line 
is a point which divides the line into parts that are in the 
ratio of 5 to 6. How long is the line? 

Note. Let 2 x represent the length of the line. 

303. A and B start at the same time from different towns 
to meet each other on the road, agreeing that the one who 
fails to reach the half-way point shall forfeit as many dollars 
as the other goes miles beyond that point to meet him. On 
meeting, A forfeits four dollars, for he can walk onl}' five 
miles while B walks seven. What is the distance between 
the two towns? 

304. A boatman rows twenty miles down a river and back 
again, in ten hours, the stream flowing uniformly all the time ; 
and he finds he can row 3 miles against the current in the 
same time that he can row 5 miles with the current. Find 
how long it takes him to go down, how long to retui'n, and 

,he velocity of the stream. 
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Negative Terms subtracted. 
45. Oral Ezercisea. 

305. From 12 subtract 7. 

306. From 12 subtract 1 more than 7, or 7 -h 1. 

We first subtract 7, and have for a remainder 12 — 7. We then 
subtract l.more, and have for a final remainder 12 — 7 — 1. 

307. From 12 subtract 1 less than 7, or 7 — 1. 

We first subtract 7, and have for a remainder 12 — 7. But this 
remainder is too small, for the subtrahend was to be, not 7, but 
1 less than 7. We then add 1 to 12 — 7, and have for the correct 
remainder 12 — 7 + 1. 

308. From 20 subtract 10 — 3. 

309. From 18 subtract 9-2. 

310. From 15 subtract 10 — 5. 

311. From 3 x subtract x. From 3 x subtract x— 1. W^hich 
remainder is the greater? How much? Why? 

312. The minuend being 7 x, and the subtrahend 5 a: — 3, 
what is the remainder? 

313. From 8 a; -f 5 subtract 4x — 2, Reduce the remainder 
to its simplest form by uniting terms. 

In the following examples express the subtraction as above 
explained, and then unite terms : 

314. From dx-{-3 take 5 aj - 3. 

315. From 7 a? take 2 a; — 4. 
316.* From 14 take 10 -a;. 

317. From 8 x take 3-2 a;. 

318. From 5 a; — 3 take 9 — 4 a;. 

319. From 3 a; -7 take 2 a; +7. 

It will be seen, that, in all these examples, the remainder 
is expressed b}^ writing the terms of the subtrahend ivith 
reversed signs after the terms of the minuend. Thus, in 
examples 312 and 314, the subtrahend 5 a; — 3 (which is 
the same as -f 5 a; — 3) becomes — 5 a; -f 3 in the remainder. 
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3:^0. Multiply by J each member of the equation 

4x — = o- 

In the first member, xh^ micas sigu shows that the fraction 

— :' — is to be Liken from 4x. II ben this member has been 
•J 

muitipli^ by 3. the Ax becomes 12 x, and the fraction becomes 
2x4-5: so that now 2^ to is to be taken from 12 x, which is 
expressed by writing 12x — 2x— o. The equation cleared of frac- 
tions, therefore, is 

12x — 2x — 5=15. 

321. Multiply by 2 each meml^er of the equation 

3x-^~^ = 13. 
In the first member the minus sign written after the 3 x shows^ 

X— 1 

that the fraction - — is to be taken from 3 x ; but, when the first 

member of the equation has been multiplied by 2, we shall have 
z — 1 to be taken from 6 x, ^^ Inch is expressed by writing 6 x — x + 1. 
The equation cleared of fractious, therefore, is 

6x-x-|-I=26. 

Clear of fractions and solve the following equations : 

322. a;-?^ = 3. 327. ^±l4.^±5 = 4. 

2 2 3 

323. a;-?4-*=^- 328. ?^-f ^^ = 3. 

3 3 2 

304. 2a; + ^i = 7. 329. ^±i -?:zl=: 2. 

2 2 3 

ox- iy — x ^ „__ X \'2 — x 
32o. X ;-- = 2. 330. — = 1. 



2 5 2 

7 



326. 1-L^=l. 331. ?^-?-=:^=l. 



46. Oral Ezerciaes: Problems. 

332. Henry has one cent less than Robert. If the amount 
of Henry *s money be subtracted from twice Robert's, the 
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remainder will be eight cents. How much money has 
each ? 

333. If from three times a certain number 3*ou subtract 
that number less five, the remainder will be twenty-one. 
What is the number? 

334. Albert is four years 3'ounger than his brother ; but, 
if twice his age be subtracted from thrice his brother's 
age, the remainder will be twenty-two 3'ears. How old is 
each? 

335. Two boys started to walk to the cit}'. When they 
had walked a mile, the}^ found that half the remaining dis- 
tance subtracted from the whole distance would leave a 
remainder of five miles. What was the whole distance to the 
city ? 

336. Alice has the same number of beads in each hand ; 
but if she should change two from her left to her right hand, 
then one-third of the number in her right hand would exceed 
one-half the number in her left hand by one. How many 
beads has she in each hand ? 

337. From a brood of twelve chickens, a certain number 
has been killed b}'- a cat. If one-fourth of the number 
remaining be subtracted from the number killed, the remain- 
der will be two. How many chickens have been killed? 

47. Written EzerciBes: Problems. 

338. There is a number, from which if 5 be taken, the 
remainder divided by 4, and this quotient subtracted from 
25, the result is equal to four-fifths of the original number. 
Find this number. 

339. Separate the number 40 into two parts, such that 
three-fourths of their difference may equal one-half the 
smaller part. 

340. Charles is now twelve 3'ears old, and Frank fifteen. 
In how man}' 3'ears will their ages be such, that half of 
Charles's age shall exceed a third of Frank's age by two 
years ? 
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341. Mary had fifteen cents, and her sister eighteen. 
When each had l)Oiight a wriling-book, it was found that one- 
thinl of the money Marv had left subtracted from one-half 
the money her sister had left, would leave a remainder of 
three ci»nts. Wjjat was the price of the writing-book? 

IM'2. Two workmen were employed for fifty days, at one 
dollar a day eadi. A spent 12 cents a day less than B did, 
and at the end of the fifty days found that he had saved 
twice as much as IJ, and one dollar more. What did each 
siHMid a tlay ? 

343. Three consecutive numbers " are such, that half of 
the least, a third of the next, and a fourth of the greatest 
added together amount to the greatest. What are the num- 
bers ? 

344. A fund of S 4 0000 is invested parth* in 4-per-cent 
bonds, and partly in 4^-i)er-cent bonds. The whole income is 
8172.'). How much is invested in each kind of bonds? 

345. Separate Hi) into two such parts that one-tenth of the 
smaller part taken from one-fifth of the greater shall leave 
10 for a remainder. 

34G. A had twice as much money as B. When A had 
gained S30 and B lost $40, A gave to B f^o as much as B 
had left, whereupon it apix^ared that A had what he had in 
the beginning, and 20 ^jer cent more. How much had each 
in the beginning? 

347. A grocer bought two casks full of oil, one of which 
held twice as much as the other. From each cask he sold 
ten gallons, and then drew from the larger one-third of the 
remaining oil and poured it into the smaller, and found that 
the two casks now contained equal quantities of oil. How 
much did each cask hold when full? 

348. Two travellers, A and B, took equal sums of money 
for their journey. When A had spent $15 and B $25, it 
appeared that the fifth part of what A had left exceeded $ 20 
by as much as the fifth part of what B had left fell short of 
$20. What did each have at the outset? 
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48. Miscellaneous Problems. 

349. A person bought a carriage, horse, and harness for 
$675 ; the horse cost twice as much as the harness, and the 
carriage cost twice as much as the horse and harness to- 
gether. What did he pay for each ? 

350. There are in a purse 14 coins which are worth a dol- 
lar. Some of them are dimes, and the rest are nickel 5-cent 
pieces. Plow many of each are there? 

351. A drover bought some cows at $45 apiece, and an 
equal number of sheep at $7 apiece, paying for all $468. 
What number of each did he buy ? 

352. A box of tea worth $6 was made b}' mixing equal 
quantities of three sorts : one sort worth 60^ a pound, an- 
other 48^, and another 42^. How many pounds were there 
in the box ? 

353. If I buy a certain number of pounds of beef at 25 
cents a pound, I shall have 25 cents left ; but, if I buy the 
same number of pounds of mutton at 15 cents a pound, I 
shall have $1.25 left. How much money have I? 

354. A grocer has two sorts of sugar, one worth 9 cents 
and the other 13 cents a pound, of which he wishes to make a 
mixture worth 12 cents a pound. How man}' pounds of each 
sort must he take to make a mixture of 100 pounds? 

355. A paj'master, wishing to draw for use on pay-day 
the sum of $11360, requested the teller to make up the sum 
with bank-bills of different denominations, as follows : a cer- 
tain number of lOO's, twice as man}' 50 's as lOO's, twice as 
many 20's as 50's, twice as many lO's as 20's, twice as man}^ 
5's as lO's, twice as many 2's as 5's, and twice as man}' 
I's as 2's. How many bills of each denomination were 
needed ? 

356. Two persons, A and B, invest equal sums of money 
in trade. A gains $12000 and B loses $4000, and B's money 
is now only one-half of A's. How much did each invest? 

357. Separate 20 into two parts such that one part shall 
be 20 times as great as the other. 
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358. Separate the number 104 into two parts such that, 
when one is divided bj' 7 aud the other by 3, the sum of the 
quotients may be 28. 

359. Separate the number 90 into two such parts that half 
of the greater added to double the smaller shall give for a 
sum the original number, 90. 

360. There are two places 154 miles apart, from which two 
persons, A and B, set out at the same time, intending to 
meet on the road. A walks 3 miles every 2 hours, and B 
5 miles every 4 hours. How long aud how far will each 
walk before they meet ? 

361. A boy is sent on an errand to a town 8 miles off, and 
walks at the rate of 4 miles an hour : ten minutes later an- 
other boy is sent to fetch him back, walking 4 J miles an hour. 
How far from the town will the latter overtake the former? 

362. At 9 o'clock this morning a courier passed through 
the village, riding at the rate of 31 J miles in 5 hours ; and at 
5 o'clock this afternoon, another courier passes in pursuit at 
the rate of 22 J^ miles in 3 hours. When will the second over- 
take the first, supposing that they travel continuously? 

363. A woman possesses two silver cups, and only one 
cover for both. The first cup weighs 12 ounces, and, with 
the cover put on, it weighs twice as much as the other cup ; 
but, when the other cup has the cover, it weighs three times 
as much as the first. Required the weight of the second cup, 
and that of the cover. 

364. Three masons. A, B, and C, can build a wall in six 
days. A works half as fast, and B two-thirds as fast, as 
C. In how many da3's would each build the wall working 
alone ? 

365. A and B find a bag of silver dollars. A takes out 
2 dollars and ^ of what remain, then B takes out 3 dollars 
and ^ of what then remain, and they find that each has taken 
out the same number of dollars. How many dollars were 
there in the bag ? 

366. Find two consecutive numbers such that a half and 
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a fifth part of the first taken together shall be equal to a third 
and a fourth part of the second taken together. 

367. A boatman who can row 6 miles an hour in still water 
rows a certain distance down stream and back again in 3 
hours. How far did he row, supposing the stream to flow at 
the rate of 3 miles in 2 hours ? 

368. The straight line AB is divided at the point M, so 
that the part AM is to the part MB as 5 to 9, and at the 
point N, so that the part A N is to the part N B as 9 to 5. 
If the distance from M to N is 18 inches, what is the length 
of AB? 

Solve the following equations : 

1 
371. 
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6iJ. —J 2~"~3 6 ^' 

373. 0.2 a; -0.325 = 0.15 a;. 

374. a; -h 0.06 a; = 52470. 

375. a; -0.045 a; = 10000. 

376. a; + 0.18 a; =5000. 

377. a; — 0.0205 a; = 400. 

378. a; -f 0.07 a; = 3210. 

379. 2 a; 4- 2.5 a; =900. 
7a;4-9 3a;4-l 9a;-13 249-9a; 
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2 a; 4-1 402-3a; _ 471 -6 a; 
^^^- ~29~ 12 "^ "2. 

on« 7a;4-5 , 9a;-l a;-9 . 2a;-3 ^^, 
^^'' -23-^-10 ^+-ir-=231. 
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SECTION III. 



OPERATIONS ON ALGEBRAIC QUANTinES. 

49. Algebraic expressions, as we have seen, are 
formed by combining symbols so as to express one or 
more of the four arithmetical operations of addition, 
subtraction, multiplication, and division. The exercises 
in the last section afford illustrations of the various 
ways in which numbers may be expressed by combining 
algebraic sjTnbols. We shall now inquire whether every 
combination of symbols expresses a number. 

50. Oral Exercises. 

1. What is the value of a -f- 6, when a = 7 and 6 = 4? 

2. Can the value of a 4-6 always be found when the 
values of a and 6 are separately given? 

3. What is the value of a 6, when a = 5 and 6 = 6? 

4. Can the value of a 6 always be found when the values 

of a and 6 are separatel}' given ? 

a 
. 5. What is the value of -, when a = 12 and 6 = 3? When 



a = 13and6 = 4? When a = 2 and 6 = 5? 

6. Can the value of - always be found when the values of 

a and h are separately given ? 

7. What is the. value of a — 6, when a =7 and 6 = 3? 

Since the sum, product, and quotient of two numbers can always 
be found by the ordinary operations of arithmetic, the expressions 

a 4- 6, a &, and - always express numbers, and are said to be 



perfectly general. The remainder, expressed by a — 6, however, 
presents a different case, which requires further consideration. 
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Positive and Negative Numbers. 

51. What is the value of a — J, when a = 7 and 
6 = 10? 

When the value of b is greater than that of a, the 
expression a — J, taken in an arithmetical sense, repre- 
sents an impossible subtraction ; for it is evident that 
no more can be taken away from a than a contains. 
In an algebraic sense, however, such a subtraction is 
regarded as possible. 

The remainder obtained by subtracting a greater number 
from a less is expressed by writing the arithmetical differ- 
ence between the two numbers with the minus sign. 

Thus, when 10 is subtracted from 7, the remainder 
is — 3 ; when 9 is subtracted from 6, the remainder is. 
— 4 ; and, when 2 is subtracted from 1, the remainder 
is —1. These remainders, — 3,-4, and —1, are called 
negative numbers. 

62. Negative numbers, then, are used to give a 
meaning to such expressions as a — 6, in the case where 
b is greater than a. In view of this circumstance, we 
may define two classes of numbers as follows : 

Positive numbers are such as may be obtained by 
subtracting a less number from a greater. 

Negative numbers are such as may be obtained by 
subtracting a greater number from a less. 

Positive numbers are written with the sign plus ; negative 
numbers, with the sign minus. When not needed to mark this 
distinction, the sign plus is often omitted : the sign minus is never 
omitted. 

63. Numbers regarded as positive or negative are, 
for the sake of distinction, called algebraic numbers. 
Arithmetical numbers, on the other hand, are not 
subject to this distinction. 
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54. The series of integral numbers used in arith- 
metic is, 

0, 1, 2, 3, 4, 5, 6, 7 . . . 

indefinitely extended one way, but limited the other. 
The series of integral numbers used in algebra is, 

. . . -6,-5,-4,-3,-2,-1, 0,+l,+2,+3,+4,+5,+6 . . . 

indefinitely extended both ways. 

It will assist the beginner if he will keep this series of algebraic 
numbers before his mind. He may think of addition as a coxmt'mg 
forward (that is, toward the right) in this series from a given 
number as many places as there are units in the number to be 
added. Thus 3 is added to 2 by beginning at + 2, and counting 
three places forward, which gives + 5. Again, 6 is added to — 4 by 
beginning at — 4, and counting six places forward, which gives +2. 
Subtraction may be thought of as a counting backward in this series 
from a given number as many places as there are miits in the sub- 
trahend. Thus 4 is subtracted from 6 by counting four places 
backward from + 6, which gives + 2. Again, 8 is subtracted from 
3 by counting eight places backward from + 3, which gives — 5. 

55. The senses in which the words greater and les% 
are to be understood in algebra may be fixed by refer- 
ence to the series of algebraic numbers above given. 

Every number in that series is deemed to be greater than 
any preceding and less than any following number. 

Thus + 2 is greater than -f 1, and less than +3; but —2 is 
less than — 1, and greater than —- 3. 

In this sense it is said that any positive number is greater than 
zeroy and any negative number is less than zero. 

Note. The words greater and less, when used in an arithmetical 
sense, refer to the absolute values of numbers, no account being taken 
of their character as positive or negative. Thus —-5 is arithnveti" 
cally greater than +3, and —5 is arithmetically equal to +5. In- 
deed, it is frequently convenient to speak of two numbers as being 
equal, hut of opposite signs. The meaning is that they are arithmeti- 
cally equal ; that is, equal, if signs are disregarded. 

In this book the words greater and less are used in the algebraic 
sense unless the contrary is expressed or implied. 
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Use and Interpretation of Positive and Negative Numbers. 

56. Illustrative Problems. I. A man bought 
a horse for j5«150, and sold it for $170. How much did 
he gain? 

II. A man bought a horse for $150, and sold it for 
$130. How much did he gain ? 

Taking no account of the particular amounts of money men- 
tioned in these two similar ])robleras, we assume that both may be 
solved by the same rule, which is this : To find the f/ainy subtract the 
cost from the price received. 

In I we find the gain to be 170 — 150 dollars, or + 20 dollars. 

In II we find the gain to be 130 — 150 dollars, or — 20 dollars. 

Comparing these results with the statements in the two prob- 
lems, we learn that a gain of + 20 dollars is to be interpreted as a 
real gain, but a gain of — 20 dollars is to be interpreted as the 
reverse of a gain ; that is, as a loss. 

III. A man having in his possession property worth 
f 6000 owes $ 2000. What is the net value of his estate ? 

IV. A man having in his possession property worth 
f 6000 owes $10000. What is the net value of his 
estate ? 

Assuming the same rule for these two similar problems, we find 
the net value of the estate to be, 

in III, 6000- 2000, or + 4000 dollars; 
and in IV, 6000-10000, or -4000 dollars. 
These two examples show that, when + 4000 dollars is inter- 
preted as actual wealth, — 4000 dollars is to be interpreted as actual 
indebtedness. 

57. We have seen that, when a man's profits are 
reckoned in positive numbers, his losses are to be reck- 
oned in negative numbers ; and when his possessions 
are reckoned in positive, his debts are to be reckoned 
in negative numbers. So it is with his income and 
expenses, his purchases and sales, or items debited and 
items credited in any book-account. Again, distances 
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east may be reckoned in positive numbers, and distances 
west in negative numbers ; and so with distances north 
and south, forward and batikward, right and left, up 
and down, or any direction and the opposite. 

North hititude is often reckoned in positive, and south 
latitude in negative, numbers ; so. of longitude east and 
west ; so of time reckoned forward or back from a given 
date ; so of pressure and resistance, weight and lifting 
force, or any two forces acting in opposite directions ; 
and 80^ indeed^ of any quantities whatsoever which are 
opposed to one another in kind or in effect, 

58. The statements above made may be summed up 
in the following 

Rule for the Interpretation of Signs. 

Having determined the meaning and effect of the sign 
pluSy give the opposite meaning and effect to the sign minus. 

50. Ezercises. 

8. A merchant's gross income during the year was $16000, 
and his expenses $12000. What was his net income? 

9. What was his net income, if his gross income was 
$16000, and his expenses $17000? 

10. A man having propert}* in his possession worth $8000 
owes $3000. What is the net value of his estate? 

11. A man having propert}' in his possession worth $8000 
is indebted to the amount of $13000. What is the net value 
of his estate ? 

12. A trader beginning the 3'ear with $2000 made during 
the year $1000 profit and $500 loss. How much had he at 
the end of the 3'ear ? 

13. A merchant was engaged in business three 3'ears. 
During the first year he lost $500; during the second, he 
gained $1500 ; and, during the third, he lost $1200. How 
much profit did he make on the three years' business ? 
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14. How much does a clerk save, if his salary is 8800 a 
year and his expenses $ 80 a montli ? 

15. A man bought a horse for $150, and sold him for $170. 
How much did he lose ? 

16. A person walks forward 10 paces, and then backwaixi 
7 paces. How far is he in advance of his starting-iK)int ? 

17. A person walks forward 10 paces, and then backward 
15 paces. How far is he in advance of his starting-point? 

18. A ship leaving latitude 42° north sails southerly 
through 12° of latitude. What latitude does she reach? 

19. A ship leaving latitude 25° north sails southerly 
through 40° of latitude. What latitude does she reach? 

20. Two bo3's can row their boat 5 miles an hour in still 
water. How fast can the}- row up stream against a current 
that flows 6 miles an hour? 

21. At sundown the mercur}' in a thermometer stands at 
-f-10 degrees, but during the night it falls 15 degrees. How 
high does it stand in the morning ? 

22. At sunrise on a cold da}' the mercur}' in a thermome- 
ter stood at —17 degrees, but during the forenoon it rose 
25 degrees. How high did it stand at noon? 

23. What is the sum of —17 and +25? Of —15 and 
+ 20? Of + 20, + 20, and - 50? 

Note. It will be well to draw diagrams to illustrate the three 
following exercises. 

24. A ship sails on a course that takes her 20 miles to the 
east, and 10 miles to the north, of her starting-point ; then 
on a course that takes her 20 miles farther to the east, and 
40 miles to the south ; and then on a course that takes her 
50 miles to the west, and 50 miles farther to the south. How 
far east of her starting-point is she now ? How far north ? 

A land-surveyor measuring the sides of a field calculates the 
distance north or south, and the distance east or west, that he goes 
in passing from corner to corner along each side of the field. Dis- 
tances north and south are reckoned as positive and negative 
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respectively, and are called differences of latitude. Distances east 
and west are reckoned as positive and negative respectively, and 
are called departures. The sum of the differences of latitude is 
the distance north, and the sum of the departures is the distance 
east, from the starting-point to the stopping-point. If he goes 
clear around the field,, these sums will each be zero. 

25. Find how far north and east from his starting-point a 
8ui*ve3'or has gone in measuring three sides of a field of which 
the differences of latitude and departures are as follows : 

BIDE. JDIF7. OF LATITUDE. DEPABTUBE. 

First, 4- 30 chains, 4- 20 chains. 

Second, -f- 10 chains, — 50 chains. 

Third, — 25 chains, 4-10 chains. 

26. Find how far north and east of his starting-point a 
surve^'or is after measuring the sides of a field which give the 
following results : 

SIDE. DIFT. OF LATITUDE. DEPARTURE. 

First, 4-10 chains, 4- 30 chains. 

Second, — 20 chains, 4-15 chains. 

Third, -f- 40 chains, 4- 15 chains. 

Fourth, 4- 20 chains, — 20 chains. 

Fifth, — 50 chains, — 40 chains. 

27. Mary is 14 years old, and her sister 8 3'ears. In how 
many years will Mary be twice as old as her sister? 

Letting x represent the number of years hence, the equation may 
be formed and solved in the usual way, when it will be found that 
the value of a: is a negative number. Mary will be twice as old 
as her sister a neqatlve number of years hence. This is the same as 
saying that she teas twice as old a positive number of years ago. 

In a similar way interpret negative values of x in the following 
problems. 

28. A father's age is 56 j-ears, and that of his son 16 
years. In how many years hence will his age be equal to 
five times that of his son? 

29. What number is that whose third part is greater than 
its half by 4 ? 
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30. There are two purses, one containing $7, and the 
other $15. It is required to make the latter contain three 
times as much as the foiiner, by putting into each the same 
additional number of dollars. How many dollars must be 
put into each? 

31. A rectangular field is 16 rods long and 12 rods wide. 
B}' how much should the width be increased, that the field 
may contain 1 acre ? 

32. B's wealth is $3000 greater than A's ; but, if twice 
A's wealth be increased by adding $8000, the sum will be 
ex^ual to three times B's wealth. Find the wealth of each. 

33. Says A to B, " M3' wealth is now double j-ours ; but, 
if each of us should acquire $ 6000, 3'our wealth would then 
be double mine." Find the wealth of each. 



Operations on Algebraic Numbers. 

60. Algebraic addition, subtraction, multiplication, 
and division, differ from the arithmetical operations of 
the same names in the circumstance that, in algebra, 
account is taken of the positive or negative character 
of the numbers operated on, and of the positive or 
negative character of the results. The following exer- 
cises will illustrate the subject. 

Addition. 

61. Illustrative Examples. I. To -f 4 add + 3. 

Counting forward three places from + 4, we find + 7 to be 
the sum of + 4 and + 3. In this case the algebraic sum is the 
arithmetical sum regarded as positive. 

II. To - 5 add -f 8. 

Beginning at —5, and counting eight places forward, we find 
4- 3 to be the sum of — 5 and + 8. In this case the algebraic sum 
is the arithmetical difference regarded as positive. 
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III. To -5 add +3. 

Counting three places forward from —5, we find —2 to be 
the sum of + 3 and — 5. In this case the algebraic sum is the 
arithmetical difference regarded as negative. 

IV. To -f 4 add - 3. 

Since the effect of adding a positive number is to produce a sum 
greater than the number added to, the effect of adding a negative 
number must be to produce a sum less than the number added to. 
(See Art. 58.) Counting backward^ then, three places from + 4, 
we find + 1 to be the sum of -f 4 and — 3. In this case the alge- 
braic sum is the arithmetical difference regarded as positive. 

V. To 4- 4 add - 6. Aii8. — 2. 
VI. To - 3 add - 2. Ans. — 5. 

62. From the above examples may be derived a 

Role for the Addition of Algebraic NmnbezB. 

When two numbers have like signs^ find their arithmeti- 
cal sum^ and give it the sign of the numbers added ; when 
two numbers have unlike signs^ find their arithmetical dif- 
ference^ and give it the sign of the arithmetically larger 
of the numbers added, 

63. Oral Zbcercises. 

(34.) (35.) (36.) (37.) (38.) (39.) (40.) (41.) 
To-3 -5 +7 -6 +5 +1 +4 -5 
add 4-4 4-3 -4 -2 4-2 -4 -4 4-5 

42. A man possessing $4000 receives a gift of $3000. 
How much property has he then? 

43. A man being $500 in debt receives a gift of $800. 
What is his wealth then ? 

44. A man being $500 in debt receives a gift of $300. 
What is his wealth then ? 

45. A man having propert}' to the amount of $4000 adds 
to it a debt of $3000. What is his wealth then? 
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46. Add a debt of $600 to the wealth of a man who has 
$ 400 worth of property. What will his wealth be then ? 

47. Add a debt of $200 to the wealth of a man who 
alread}' owes $300 more than he can pay. What will his 
wealth be then ? 

Add the following : 

(48.) (49.) (50.) (51.) (52.) 



+ 1 


+ 3 


-7 


+ 8 


+ 20 


-3 


+ 2 


+ 9 


-1 


+ 60 


+ 2 


-4 


-8 


-6 


+ 40 


-4 


-3 


+ 6 


-5 


-30 


+ 3 


+ 1 


-1 


+ 2' 


-50 


-2 


-4 


-5 


+ 9 


-70 


-3 


+ 6 


+ 2 


+ 6 


-20 


+ 3 


+ 5 


-4 


-1 


+ 80 


+ 4 


-7 


+ 9 


4-3 


+ 30 



Subtraction. 

64. As subtraction is the reverse of addition, we 
must, in subtracting a positive number, count backward^ 
and, in subtracting a negative number, coxMit forward^ in 
the series of algebraic numbers. 

This is illustrated by the following examples, which 
may be solved by counting in the series of algebraic 
numbers backward or forward, as the case may be. The 
results may be compared with the numbers given in 
the corresponding examples of Art. 61. 

Illustrative Examples. 

I. From + 7 subtract + 3. Ans, + 4. 

II. From +3 subtract +8. Ans, —5. 

III. From — 2 subtract + 3. Ans, — 5. 

IV. From +1 subtract —3. Ans, +4. 
V. From — 2 subtract — 6. Ans, + 4. 

VI. From — 5 subtract — 2. Ans, — 3. 
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65. From these examples it is evident that the sulh 
traction of a positive number is equivalent to the addition 
of an equal negative number^ and that the subtraction of 
a negative number is equivalent to the addition of an equal 
positive number. 

Hence a 

Rule for the Subtraction of Algebraic NuinberB. 

Reverse the sign of the subtrahend^ and then add it to 
the minuend. 

66. Oral Exercises. 

53. From 4- 4 subtract —7. To +4 add +7. Are the 
results the same ? Why ? 

(54.) (55.) (56.) (57.) (58.) (59.) (60.) (61.) 
From -4 -f5 -4 -4 +5 +5 +5 -3 
subtract -M ^ ::^ 3^ -f3 +8 +5 —3 

62. A man having property worth $7000 gives away 
$3000. What is his wealth then? 

63. A man taking account of his possessions and his debts, 
found that his wealth amounted to $ 1000. From this was after- 
wards removed a debt of $ 3000. What was his wealth then ? 

64. Subtract the reading of the thermometer at sunrise, 
— 12°, from its reading at noon, 4- 25°, to find how much the 
mercury has risen during the forenoon. 

65. Subtract the reading of the thermometer at noon, 
-h 25°, from its reading at sundown, +5°, to find how much 
the mercury has risen during the afternoon. 

Q^, Subtract the latitude a ship leaves, — 25°, from the 
latitude she ariives at, -f 40°, to find how many degrees of 
latitude she has sailed through, and which way she has 
sailed. 

67. Subtract latitude +30° from latitude -10°. Which 
way does a ship sail to go from the former to the latter? 
How does the result indicate this? 
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Multiplication. 

67. Illustrative Examples. I. Multiply -f 4 by 4-3. 

This is to unite three + 4'8. But + 4 + 4 + 4 = + 12. 
Hence (+ 4) x (+ 3) = + 12. 

II. Multiply - 4 by + 3. 

This is to unite three - 4*s. But - 4 - 4 - 4 = -12. 
Hence (-4) x (+ 3) = -12. 

III. Multiply + 4 by - 3. 

IV. Multiply - 4 by - 3. 

Here we must determine the effect of using — 3 as a multiplier. 
According to Art. 58 this effect must be the opposite of that pro- 
duced by + 3 when used as a multiplier. Now, when the multi- 
plier is positive, as in Exs. I. and II. above, the product is like 
the multiplicand, being positive when the latter is positive, and 
negative when it is negative. This accords with a principle of 
arithmetic that the product is of the same denomination as the 
multiplicand. The effect of using a negative multiplier should be 
to reverse this, and make the product negative when the multipli- 
cand is positive, and positive when the multiplicand is negative. 

Hence (+ 4) x (- 3) = -12, and (- 4) x (- 3) = + 12. 

In the above examples, what is the sign of the product when 
the signs of the multiplicand and multiplier are both plus or 
both minus V What is the sign of the product when the signs of 
the multiplicand and multiplier are unlike ? 

68. From these examples we see that the meanings 
to be assigned to positive and negative multipliers are 
the following : 

A positive multiplier signifies that the multiplicand 
itself is to be taken as many times as there are units in 
the multiplier. 

A negative multiplier signifies that the multiplicand 
tenth its sign reversed, is to be taken as many times as 
there are units in the multiplier. 
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Hence a 

Rule for the Multiplication of Algebraic Numbers. 
Find the arithmetical product of the numbers^ and^ 
if their signs are alike^ give tfie product the sign plus^ if 
unlike^ give it the sign minus. 

69. Oral Ezercises. 

68. Multiply + 7 by -5. 72. Multiply -f 1 by +1. 

69. Multiply —6 by +4. 73. Multiply —1 by +1. 

70. Multiply -f 9 by +6. 74. Multiply -f 1 by -1. 

71. Multiply -12 by - 12. 75. Multiply -1 by -1. 

Division. 

70. Illustrative Examples. I. Divide +12 by +3. 

We seek a number which multiplied by 4- 3 will give + 12 as 
a product. By Art. 67, Ex. I., this number is + 4. 
Hence (+ 12) ^ (+ 3) = + 4. 

II. Divide -12 by +3. 

By Art. 67, Ex. XL, the quotient is —4. 
Hence (-12) -^ (+ 3) = -4. 

III. Divide +12 by -3. 

By Art. 67, Ex. IV., the quotient is —4. 
Hence(+12)-r(-3) = -4. 

IV. Divide -12 by -3. 

By Art. 67, Ex. III., the quotient is + 4. 
Hence (-12) ^ (_ 3) = + 4. 

In these examples, what is the sign of the quotient when 
the signs of the dividend and divisor are alike ? What is the 
sign of the quotient when the signs of the dividend and 
divisor are unlike ? 

71. From these examples may be derived a 

Rule for the Division of Algebraic Numbers. 
Find the arithmetical quotient of the numbers^ and^ if 
their signs are alike^ give the quotient the sign plus, 
'f unlike^ give it the sign minus. 
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72. Oral Ezeroises. 

76. Dmde -36 by +9. 80. Dmde +1 by +1. 

77. Divide - 25 by - 5. 81. Divide -1 by +1. 

78. Divide +63 by - 7. 8:2. Divide +1 by -1. 

79. Divide +48 by + 8. 83. Divide -1 by -1. 

73. From Arts. 68 and 71 may be derived a 

Brief Rule for Signs in Multiplication and Diviaion. 

lAke signs give PLUS ; unlike signs give MINUS. 

Monomials. 

74. An algebraic quantity expressed by one symbol 
or by symbols so combined as to express only multiplica- 
tion or division is a monomisil, or quantity of one term. 

Thus a;, 3a:, a?/, 5mz, and —7 ahc are monomials. 

75. Monomials, like algebraic numbers, may be either 
positive or negative, and are written with the signs plus 
or minus accordingly. 

Thus + 5 a a: is a positive, and — 5 a ar a negative monomial. 

76. Quantities multiplied together are called factors 
(makers) of the product ; but, with reference to each 
other, they are called co- efficients (helpers in making). 

Thus in the quantity 5 a x, which is composed of the factors 5, 
a, and x, the co-efficient of axis 5, and the co-efficient of x is 5 a. 

77. Factors expressed by figures are called nnmezi' 
cal factors; expressed by letters, literal factors. The 
same distinction is observed with regard to numerical 
and literal co-efficients ; but the word co-efficient used 
alone commonly means the numerical factor or factors 
of a monomial. 

Thus, the co-efficient of 3 my is 3, and the co-efficient of 
4 X 5a6a:y is 4 X 5. 

When no numerical co-efficient is written, the co-efficient 1 is 
always understood. Thus ax and lax mean the same thing; 
and so do — a a: and —lax. 
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78. A product of equal factors is called a power. 

Thus a a is the second power of a, 

a a a is the third power of a, 
a a a a is the fourth power of a, 
and so on. ^ 

79. When a quantity is used more than once as a 
factor, its symbol is commonly written but once, and 
the number of times it is used as a factor is indicated 
by a small figure placed a little above and to the right 
of the symbol. The number so written is the exponent. 

Thus, instead of a a, it is usual to write a* ; instead of aaa,c^; 
and so on. 

When no exponent is written, the exponent 1 is always under- 
stood. Thus a and a} mean the same thing. 

The expressions a* and a' are for brevity often read " a square '* 
and " a cube," instead of " a to the second power " and " a to the 
third power." 

If the quantity whose power is to be indicated is expressed, not 
by a single letter, but by a combination of letters, then the whole 
expression is enclosed in brackets, and the exponent is written 
outside the brackets, a little above, and to the light Thus the 
second power of S abc is indicated by writing (3 a 6 c)* ; the third 
power of —4 a:, by vmting (—4 a:)*; the second power of a^ by 
writing (cry ; and the fourth power of a + ar, by writing (a + ar)*. 

The exponent is often represented by a letter. Thus, if a is 
used m times as a factor, the power is denoted by a"*, and the 
expression is read, " the m^ power of a," or "a to the m*^ power." 

Multiplication. 

80. Illustbative Examples. I. Multiply 3 a J by 

Since a product contains all the (Sah) x (4:xy) = Sab4:xy 
factors of the multiplicand and =3x4a6a:t/ 

of the multiplier, but no others, =zl2 abxv 

we may express the product in 

this example by writing the factors of 3a 6 and of 4ary together 
80 as to express one product; thus, 3a64ar^. Again, since the 
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order of factors may be changed without changing the value of 
the product, we may write the numerical factors first; thus, 
Sx^abxy. Putting 12 in place of 3 x 4, we have the final result 
12 abxy. 

II. Multiply 4mhy —Ix. 

Since monomials are numbers, the rule for signs already 
explained in the case of* positive and negative numbers (Art. 73) 
applies to monomials as well. 

Hence (+4m) x (— 7 a:) = — 28mar. 

III. Multiply a' by a*. 

As there are three factors, each equal a* x a* ^ a a a x aa a a 
to a, in the multiplicand, and four more in =:aaaaaaa 

the multiplier, the product must contain — q\ 

seven factors each equal to a. 

In this example the product a' has an exponent equal to the 
sum of the exponents of the two factors a^ and a*; that is, 
a^ X a* = a*'^* = a'. Moreover, it is plain that the same would 
be true in all similar examples. Thus, a^ x a' = «*"•■' = a*; 
a' X a= a^ X a}=za^'^^ = a*'^ and, in general, if a"* and a" represent 
any two powers of a, their product is represented by a"»+" ; that is, 

An equation which is used to express a general rule 
or statement is called a formula. Thus the general 
statement that the product of two powers of the same 
quantity has an exponent equal to the sum of the exponents 
of the factors is expressed by the equation 

and this is known as the formula for the multiplication 
of powers. 

IV. Multiply —4:a^bxhj5ab^a?7/. 

This example merely combines points explained in the last three. 
(— 4a'6a:) x (bab^x'y) = -4x 6a'abb^xx'y=-20a^b*x'y. 

Y. Find the continued product of — 3 a^ 6, — 5 a 6^ <?, 
— 3t?y, and 2 a a?. 

The product of the first two quantities will, by the rule, be 
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positive ; this multiplied by the third will give a negative result; 
and this multiplied by the fourth will give a negative result: 
hence the product sought will have the minus-sign. This being 
settled, we have only to find the arithmetical product of the co- 
efficients, and add the exponents of the like literal factors. 
(-3a»6)x (-5ab^c)x (~3cy)x (2aa^) 
= -(3x 5x Zx2)a*aabb''ccary 
= -90a*bU^x'y, 
It will be noticed in this example that an odd number (three) 
of the given monomials are negative, and the product is negative. 
If an even number (two or four) of them had been negative, the 
product would have been positive. 

81. From these examples may be derived a 

Rule for the Multiplication of Monomials. 

For the co-efficient of the product take the arithmetical 
product of the coefficients of the given monomials. 

With this co-efficient write all the different literal factors^ 
each with an exponent equal to the sum of its exponents^ 
in the several given monomials. 

Make the sign of the product minus when an odd 
number of the given monomials are negative; otherwise 
make it plus, 

82. Exercises. 

84. Multiply a 6 by 1 xy, 

85. Multipl}' 3 a 6 c by 9 6 c m. 

86. Multiply — a 6 by 3 c. 

87. Multiply -15 m- by 5 n«. 

88. Multiply — m by n. 

89. Multiply m by — n. 

90. Multiply — m by — n. 

91. Multiply a by — a. 

92. Multiply - 4 a by - 1. 

93. Multiply - 3 a 6 by - 3 a. 

94. Multiply 3 a by a». 

95. Multiply -^bm^hy -Im^nK 
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96. Multiply - a^ by - a. 

97. Multiply m* by n". 

98. Multiply 4 m by 3 n. 

99. Multiply together abc^ 6 c d, c d e, dea^ and eab. 

100. Multiply together —xy^yz^ —zw^ and wx. 

101. Multiply 4 ax by 4ax^ and the product by 4 ax; 
that is, find the third power of 4 a a;. • 

102. Find the fourth power of 2 m y. 

103. Find the value of (6a?y)». 

104. Multiply — a by — a. 

105. Multiply — m by — m, and the product by — m 

106. Find the value of (- a)*. 

107. Find the value of (- a)'. 

108. Find the second and fourth powers of —1. 

109. Find the third and fifth powers of —1. 

110. What is the value of any odd power of — 1 ? 

111. What is the value of an}' even power of — 1 ? 

112. What is the value of any power of 4-1 ? 

113. Multiply (3 a 6)* by (2 a bey. 

114. Multiply (-2xyyhy (-2am)». 

115. Find the value of (a*)*. 

116. Find the value of (2 aa^y^)^ 

117. Multiply (-amy by (2Q?yy. 

118. Multiply together 3 Ar», 4 A:», and 5 Ar*. 

119. Multiply together w*, w", and n*. 

120. Multiply a"* by a^. 

121. Multiply a"* by a*. 

122. Multiply -bafhySafl. 

123. Multiply a"*— by a*. 

124. Multiply a""^ by a. 

125. Multiply ajP-^ by oj^. 

Reduce each of the following expressions to its simplest 
form by performing the operations indicated. 

126. {Ibal^c) X {%am^). 

127. (3mw) X {—am) x {bbn). 

128. (-1) X (-2) X (-3) X (-4). 
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129. (-m)»x (-2m)-x (-3m). 

130. (ahyx (2 ay. 

131. l-amx) X (3 62^2)4 

132. (-/iVO'x i-P) X {-Sky. 

133. (-a^) X (-a^) x (-a). 

134. (-a)»x (-a)»x (-a), 

135. (12a2y)». 

136. (-16Pm*)». 

137. (a)P)^ 

138. (a^^ft")*. 

139. (m'-n')«. 

Divlaion. 

83. Illustrative Examples. I. Divide 6 a J by 
2 a. 

We seek a quantity which multiplied by 2 a will give 6 a 6 as a 
product. This quantity will be composed of all the factors of 
Qab which are not in 2 a. These are 3 and b, and the quautity 
sought is 3 6. 

Hence 6a6-r2a = 3 6. 

It will be seen that we removed from the dividend the factors 
of the divisor, and the factors of the quotient were left. 

II. Divide a* by a\ 

Removing from a product of five equal factors two of them will 
leave three of them. 

Hence a^ -~a'' = a'. 

In this example the quotient a' has an exponent equal to that 
of the dividend diminished by that of the divisor : that is, 

The same would be true in all similar cases. 

To express this in a general form we write the 
equation _ ^ ^ ^ 

which is the formula for the division of one power hy 
another power of the same quantity. 
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III. Divide a^ by a\ 

When the divisor is equal to the dividend, the quotient is 1. 
Hence a^ -r a^ = 1. 

If we subtract exponents, as in the last example, we find that 

By Axiom 7, the two results here obtained are equal ; that is. 

The meaning of when used as an exponent is 
defined by the equation a® =: 1. Ant/ quantity/ with zero 
for an exponent is equal to 1, 

IV. Divide 12 a*iV by 2 a P c". 

V. Divide 8a^b by 4:axy. 

As there are factors in the divisor not found in the dividend, 
we express the division in the fractional form, and then cancel 
factors common to dividend and divisor. 

'da^b Sab 



3c^b-r^axi/ = 



^axy 4xy 



Note. No examples of negative exponents are given here, as it seems 
better to defer a full treatment of the theory of exponents till later. 

84. From these examples may be derived a 

Rule for the Division of Monomials. 

Divide the co-efficient of the dividend by that of the 
divisor for the coefficient of the quotient. 

With this co-efficient write all the literal factors of the 
dividend^ each withjin exponent equal to the excess of its 
exponent in the dividend above its exponent in the divisor. 

Make the sign of the quotient plus when the signs of the 
dividend and divisor are alike, and minus when they are 
unlike^ 

86. Exercises. 

140. Divide am n by n. 

141 . Divide — am n by m. 

142. Divide a m n by — a. 
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143. Divide — a m n by — m. 

144. Divide \2ahmn\yy %am. 

145. Divide m by — m ; — m by — m. 

146. Divide a by 1 ; a b}' — 1 ; — a by 1 ; — a by —1. 

147. Divide — a & c by — 1 . 

148. Divide -ar^by -1. 

What is the result of dividing any quantit}^ by — 1 ? 

149. Divide ar^ by iB^. 

150. Divide a* y'* 2* by a* y, 

151. Divide — m* by — m. 

152. Divide (mxyy by a^y^, 

153. Divide 6 ar^ by 3 a;. 

154. Divide — 15 a^a^^y by 3 aa?y. 

155. Divide — aj* by —x. 

156. Divide 2a&by 3a. 

157. Divide 3 y2 by 2/*. 

158. Divide a^ by 3 a. 

159. Divide 5z b}' s^. 

160. Divide 3 A:* by 5 A:». 

161. Divide llkH'nv'hy -3A;Zm«. 

162. Divide -Sa^x'^fhy-lSf. 

163. Divide 216a^xl'f by 24a«a; y\ 

164. Divide S56amar^ by 89 a a*. 

165. Divide - 287Z3m'n* by 41 Pm*n. 

166. Divide af" by of. 

167. Divide y" by 1^. 

168. Divide m^ + « by mP. 

169. Divide a-« by a". 

170. Dividej92«-Jbyp«. 

171. DivideajP+^bya^. 

172. Divide 2 by 0\ 

Addition and Subtraction. 

86, Illustrative Examples. I. Find the sum of 
Sa^x and 5a^x, 

Since or x stands for some number, 3 a* x stands for three times, 
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and 5 a' a; for five times, that number. But the sum of three times 
and five times a number is eight times that number. 
Hence 3a^x+ ba^x = Sa*x, 

II. From 1 axy subtract Zaxy. 

Reasoning as above, we find that *Jaxy—Zaxy = ^axy, 

III. To! axy add — ^axy. 

As has been shown in Art. 65, this example is the same as the 
last, differently stated. 

Let it be noticed that T axy — ^axy expresses the difference 
between +7 axy and +3aa;y, but the sum of +7 axy and 
— 3 axy. 

IV. What is the sum of — 4a J«, 8a6^, ^bah\ and 

As in the foregoing examples, we have only to — 4 a &■ 

find the algebraic sum of the co-efficients, which +806* 

is —5, and with it write the literal factors that —6a 6* 

are common to the monomials added. + oft* 

The work may be conveniently written as in — 5 a 6*. 
the margin. 

V. Find the sum of 5 a and 3 h ; also the sum of 6 y 
and — bz. 

Since a and 5 may be different numbers, the reasoning used in 
the foregoing examples does not apply. The sum can only be 
represented by writing 5 a + 36. The sum of 6 y and — 5 2, for 
the same reason, is represented by writing 6 y — 5 2. 

VI. Find the sum of a', — 3 a^ 6, 3 a 6*, and — 6*. 

This sum is represented by 

a»~3a«5 + 3a6«-6^ 

VII. From 3 a subtract —46. 

This remainder is represented by changing the sign of the 
subtrahend, and then writing it after the minuend ; thus, 3 a + 4 5. 

87. From the foregoing examples it is plain that 
addition and subtraction can be performed only when 
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the given monomials agree in having the same literal 
factors. Monomials which have the same literal factors 
are similar monomials. 

Thus 3 a &' and — 4 a &* are similar ; but 3 a 5' and 3 m ft' are not 
similar ; neither are 3 a 6* and 3 a' ft ; neither are 4 a^ and 4 a^ 

88. From the illustrations above given may be 
derived the following 

Rules for the Addition of Monomials. 

If the given monomials are similar: Find the algebraic 
mm of the co-efficients^ and with it write the literal factors 
common to the monomials. 

If the given monomials are dissimilar: Write them 
one after the other, each with its positive or negative sign. 

Note. The process of uniting terms, as explained in Arts. 11-13, 
oomes under the first of these rules. 

Rule for the Subtraction of Monomials. 

Reverse the sign of the subtrahend, and then apply one 
of the rules for addition. 

89. Rcercises. 

173. To aa;y add Saicy. 

174. To — Zm add4Zm. 

175. To^'k?fm2iM-2T€^V'm. 

176. Toa5adda^ 

177. To ^« add 2^2 and 1/2 and y2. 

1 78. From 5 a ic^ subtract 3 a a;*. 

179. To 5 aa:' add -3aa^. 

180. Add +3 a, —5 a, —7 a, and -f-19a. 

181. Add —Im^y^ -f-3m^y, —bm^y^ and 18m'.v. 

182. From the sum of 5 n 2;, — 4 n 2, and — Snz, subtract 
the sum of 4n2; and — 12 nz. 
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Add the followino: : 



(183.) . 


(184.) 


(185.) 


(186.) 


— am 


- 5a»a?» 


4-3m«y 


— klm 


— 5am 


+ 6a*ar^ 


— m^y 


--Skhn 


+ 6am 


-17a^«* 


+ 2m^y 


— Gklm 


+ am 


- 3a«ar^ 


— 3 m* y 


^5 klm 


+ 4am 


+ a^ar' 


+ 7m'y 


+ oklm 



187. To a; add y. 

188. To X add - y. 

189. From x subtract — y. 

190. To — Zmadd ^mn. 

191. From —Im subtract —klm, 

192. To a' add a^ 

193. To 3 y add y'. 

194. To 3 a^ add 4 « and 2 a^. 

195. To 7 aa^ add 5 a^a; and 3a*fl?». 

196. From 4 a subtract 2. 

197. From a* subtract 4a. 

198. From m* subtract 3. 

199. From ab subtract b. 

200. From —xy subtract — 1. 

201. From 3 a a?y subtract 3 x. 

202. From 4 a* a; subtract — 2 a »*. 

Polynomials. 

90. The algebraic sum of two or more monomials is 
a polynomial, or a quantity of several terms. 

A polynomial of two terms is a binomial, and one of 

three terms is a trinomiaL 

Thus a'\-h, a — h, and 4 a; — 3, are binomials ; a-\-h-\- c and 
a:* — 2 a: y 4- ^ are trinomials ; a:* + 6 a* a:* — 4 a x' + a* — 4 a" a: is a 
polynomial of five terms. 

91. Since the value of a sum is not changed by 
adding the several parts in a different order, we may 
arrange the terms of a polynomial in any order wf 
please. 
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In working with polynomials, it is always best to keep up an 
orderly arrangement of terms : it facilitates work, and prevents 
errors. When the several terms contain different powers of the 
same literal factor, the terms may be arranged according to the 
ascending or descending powers of that factor : in other cases it 
is well to follow the order of the alphabet. 

Thus the polynomial given at the end of the last article, by 
arranging its terms according to the descending powers of a, 

becomes . a * . ^ 9 m a » a 

a* — 4a' a: + 6 a* a:* — 4 a a:* + a;*. 

Arranging the terms according to the descendin|^ powers of x 
would merely reverse this order, and give 

a:*- 4a ar' + 6a*a:*- 4a=*a; 4- a*. 

In either case a certain symmetry is apparent in the form of 
the expression. 

92. If a polynomial contains similar terms, they may 
be united into one term by methods heretofore ex- 
plained. The polynomial is thus reduced to the least 
possible number of terms ; and, when these have been 
arranged in some definite order, the polynomial is said 
to have been reduced to its simplest fozm. 

Thus, the simplest form of 

5a«6 4-9a6«4-36'4-3aV> + 3a6»-.56»-7aft»-8a"ft 
is 5ab*-2b\ 

93. Zbcercises. 

Reduce to its simplest form each of the following poly- 
nomials : 

203. 3a6» + 3a*6 + y+a'. 

204. a^ + a^ + a^x + aa^. 

205. m* + n* — m^n — mn^ + m^ n*. 

206. k' + 21(?l + ]c'P-2m-4k^P'-2kP + Jc'r' + 2kP 

207. 4a2aj2-8a»a;-2aar' + aJ*+16a*. 

208. 6y'-4.v2-32^ + 3y-l + y*. 

209. or^-faj-l-l — ar* — ic^ — a. 
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Addition. 

94. Illusteative Examples. I. Find the sum of 

3a + 2J — c, 3(? — J + 2a, and 26 — 4(7 — a + 2a:. 

The sum of these polynomials is evidently 
equal to the sum of all the terms composing ^ — c 

them. This sum might be expressed by ^"~ ^^ o 

writing all the terms one after the other, Zl£i ZI — £-Z — f 

each with its proper sign. If, however, the '*'*" — c-\- x 
polynomial thus found contained similar terms, it could be reduced 
by uniting the similar terms. It will be more convenient, there- 
fore, to arrange the polynomials that are to be added so that similar 
terms may be written in the same column, as shown above. By 
so doing we find the result at once in its simplest form. 

II. Find the sum of a + 6 and m — n. 

As there are no similar terms in these quantities, their sum is 
expressed by writing the terms one after the other, each with its 
sign, thus a 4- 6 + »i — w. 

95. From the first example may be derived a 

Rule for the Addition of Polynomials. 

Arrange the polynomials so that similar terms may he 
written in the same column. 

Find the sum of the terms in each column separately^ 
and write this sum below with its proper sign. These 
results taken together make up a polynomial^ which is the 
sum of the given polynomials. 

Note. When this rule does not apply, the method of Ex. II. is to 



be followed. 

Add 



96. RcerciseB. 



(210.) (211.) 

^ — y— 3 5a; — 3y + 42; — 7 

a?-fy— 19 — 7a? + 4y — 7g + 8 

(212.) (213.) 

3aj-f 72^— z 3a? — 22^ + 52; — 7 

- x — 3y + 4:Z 6x-\-Sy — 2z + 6 

'Ax— y — 5z — 4a?— y+ z — 3 
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214. Add a? — 2 2/ and 2 ^ + a;. 

215. Add —X and 2x — y. 

216. Add m — n^ 2 m — 3 n, and 5 n — • 2 m. 

217. Add x — y^ y — z^z — w^ and to — x. 

218. Add x — y — z^ y — z — x^ and z — x — y. 

219. Add aj* + a i«2 + a^a; + a^ 2 a^- 3 a, 2 aj + 4 aa?~ 2 aj», 
and 3 a^ a; — 3 a a:* + ar* + a^. 

220. Add ay^ + oa^+lOa^+lOo*^ a^ + 4ar* + 6a;2_|_4a.^ 
and ar* + 3 a^ 4- 3 a; + 3. 

221. Add 2af*-3a; + 5a^4-4, ar*- 2«2 + 5a;- 6, 4 + aj 
-2a;*-3a^, and 3 aj^ + aj^- 3a; + 1. 

222. Add a;2_3a.2^ + 2 3^*-3a;4-52/-23, 2 7?-^bxy 
4-y^ + 22^— 4a; + 4, y^ — a;y + a;^— a; — 2y + 3, and 3 x 
+ 2y-\-Axy, 

223 Adda2^2a6-h2>^-26c + 2ca + cS 62__26c + c* 
-2ca + 2a6 + a^andc2-2ca + a2-2a6 + 26c + 6^ 

Subtraction. 

97. Illustrative Exa^iples. I. From a subtract 
h + c. 

It is plain that a polynomial will be subtracted if each term of 
it is subtracted. We therefore first subtract 5, and from the result 
subtract c, which gives a — ft — c for the remainder sought. 

Since a — fe — c is the sum of a and — J — c, the remainder sought 
in this case may be found by reversing the signs of the subtrahend, 
and then adding it to the minuend. 

II. From a subtract J — (?. 

First h is subtracted, and the result is a — 5 ; then from this — c 
is subtracted, and the result is a — 6 4- c. See Art. 65. 

By reversing the signs of the subtrahend we get —h+c, and 
this added to a gives a — & + c, as before. 

There is another way of explaining this example, which leads 

to the same result. We first subtract h from a, and the remaindei 

is a — 6. But this remainder is as much too small as the quantity 

that was subtracted is too great. The quantity subtracted is too 

Teat by c. The true remainder, therefore, will bo found by 
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increasing a — 6 by c, which gives a — b-i-c as the true remainder. 
See Art. 45, Ex. 307. 

III. From 2a— b^-Sc To 2a— 6 — 3(? 

subtract a — 2b-\-2c add — a + 2J — 2<? 
Remainder, a -f- b — bc. Sum, a -f- ^ — be. 
98. From these examples may be derived a 

Rule for the Subtraction of Polynomials. 
Heverae the signs of all the terms of the subtrahend^ 
and then add it to the minuend. 

99. Zbcercises. 

Subtract 

(224.) (225.) 

x + y—7 7a^ — 2a;-|-4 

x — y^S 2x'^-{-Sx—l 

(226.) (227.) 

2x — Sy-{-5 4ax — Sa^-^2x^ 

6x— 7y — 3 4 ax— a^ + 4:X^ 

228. From x — 1 subtract 1. 

229. From y — h subtract — 2 &. 

230. Subtract n +1 from 2 n — 1. 

231. Subtract k from k—1, 

232. How much must be taken from I +m -{- n to leave 
for a remainder 2 Z — 2 m ? 

233. From a -f- 6 take a — b. 

234. How much greater is 6 a — 12 & than — 5a— 10&? 

235. What must be added to a; — 2^ to make the sum 1 ? 

236. What quantity added to 7a^— 6a;y-|-5rt6 will make 

the sum 12 a^ -f- 4 a & — 5 a; 2/ ^ 

237. The sum of two quantities is a^ -\- S a^ x -{- S a x^ + x^. 

If one of them is a?' — 3 or^ a + 3 a; a^ -- a^, what is the other ? 

238. If 2 aj* -f 2 2/* be separated into two parts of which 
one is x'^ — 4: x"^ y -\- G x^ y^ — 4: x y^ -]- y^, what is the other ? 
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239. From the sum of4 a^ 4- 6 a^ + 8 0^ and 80^ + 12 a; + 16, 
take Qa? + daP+12x. 

240. From'|a + | 6 + |c takeft. 

241. From ic-hiy+l take |a; + 2/+|. 

242. From ^ax — ^xy-\-^ take ^aa? + f ay — -J. 

Use of Brackets. 

100. To indicate that an operation is to be per- 
formed on a polynomial as a whole, the polynomial is 
written within parentheses, brackets, or braces, ( ), 
[],{}. A polynomial so written is treated as a sin- 
gle term or a single factor. 

Let a^b-\- c and x-\- y — zhe two polynomials. We write : 
To indicate their sum, 

a — ft + c-f (x+y — r). 
To indicate their difference, 

a — 6 + c — (x 4- y — 2)- 
To indicate their product, 

(a — h-\-c) (x-hij—z)' 

Note. The sign of multiplication is usually omitted in such cases. 
The brackets must be used with each factor. 

To indicate their quotient, 

a — b-\-c 



(a — 6 4- c) ^ (a: 4- y — 2) or 



X+ 1/ — Z 



Note. In the fractional form the horizontal line takes the place of, 
and has the same effect as, brackets. 

101. Since the sum indicated by 

is, when the addition has been performed, 

a — J + c-f-a^-f-y — 2, 
it is plain that 

When the plus-sign stands before brackets, the brackets 
may be removed without changing the value of the eaypres- 
sion. 
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102. Since the difference indicated by 

a — 6-f ^ — (^+y — ^) 
is, when the subtraction has been performedf 

a — b-^-c — a; — y + z, 
it is plain that 

When the minuB-siffn stands before brackets^ the brackets 
may be removed without changing the value of the expres- 
sion^ PROVIDED the signs of all the terms written within 
the brackets are reversed. 

Note. When no sign is written before the first term within the 
brackets, the sign plus is understood. 

103. Rcercises. 

Rid each of the following expressions of brackets without 
changing its value, and then unite any similar terms there 
may be : 

243. 3a*-2aa; + a:*- (a*-aaj + a^). 

244. 3a«-2a+l - (a« + 2a + 3) - (2a«-6a-6). 

245. a + 6-(2a-3 6)-(5a+7 6)-(-13a + 26). 

246. a— ih-c) — {c-a)- (a -6). 

247. aj2 + 2aj + l-(x'2-2aj + l). 

248. a*-2a? + l + (ar^ + 2a;+l). 

249. Free from brackets and add a? — (y — « -h tc), 
y — (z —w + a;) , and z— (w — x + y). 

250. Free from brackets and add a— (6 — c) , 6 — (c — a) , 
and c — (a — 6) . 

251. From a — a?— (» — 2a) -\-2a — x 
take a — 2a;— (2 a — a;)-f-(— 2a-f-a;). 

252. From the sum of a — (b — c) and b — (c — a) 
take c — (6 — a) . 

Sometimes there are brackets within brackets. In 
such cases, it is best to remove the inmost brackets first. 

Rid the following expressions of brackets, and unite teims : 

253. a- [6- (a;-2/)]- 

254. a— (x — a) — [x-^ {a^ a?)]. 
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255. i- m — [A; — Z— (Z — m)] — (2Z — m — A;). 

256. a-[6- (26 + a;)] + [6-(aj-26)]. 

257. a'-\_a'-b — {b — c) — {c — a)]. 

258. 7a:- |3y-[4a:~ (6y-2aj)](. 

259. [6a-(& + c)]-[a-(&-2c)]. 

260. l-[l-(l-a:)] + [2ic-(3-x)] 

104. The converse operation, that of putting some 
part of a given polynomial expression into brackets, is 
frequently convenient. From Arts. 101 and 102 it is 
plain that 

When brackets are introduced into a polynomial expres- 
sion after a PLUS-«i^w, no change of value is caused. 

When brackets are introduced after a MiNUS-«2^n, the 
signs of all the terms enclosed by them must be reversed^ 
to prevent a change in the value of the expression. 

Thus, no change is caused in the value of the expression 

a-\-h — c-\-il — e -\-f 
by introducing brackets as follows : 

a+C^'-c + cZ-c+Z), 

a+(Z>-c) + (rf-tf)4-/, 
a+ (h — c-\-d) — e +/, and so on ; 
nor by introducing brackets and reversing signs as follows : 

a+6_(c-eZ + e-/), 
a + 6-c + <f-(e-/), 
a + &-(c-eZ)-(e-/), 
a — (— 6+c— cZ+e — /), and so on. 

105. Exercises. 

Without changing the value of the expression, write within 
brackets preceded bj^ a minus-sign : 

261 . The last three terms of a -f 6 — c -f d. 

262. The last two terms of l — m + n, 

263. The last three terms of w — x — y -\- z. 

264. The second and third terms of2A: + Z — m + 2n. 



106.] OPERATIONS ON ALGEBRAIC QUANTITIES. 78 

265. The last three terms of a* — 6' + 2 6 c — c". 

266. The second, third, and fourth terms of 

Multiplicatioii. 

106. Illustrative Examples. I. Multiply a + b 
by 3 ; also a — i by 3. 

By actual addition it may be shown that 
three times a-\-b iada+ ^b, and that three " "~ 

times a — &is 3a — 36. But these two re- ~ 

suits may also be found by multiplying 



each term of the multiplicand by 3. 

Hence (a + 6) X 3 = 3a + 36. 

(a-6)x3 = 3a-36. 
See Art. 29, Exs. 75-82. 

II. Multiply a -\- bhy x; also a — J by a:. 

The reasoning used in Ex. L above will hold good for any num- 
ber, X, as well as for 3. 

Hence (a-^h)x = ax-\-bx, 

(a — b)x = ax^bx. 

III. Multiply xhj a -\-b. 

To multiply a quantity by a + 6, we multiply it first by a, and 
then by 6, and add the products. The sum of these partial prod- 
ucts will be the product sought. 

Hence x (a + b) = ax-\-bx, 

IV. Multiply xhy a — b. 

To multiply a quantity by a — 6, we may multiply it first by a, 
and then by J, and subtract the latter product from the former. 
The remainder will be the product sought. 

It is better, however, to regard this process from another point 
of view. If we regard the multiplier a — 6 as the sum of + a and 
— b, and multiply the multiplicand first by + a, and then by — 6, 
observing the rule for signs (Art. 73), we may take the algebraic 
sum of the partial products so obtained as the product sought. 

The result is the same either way. 

Hence a; (a — 6) = a a: — 6 x. 
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V. Multiply a -|- 6 by ic + y. 

Here we find the product of a + 6 by x, which is a a: + 6 x, and 
by y^ which is a ^^ + & ^, and add them to form the product sought. 
Hence (ci-\-h) (x + y) = ax+hX'\'ay-\-hy, 

VI. Multiply a — 6 by z + y. 

Here the partial products are ax — hx and ay— by, which are 
to be added. 

Hence (a — 6) (x + y) = ax — 6x + ay — 6y. 

VII. Multiply a + ft by a; — y. 

Here, as in Ex. IV. above, we may find the product of a + bhj 
Xf which is a x + 6 x, and the product by y, which ia a y-^- by, and 
subtract the latter from the former. 

Or, regarding x — y as the sum of + x and — y, the partial prod- 
ucts are (Art. 73) ax + bx and —ay —by, which are added to 
give the product sought. 

The result is the same either way. 

Hence (a 4- 6) (x — y) = ax+5x — ay — 6y. 

VIII. Multiply a — 6 by ic — y. 

Here we may find the product of a — 6 by x, which is a x — ft x, 
and by y, which ia ay — by, and subtract the latter from the former. 

Or, regarding x — y as the sum of +x and — ;/, the partial 
products are (Art. 73) ax — 6 x and —ay+by, which are added 
to give the product sought. 

Hence («— ^) ix — y) = ax — bx — ay+by. 

From the results of the last four examples may be 
deduced the following general statement: 

The product of two binomials is equal to the algebraic 
sum of all the monomial products obtained by multiplying 
each term of the multiplicand by each term of the multi- 
plier^ the sign of each monomial product being determined 
by the signs of the terms multiplied together to form it. 

This statement is also true of the product of two 
polynomials ; for the addition of more terms to the mul- 
tiplicand or the multiplier in the above examples would 
not change the nature of the process at all. 
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IX. Multiply rc» - 3 ar^ + Sa^a: - a'by jr* - aa; + a' 

Here we multiply _« « .j o « ^ 
each term of the multi- ^^- ^ a :^ -{-3 a ^x - c^ 



plicand by each term of 
the multiplier, and ar- 



a:*— ax + a} 



x*-3ax* + 3a-2:'-a'a:* 

,. , ^ - ax'+^a'x'-'6aW+ a*x 

range the partial prod- , , o s ^ . o 4 & 



ucts, for convenience in 
addition, so that similar 



x^ — 4 ax* + 7 a^r* — 7 a*** + 4a*a: — a^ 



terms are written in the same column. This is easiest when the 
multiplicand and multiplier have been arranged according to the 
powers of some common literal factor, as, in this case, according to 
the descending powers of x. It will be noticed that the terms of 
each partial product and the terms of the whole product follow the 
same law of arrangement. 

107. From these examples may be derived a 

Rule for the Multiplication of Polynomials. 
Multiply each term of the multiplicand by each term of 
ike multiplier^ and add the results. 

108. Zbcerciaes. 

267. Multiply l-2aa; + 3 6a:*by 3w. 

268. Multipl}' 2ax + by — cz by 2xyz. 

269. Multiply 2a6 — 3ac + 5&d by —2aj. 

270. Multiply 3a; — 2a;i^ + 6by-a?y. 

271. Multiply -Sod^ + 4xy -Sy'-hy -1. 

What is the effect of multiplying any potynomial by — 1 ? 

272. Multiply a + 2 a? by a — 3 a;. 

273. Multiply 7 a; - 1 by 5 x - 4. 

274. Multiply 4a6 — 2acby6a6 + 3ac. 

275. Find the product of ab — bc + ca and 2a — b. 

276. Find the product of 2 ax -{-3b y and Ay — Sx, 

277. Find the product of l-j-m — n and Z — m -f- n. 

278. Given 5aj + 42^ + 32;and2a; — 3y — 52;to find their 
product. 

279. Multiply ax — b-{-cy — d by ax -{-b-\-cy-{- d. 

280. Multiply l + ^a + ^ft by 1-^0 + 16. 
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281. If a^ — 2 aj* and a* — 05* are the factors, what is the 
product? 

282. What is the product when 4x* — 6a?-h9 and3-|-2a? 
are the factors ? 

283. What is the product of which 6a^+3a;— 2 and 
3 05 — 5 are the factors ? 

284. Find 05 - 3 times x'-f3a? + 9a;-h27. 

285. Find4 + 2a? + x-timesa* — 2a?-f 4. 

286. Multiply y* + ^u' + 2y' + y+l by 2^-y-l. 

287. What is the value of a — 1 times a' + a* + a + 1 ? 

288. Multiply 3x*-5x' + i«*-4a; + 6by2-3x + «*. 

289. Find the product of the factors a* — ax + a^ and 
a^ + ax + a^. 

290. Multiply a« - fr' + 3 aft* - 3 a*6 by 3 a»6 + a« + ^ 4- 
3 a v. 

291. Multipl}' together y +1, y — 2, y + 3, and y — 4. 

292. Find the continued product of y — wi, y + wi, 
y^ — niy-j- m*, and y' + my + m*. 

293. Multiply 3 x" + of by 2 a:" — 3 of. 

294. Multiply a'^ + oT by a*" — oT. 

295. Multiply a" - IT by a - 6. 

296. Multiply a:" + 5 of-' + 8 of -* by aj* -h 2 a;. 

109. Illustrative Example. Find the second 
power of a + 6. 

This is to multiply together the equal factors a 4- 6 
a + 6anda4-J. The result a' + 2a 6 + 6* is the a +h 



expression required. a'+ ab 

The second power of a + ft is indicated by writ- + a ft + ft* 

ing (a + ft)*. The expression just found is called a- + 2 a ft + ft* 

the expansion or development of (a + ft)*. This 

example, therefore, may be stated thus : Expand (or develop) the 

expression (a + ft)*. 

It is easy to see that any power of a binomial or of a polynomial 

may be found by actual multiplication. In the case of high 

powers, however, the work would be tedious, to escape which a 

shorter method was invented by Sir Isaac Newton, which will be 

described hereafter. 
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Expand the following expressions by multiplication : 

297. {a -by. 304. (a + 2a?)». 

298. (a;-|-l)^ 305. (a6-6c)«. 

299. (a-^b)\ 306. (a-6 + c)«. 

300. (a-6)«. 307. (a + 6-c)«. 

301. {y-iy. 308. (2m-3H)'. 

302. (1 + a)*. 309. (m«-n«)«. 

303. (a? + 3)'. 310. (x'-x+iy. 
Reduce each of the following expressions to its simplest 

form by performing the operations indicated : 

311. {a + x){a — y)-^{a-x){a + y). 

312. {x-^hy-(x-hy. 

313. (oj -h 4)» - (oj - 4)». 

314. {a + xy(a-xy. 

315. (Z-m + n)*-(i + m-n)«. 

316. (ix? — mx-^l)(a^-^mx — l). 

317. (a; 4-1) (a + 2) (a; 4- 3) + (x--l)Ca?- 2)(»-3). 

318. (V + 4a;-l)(aj2-2a;4-3)«. 

319. (a-xyia-^-x) -{-(a-^-xyia — x). 

320. (a4-&)(^ + 0- (c4-d)(d4-a) - (a4-c)(&-d). 

321. (Z -h m + n)* — Z (m + n — I) — m (I -{- n — m) ^ 
n(l + m — n). 

322. (a; + y + 21)2 4- (a; 4- y - 25)' + (a; - y 4- 2)' + 

(-a; 4-^4- 2)'. 

323. (m + w) (m* — m n 4- w*) — (m — n) (m* + mn + ii^) . 

324. (a -b)(x- a) {x - b) + {b - c) (x - 6) (a; - c) 4- 
(c — a) (a; — c) (a; — a) . 

325. (aj-y-2;)2 4- (2^-2; — a;)*4-(2-a; — y)«. 

Division. 

110. Illustrative Examples. I. Divide ax + bx 
— ex by x. 

We divide each term of the dividend by x. The result, 
a 4 & — c, is a quantity, which, when multiplied by x, produces the 
dividend. 

Hence (ax+bx — cx) -^x^a + b — c. 
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II. Divide a:»-4aa^ + 7a«a:» — 7a»a:2^4^4a,_^5 
by a:*- 3 aar^ + 3 a^ a:- a\ 

When the dividend is the product of two polynomials, one of 
which, the divisor, is given, and the other, the quotient, is required, 
the process of division will depend on the process by which the 
product of two polynomials is found. 

Referring to Art. 106, Ex. IX., we see that each term of the 
product is either a single monomial product, found by multiplying 
a term of the multiplicand by a term of the multiplier, or an alge- 
braic sum found by adding several such products. Thus, z^ is a 
term of the former kind and -fTa'ar' is a term of the latter kind. 

Moreover, there are always at least two terms of the product 
which are single monomial products, and not sums of such prod- 
ucts. 

One of these is produced by multiplying that term of the mul- 
tiplicand which contains the highest power of x by that term 
of the multiplier which contains the highest power of x. The 
product of no other two terms could contain a power of x so high 
as this : hence this, not being similar to any other monomial prod- 
uct, will not be united with any other, but will of itself make a 
term of the general product. This term, in the example cited, is 
x', produced by multiplying s? by x'. 

The other monomial product which will of itself make a term of 
the general product is produced by multiplying together the terms 
containing the lowest powers of x in the multiplicand and the 
multiplier. These terms are — a' and -f a* ; for, since z" = 1, these 
terms may be written without change of value, — a*x° and + a?x^. 
The product of these terms, ~a*"*'*x'' + °, or — a^x^ or —a*, contains 
a lower power of x than the product of any other two terms : hence 
— a* will of itself make a term of the general product. 

From this and other examples of multiplication may 
be deduced the following general statement : 

When the terms of the multiplicand^ the multiplier^ and 
the product^ are arranged according to the descending (jor 
ascending^ powers of some literal factor common to them 
all^ the first term of the product equals the first term of the 
multiplicand multiplied hy the first term of the multiplier^ 
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and the last term of the product equals the last term of the 
multiplicand multiplied by the last teryn of the multiplier. 

This statement will guide the process of division. 

DIVIDEND. DIVISOR. 






x^— 3aa:'4-3fi'x — a* 



X' — aX-\-a' QUOTIEMT. 



— a x* + 4 a^ x^ — 6 a^ x*^ + 4 a* z — a* first bexaindeb. 

a- z' — 3 a^ z^ + 3 a* X — a^ bbcond bbxaimdxb. 
a'z^-3a^x'+3a<x-a* 


The dividend and divisor having been arranged according to 
the descending powers of x, we divide the highest term of the 
dividend, xS by the highest term of the divisor, x\ The result, 
X*, must, by the principle above stated, be the highest term of the 
quotient. 

We next multiply the divisor by this term of the quotient, and 
subtract the result from the dividend. This removes from the 
dividend all that part of it which is produced by multiplying the 
terms of the divisor by the highest term of the quotient. The re- 
mainder is that part which is produced by multiplying the terms 
of the divisor by the remaining terms of the quotient; and the 
highest term of this remaiilder is the product of the highest term 
of the divisor by the highest among the remaining terms of the 
quotient. Hence the next term of the quotient, — a x, is found by 
dividing — a x* by x*. 

Multiplying the divisor by —ax, and subtracting the result 
from the first remainder, we get a second remainder, the highest 
term of which, divided by the highest term of the divisor, will 
give the third term of the quotient, a*. When the product of the 
divisor by a^ has been subtracted, the terms of the dividend are 
exhausted, and the process ends. 

It will be seen, on comparing the three subtrahends found in 
this process with the three partial products found in Art. 106, 
Ex. IX., that they are the same, as, indeed, they ought to be, since 
they are obtained in the same way. 

It is plain that the quotient might have been found equally 
well by beginning with the lowest terms of the dividend and 
divisor, instead of the highest. 
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The process of division ends when the terms of the dividend 
are exhausted, or when a remainder is found having no term that 
will contain the fii*st term of the divisor. If there is no remain- 
der, the' division is said to be exact. If there is a remainder, the 
quotient may be completed by adding to it a fraction having the re- 
mainder for a numerator, and the divisor for a denominator, as 
in the next example. 

III. Divide ar -|- y^ by a: -f- y» 
The last remainder, 2^, does not ^-^-ff 
contain the first term of the divisor : 3r-{- xy 



. x — y-h , 

hence this part of the division can only ^^v+v* ^"""^ 

be expressed. This is done by adding ^xv—'if 

to the quotient already found the frac- ^^ 

*• 2^ 

tion — j^— , just as is done in the corre- 

sponding case in arithmetic. 

IV. Divide a« — 2 a^ar^ + a:« by a^ _ 2 aa; + a?. 

This example a* — 2a'a;'+ x^ 
shows how terms a* — 2 a* x + a^ x" 



a' — 2aa: + a:' 



a'4- 2a=*a;+ 3 a*a:*+ 2aa;»-|-x* 



appear in the re- 2 a* a; — a* ar — 2 a' x'' + a:* 

mainders which 2 a* x ~ 4 a* a:* + 2 a* a;* 
disappear when 3 a* x* — 4 a' a:* 4- a:* 

the divisor is 3a'x'-6a"x»H- 3q»x* 

multiplied by the 2 a^* x* - 3 a'' a;* + x« 

quotient to re- 2 a' x* — 4 a* x* + 2 a x* 

produce the divi- a* x* — 2 a x* -h a?* 

dend. a*x* — 2ax*+a:* 

6 

111. From these examples may be derived a 

Rule for the Division of Polynomials. 

Arrange both dividend and divisor according to the 
ascending or the descending powers of some literal factor 
common to their terms. 

Divide the first term of the dividend by the first term 
of the divisor^ and the result is the first term of the quo- 
tient. Multiply the divisor by the first term of the quotient^ 
and subtract the result from the dividend^ taking care to 
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arrange the terms of the remainderjn the same way that 
the terms of the dividend and divisor have been arranged. 

Divide the first term of the remainder hy the first term 
of the divisor^ and the result is the second term of the 
quotient. Multiply the divisor by this term^ and subtract 
the result from the first remainder. 

With the second remainder proceed as before^ repeating 
these operations until there is either no remainder or a 
remainder which does not contain the first term of the 
divisor at all. 

ff there is a remainder at last^ complete the quotient by 
adding to it a fraction having this remainder for a nume- 
rator and the divisor for a denomijiator. 

112. EzerciBes. 

326. Divide a^a? — bah x^ -{-Q a x^hy a a?. 

327. Divide3&c + 24a6c2-662c2by3 6c. 

328. Divide 4a^a^ — 8a6a? — 2aaj by — 2aa?. 

329. Divide a-6 + c-2a;by-l. 

What is the effect of dividing any quantity by — 1 ? 

330. Divide ac-^ad — bc — bdhy a — h. 

331 . Divide a^ — a a? — 6 «- b}- a — 3 a:. 

332. Divide 3 o^ ^ ig ^j - 35 by a; -f 7. 

333. Divide 6-f3a-26-a6by2-fa. 

334. Dividey*-f 2/^-4^2^5^-3 by 2^2 + 2y-3. 

335. Divide a« - 3 a* + 4 a* - 9 a' -f 2 a' -f 3 a - 1 by 

a* — 3a-fl. 

336. Divide 6 a ir^ -f 10 a« a? -f 4 a^ ar^ + 15 a* - 3 a^ by 
3 a^ — a;^ -f 2 a a;. 

337. Divide 2a&-f 6a&c — 8a&cd by l-f-3c — 4cd. 

338. Divide a« - 6« by a^ - 2 a^ft -f 2 a 6^ _ j)\ 

339. Divide a2a^ + a*-.2a6ar^ + 62a^ + a''62_2a*6 by 
ax—hx + a^ — ab. 

340. The product of two factors is aj* — a? — 12, and one of 
them is a; -I- 3, what is the other? 
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341 . The product of two factors is 4 a^ — 15 ic* — 4 a a?, and 
one of them is 2a + 3x, what is the other? 

342. Separate a? + 3a + 2 into two factors, one of which 
is a + 2. 

343. Separate P — m' + 2 m n — 7i* into two factors, one 
of which is ^ + m — n. 

344. Separate 10 ar -^ 7 xy - Id xz -12 y- — 29 y z -^ lo z^ 
into two factors, of which one is 2a; — 3y— 02:. 

345. Separate a'-f 6^ + c' — 3a6c into two factors, of 
which one is a + b -{- c, 

346. Find the multiplicand when the product is 3 aJ* + 14 a:^ 
4. 9 aj -f 2, and the multiplier a^ -f 5 a; -|- 1 . 

347. Find the divisor by which 8 a;* - 22 a? y + 43 ai? 3^2 

— 38 a; 3/* + 24 y^ must be divided to give for a quotient 
4a? — oxy + 6y', 

348. Onefactorofa*ar^-6V + 2&ajy+?6a;2-3^* — 2y2J 

— «- is aa; — 6a;-fy + 2, what is the other ? 

349. From a&-|-2a* — 3&^ — 46c--ac — c* remove the 
factor 3 6 + 2 a -f c. 

350. Divide a;* — f a:* -f V^"" i^ ^3' ^~ i^' 

351. Divide ia?*-|Jar'4-^a:'-VaJ4-6byfa;2^^a._j.l^ 

352. Divide fic«-4a?* + ^a?'-^a:»-^a;4-27 by 
ix^ — x + 3, 

353. Divide af+^ - xr+^ - 7 af»+^ 4-15 af -7 af-^ - x*-« 
4- a;»"Miy ar* - 3a;2 4- 2 a; + 1. 

354. Divide a2"»_afn+»_2af*+^- 6»2n^ll^+p_3^p 

by af» — 3 a^ + af . 

355. Divide 6-'*-&"+^2/""^-&'*""^y""*"^ + 3^"by6»+^—y«+^ 

356. Divide a^ — a^ by a — x. 

357. Divide a" — ar^ by a — x. 

358. Divide a* — a;* by a — x. 

359. Take any like powers of a and a?, and divide their 
difference bv a — a. 

360. Divide a^ — a^ by a + x. 

361 . Di^nde a* — a^ by a 4- a;. 

362. Divide a« — a^ by a 4- a;. 
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363. Take an}" like even powers of a and a?, and divide 
their difference b}' a -f ^J. 

364. Divide a^ + a;^ by a + a. 

365. Divide a* -f ^ by a + x. 

366. Di\ide aJ-^a^hy a + x. 

367. Take any like odd powers of a and a?, and divide their 
sum b}' a + x. 

368. Divide 32 r' 4- 243 by 2 a; + 3. 

369. Divide a^ + 1 by a+1. 

370. Divide 64 ^^ 4- 27 ^ by 4 A: + 3 Z. 

371. Divide 1-f a;by l-a. 

In this and the following examples the division would 
never terminate. The terms of each quotient, however, are 
governed by a law of succession, which enables us to write 
out any number of terms after the first few have been found. 

372. Divide 1 + 2 a; by 1 - 3 a;. 

373. Divide 1 - a; by 1 + «». 

374. Divide Iby l-|-«. 

375. Divide 1 by 1-a;. 

376. Divide 1 by 1- 2a;-ha^. 

377. Divide 1 - a by 1 -f a. 

378. Divide a by 1 — r. 

379. Divide a by 1 + r. 

380. Divide 1 by (1 + a)^ 

381. Divide (l + a)2by (1-a)^ 

For more exercises in division take the products found in 
Art. 108, Exs. 272 to 296 inclusive, and divide each of them 
by either of the factors used in finding it. 
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SECTION IV. 

FACTORS. DIVISORS. MULTIPLES. 

113. In multiplication, two or more factors are given, 
and their product is required. Factoring is the con- 
verse of multiplication: a product is given, and the 
factors which compose it are required. 

114. A quantity which is separable into factors other 
than itself and 1 is a composite quantity ; one which 
is not separable into factors other than itself and 1 is a 
prime quantity. 

Note. This use of the words prime and composite relates merely to 
the form of the algebraic expression, not to its value. Thus a is, alge- 
braically speaking, a prime quantity; but the number that a represents 
may or may not be a prime number. 

115. A quantity which is separable into two equal 
factors is called a perfect square, and one of the equal 
factors is its sqn&re root. 

Thus, Qa^y^, being the product of 3 a* y and Sa^y, is a perfect 
square, and its square root is Sa*y; also a^+2ab + b% being equal 
to (a + b)(a + b), is a perfect square, and its square root is a + 6. 

Since 9 a*,y* is also the product of — 3 a* y and — 3 a*y, another 
square root of 9a*y* is — 3a'y. Indeed, we shall see hereafter 
that every quantity has two square roots, one positive and one 
negative. This distinction, however, is not necessary to our 
present purpose, and we shall here consider only arithmetical 
square roots. 

116. A quantity which is separable into three equal 
factors is called a perfect cube, and one of the equal 
factors is its ciz fee root. 

Thus, 8a*y*, being equal to 2 a* y x 2 a* y x 2 a^ y, is a perfect 
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cube, and its cube root is 2 a*y ; also a' + 3 a* 6 + 3 a 5* 4- 6*, being 
equal to (a 4- 6)(a + 6) (a + &), is a perfect cube, and its cube root 
is a + 6. 

Monomials. 

117. The factors of a monomial are easily found; for 
the very form of the expression shows what the literal 
factors are, while the numerical factors are found by 
factoring the co-efficient, an arithmetical process. 

Thus, 15a®x' = 3x oaaxxx, the product of seven prime factors. 
If it is required to separate 15 a* x* into two or more factors, these 
seven prime factors may be combined in two or more groups, in 
many ways. 

For example, 15a^ar* = 3aarx 5a3^ = ^ a^ x5x^= 16 axaa^ 

= 3ax5aa:xr'= a'xx 5xx 3ar, 
and so on. 

118. A monomial is a perfect square when its co- 
efficient is a square number and the exponents of the 
literal factors are all divisible by two. 

When is a monomial a perfect cube ? A perfect fourth power ? 
Write two perfect cubes; two perfect squares; a perfect fourth 
power. 

110. Ezercises. 

1 . Separate 5a^b into two factors in three different ways. 

2. Separate m^a^ into two factors in five different ways. 

3. Separate 16a^y* into two equal factors. 

4. What is the square root of 25 a^? 

5. What is one of the equal factors into which a^* may be 
separated ? 

6. Separate 216 a^y^ into three equal factors. 

7. What is the cube root of l72Sx^^y^? 

8. Separate 64 a^ 6^^ into two equal factors, and each of 
these into three equal factors. One of the latter is what 
root of the given quantity ? 

9. Separate 81 m^n* into four equal factors. 

10. What is the fourth root of 625 a^y«? 



86 ELEMENTARY ALGEBRA. [120- 

11. What IS the fifth root of 32 m*? 

12. Is a* a perfect square ? A i^erfect cube ? Why? 

13. Is 1 a perfect square? A perfect cube? A perfect 
nth power? Wh}? 

14. Sepai*ate 4om^y into three factors, two of which are 
equal. 

15. Separate SOaar* into two factors, one of which is a 
perfect square. 

16. What is the greatest perfect square contained as a 
factor in 9 6 ar*/? 

17. What is the greatest perfect cube contained as a fac- 
tor in 500 a* b^ ? 

18. Is — a^ a perfect square? Can — a- be separated into 
two factors, one of which is a i)erfect square? 

19. Is — a^ a perfect cube? Is —1 a perfect cube? 

20. Find the cube root of - 125 ^•^/*». 

21. Find the fifth root of - 243 m». 

Polynomials. 

120. A polynomial may or may not be separable into 
factors: that depends on its form. There are certain 
forms which indicate plainly what the factors are, and 
the more useful of these will be given in the following 
articles. 

A Factor Common to aU the Terms. 

121. Illustrative Examples. I. Separate into 

two factors ax + bx— ex. 

Here the factor x is found in each term of the polynomial. 
Dividing the polynomial by x, we find the other factor to be 
a + b — c. 

Hence ax+bx — cx=(a-^h — c)x. 

II. Factor 5 a*ar -Ua'x^ + 20ar x\ 

Here each term is divisible by 5, by a\ and by a:*. Dividing 
the polynomial by the product of these, we find the other factor to 
be a* — 3 a X + 4 a:*. 

Hence 5 a* x^-lS a' ar'+ 20 a^x* =50^x^(0'- 3 ax + 4a:»). 



124.] FACTORS. DIVISORS, MULTIPLES. 87 

122. Any quantity which will divide each term of a 
polynomial is a common factor of the terms. The 
greatest quantity which will divide each term is the 
g:re3,test common factor of the terms. 

Thas, in Ex. I above, a: is a common factor of the terms ; and« 
in Ex. II, 5, a^ and x' are common factors, while da^x' is the 
greatest common factor of the terms. 

In factoring a polynomial, the first step is to take out 
the greatest monomial factor common to all the terms. 

123. Ezercises. 

Factor each of the following quantities : 

22. ah-{-h^. 29. 5a^H-30a«-10a?. 

23. m^w-l-mn^ 30. 25:;* — 102 + 5. 

24. 3a^-9a;. 31. a^hc — ah^c + ahi?. 

25. Q^ + x. 32. 8aa^-12a2aj2 + 4a»a?. 

26. f-f. 33. x^y^-^a^f + x^y^ 

27. 3Ar'-|-5A:». ~ 34. Sa^b^-- 6a^b^ + 3ab\ 

28. 5a«ar' + 5a«a?. 35. 3a^yS - 21 a?* y« + 27 af»y*. 

Polynomials of Four Terms. 

124. Illustrative Examples. I. Separate into 
two binomial factors ac + ad + bc + bd. 

We factor the first 
two terms by taking out <ic + ad+bc+bd=a(c+ d) + b(c + d) 
the common factor a, -(a + 6)(c + rf). 

and the last two terms by taking out the common factor b, which 
reduces the given polynomial to the form a (c+ rf) -f 6 (c + cf). 
This quantity may be still further factored by taking out the com- 
mon factor c + d, which reduces it to the form (a -H 6) (c + c?). 

II. Factor ac — ad — bc-{-bd, 

ac — ad — bc + bd=a(c — d) — b(c — d) 

= (a — b)(c-d). 

In this example the common factor of the last two terms is 
— b, which gives -{• c — d to he written in the brackets. 
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125. From these examples we learn that a polynomial 
of four terms is separable into two binomial factors 
when it satisfies these three conditions: 

(1.) Two of the terms must have a common factor » 
(2.) The other two terms must have a common factor, 
(3.) When these common factors are taken out^ the same 
binomial factor must remain in each part. 

126. Ezercises. 

Factor the following quantities : 

36. aX'{-hX'{-ay + hy. 41. a' + a* + a-fl. 

37. ax — bx + ay — hy. 42. ea^-^-ia^ — dx — 6. 

38. a^ + ax + bx + ab. 43. y«— 2y* — 3y»-f 6y*. 

39. xy — xz — y^ -^-yz. 44^. pqxr^pxy -{-qxy — y^. 

40. xy — Sy + 'Ix — Q, 45. m^ — mn + m^n^ — n^. 

The Square of the Sum or the Difference of Two Qaantitie& 

127. Let A and B represent any two quantities, 
A + B their sum, and A — B their difference. By actual 
multiplication we learn that 

(^A^ By =. iA + B) (^A + B') ^ A^ + 2.AB + B\ 
which means that the square of the sum of two quantities 
is equal to the square of the firsts plus twice the prodvM of 
the first and second^ plus the square of the second. 
Likewise we learn that 

(A-.5)2=(A- 5)(A-JB) = A2-2^JB + ^^ 
which means that the square of the difference of two 
quantities is equal to the square of the firsts minus twice the 
product of the first and second^ plus the square of the second. 

128. Reversing these two formulas, we have 

^2 4- 2 A 5 + 5 2 = ( A + 5) ( J. -h 5) = (^ 4- By, 
A2 - 2^5 + ^2 ^ (^ - 5) (A - ^) = (J - By, 

which mean that a trinomial is a perfect square, or is 
separable into two equal factors, if two of its terms are 
perfect squares, and the other equal to double the product 
of their square roots. 



131.] FACTORS, DIVI80B8. MULTIPLES 89 

129. Exercises. 

Separate into two factors 

46. Q^-^2ax-^aK 54. aj* + 10ajy-f 25y'. 

47. a^-2ax + a^. 65. 25 m*- 60my + 36y>. 

48. Q^ + Qx-{-9. 56. a* + 2a*j»»-|-a^. 

49. ar^-12a; + 36. 57. a^4- 24a^+144. 

50. aj2-26aj + 169. 58. aj>^- 64iB*-|-1024. 

51. y*-|-2y + l. 59. (a + i»)' + 2m(a + a;) +m*. 

52. 2«-402-f 400. 60. ir« + 2a^y» + y^ 

53. 4a^ + 60a? + 225. 61. a?'^ + 2 0^^" + y^\ 

Trinomials of the Form x^+Ax+B, 

130. By actual multiplication we find that 

(a: + 4) (a:+ 7) = 0^+11x4- 28 (a:-4) (a: + 7) =a:* + 3x-28 
(a:-4)(a:-7) = :c«-lla: + 28 (z+ 4) (a:-7) = a:«-3x-28 

These results are all of the form x^ -{- Ax-\- B^ where 
A and B represent integral numbers either positive or 
negative. 

Hence it appears that a trinomial of the fomi 
a? -{- Ax -\~B i$ separable into binomial factors if A in the 
algebraic sum of two integral numbers^ and B is the alge- 
braic product of the same two numbers, 

131. Illustrative Examples. I. Separate into 
two factors a? +7 a: -f 12. 

Here we seek two numbers whose product is 12 and whose sum 
is 7. This is done by separating 12 into pairs of integral factors, 
thus, 12 = 1 X 12 = 2 X 6 = 3 X 4, from which we select 3 and 4, a 
pair whose sum is 7. 

Hence x* + 7a: + 12= (a:+ 3)(a:+4). 

II. Factor a?'-9x + 20. 

20=lx20 = 2x 10 = 4x5. 

Since the product is + 20, the factors must have like signs ; and, 
since their sum is — 9, both must be negative. We find that 
-4-.5=-9. 

Hence ar' — 9 a; + 20 = 0^^-4) (a: -5). 
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III. Factor a:^ +7 a: -60. 

60 = 1x60 = 2x30 = 3x20 = 4x15=5x12 = 6x10. 

Since the product is — 60, the factors must have unlike signs ; 
and, since their sum is +7, the greater of them must be positive. 
We find -6 + 12= +7. 

Hence a?«4-7a:-60= (a:-5)(x + 12). 

IV. Factor a:^ - 5 a: - 66. 

66 = 1x66 = 2x33 = 3x22 = 6x11. 

Since the product is — 66, the factors must have unlike signs ; 
and, since their sum is — 5, the greater of them must be negative. 
We find +6-11= -5. 

Hence a:* — 5a: - 66 = (x + 6) (x - 11). 

132. Exercises. 

Separate into two binomial factors 

62. aj2-flla;-|-30. 70. 56-15y + y*. 

63. a:*-lla:+24. 71. x^y^ -27 xy + 26. 

64. ar*-9a;-36. 72. fz^+12yz + S2. 

65. 0:2 4. a; -56. 73^ aV-13aV 4-36. 

66. a^ + Sx^-SS. 74. m* + 9mn + 8n*. 

67. 2^ + 42;«+3. 75. a^ -\' {a-{'C)X'{'ac. 

68. 2/» + 82^-9. 76. ic2_(a- c)a?- ac. 

69. 48-14a; + a:«. 77. (a + a:)* + 3(a + a;) + 2. 

The Difference of the Squares of Two Quantities. 
133. We learn by multiplication that 

which means that the product of the sum and the differ- 
ence of two quantities is equal to the difference of their 
squares. 

Reversing this formula, we have 

A^-^B'^QA-^-BX^- -B), 
which means that the difference of two perfect squares is 
separable into two factors^ one being the sum and the other 
the difference of their roots. 
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134. 

Separate into two factors 

78. a^'-a^. 88. 4A:*-16Pm«. 

79. a^-1. 89. l-a«aj«». 

80. l-a^. 90. a«-(6-c)«. 

81. 43i?^9f. 91. (a + a?)'-(6-|-y)». 

82. 92^-16. 92. a? + 2 a?y + y-2>. 

83. a^-6*. 93.* a^ + y*- 2a;y-l. 

84. a«-6«. 94. a»- 6« + 26c- c>. 

85. iC*-l. 95. 2mn + ?-m«~n*. 

86. 1-y*. 96. 2aj-l-a^ + aj*. 

87. m^^nK 97. 2a6-f a*-l + 6«. 

The Sum or the Difference of like Powers of Two Quantities. 
136. Is a** — 6" exactly divisible by a — 6 ? 
a-6 






a*~*6 — 6* . . . iBt BBMAIKDBB. 

a'*-*b*'-'b* . . . 2dRBXAINOBB. 

^•-3^8__Ji» ^ ^ ^ 3d BBMAINDBB. 



a*~*6" — &" . . . nth BKMAINDBB. 

To answer this, we divide in the usual way, going as far as the 
third remainder. From these three remainders it is easy to see 
what the nth remainder will be. 

In the first term of each successive remainder the exponent of 
a is diminished by 1, it being n — 1 in the first remainder, n~2 in 
the second, n — 3 in the third, and so on ; while the exponent of b 
is increased by 1, it beiiig 1 in the first remainder, 2 in the second, 
3 in the third, and so on. In the first term of the nth remainder, 
therefore, a must have the exponent n — n, and b the exponent n. 
But a**~'' = a" = l. Hence the first term of the nth remainder is 
6" simply; and, as the second term is —6'*, the value of the nth 
remainder is 0. 

Hence a" — 6" is exactly divisible by a — ft. 
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136. Is a* — 6* exactly divisible by a + i ? 

a" — 5" \ a-\-b 

— a* ~ * 6 — i* . . . Irt BBXAINDXB. 

fl"-*^«_5" . , . 2d BXHAIKOXB. 

— a"~'6' — i" . . . 3d BEXAiirnxB. 



ia"~"6"— 6* . . . nth BEMAINDBB. 

From the first three remainders we see that the nth remainder 
must be ± a"~" 6" — 6" ; or, since a""" = a® = 1, simply ± &* — b\ 
The sign ± here used is read *'plus or minus/' and means that 
the sign of the first term is not determined : it may be plus, or it 
may be minus, we cannot yet tell which. 

Now, it is easy to see, that, if the division were continued, the 
1st, 3d, 5th, &c., remainders would each have the first term nega- 
tive, while the 2d, 4th, 6th, &c., would each have the first term posi- 
tive. If, therefore, n is an odd number, the nth remainder is 
— 6" — 6", or —26"; but, if n is an even number, the nth remainder 
is +&" — 6", or 0. 

Hence a" — 6" is exactly divisible by a + 6 when n is an even 
number, but not otherwise. 

137. Is a" + 6** exactly divisible by a -f- J ? 

By writing out the work as far as the third remainder, it will be 
seen that the nth remainder is — 6" + ft", or 0, when n is an odd 
number, and -t" 6" + ft", or 2 ft", when n is an even number. 

Hence a" -f ft" is exactly divisible by a + ft when n is an odd 
number, but not otherwise. 

138. Is a" -f- 6" exactly divisible by a — 6 ? 
The investigation of this case is left as an exercise. 

139. The results of the last four articles may be 
summed up thus : 

If n is a positive integer, 

a" -f- ft*» is exactly divisible by a -f- 6 when n is odd, 

by a — 6 never ; 
a" — 6" is exactly divisible by a -f- J when n is even, 

by a — ft always. 
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When the divisor is a + J, the terms of the quotient 
are alternately positive and negative, and when the 
divisor is a — 6, the terms of the quotient are all positive. 

140. Exercises. 

Write out, without actuall}' dividing, the quotients indi- 
cated b}' the following expressions : 

lOl.^l^l. 104. inl. 107.^^. 
a —1 1 — A:^ m- + n-* 



98. 

99. 
on 


a^-6^ 


a —6 
a^ — 7? 





104. 


1- 
1- 




105. 


1- 


-Z<»m° 


1-h^wi 


^(\R 


m^ 


-fn" 



102. i±^. 105. i^". i08.J=:i?. 

„„. ^ 103. ^j. 106.^;. 109.^; 

110. Sej)arate a* — ic* into three factors. 

111. Separate 2^* —1 into three factors. 

112. Separate 81—05* into three factors. 

113. Separate 64 — a^^ into four factors. 

114. Separate c^ — 2® into four factors. 

115. Separate m® — 1 into four factors. 

116. Separate a^ -{-xf^ into two factors. 

117. Separate a^^ -\-y^^ into two factors. 

118. Separate m® + n^ into three factors. 

119. Separate y^ — 6® into three factors. 

Greatest Common Divisor. 

141. What is the greatest quantity which will exactly 
divide each of the quantities 14 a' 6^ Qa^bs?^ and 

In the first place, it is plain that these quantities may be exactly 
divided by any prime factor common to them, as 2, or a, or h. 
They may likewise be divided by a product of any two or more 
of these prime factors, as 2 a, a ^, or a'. 

Taking the prime factors of one of the quantities, 14 a' &^, which 
is equal to 2 x 7 a a a 6 6, we find by trial that 2 is a common factor 
of all the given quantities ; 7 is not ; a' is not, but or is ; 6' is not, 
but 6 is. Hence 2a^b contains all the prime factors common to the 
given quantities. 
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If we divide the given quantities by 2 a* h, we find that the 
qnotients 7a6, 3 j:', and ^abxy^ have no common factor. 

Hence 2a^b is the greatest quantity which will exactly divide 
each of the given quantities. 

142. A common divisor of two or more quantities is 
any quantity which will exactly divide each of them. 
It is another name for common factor. 

Quantities that have no common factor or common 
divisor are said to be prime to each other. 

143. The greatest common divisor of two or more 
quantities is the greatest quantity which will exactly 
divide each of them. 

The abbreviation g.c.d. is used for greatest common divisor. 

144. The greatest common divisor of two or more 
quantities is the product of all the prime factors that are 
common to the quantities* 

145. When the given quantities are not easily 
separable into factors, the greatest common divisor, if 
one exists, may be found by a method based upon this 
general principle : 

The greatest common divisor of two quantities is equal 
to the greatest common divisor of the smaller of them and 
the remainder found after dividing the greater ly the 
smaller* • 

Note. This proof, being somewhat difficult for a beginner, is per- 
haps best omitted until the final review. 

Proof. Let A and B stand as abbreviations for any two quan- 
tities. Divide A by /?, and repre- 
sent the quotient by m, and the re- » 

inainder by R, We are to prove ^ — 

that the greatest common divisor of 

A and i? is the same as the greatest common divisor of B and R 
In other words, letting 

D = greatest common divisor of A and B, 
E = greatest common divisor of B and i2, 
we are to prove that D^ E, 
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First Step. To prove that D is a factor of R. 

We know, from the way in which a remainder is found, that 

R^A-mB. 

Now Z), which is the greatest common divisor of A and B, will 
exactly divide A^ and exactly divide B or mB. Hence D will ex- 
actly divide the quantity A—mB. But A — mBiB equal to R. 
Hence D will exactly divide R ; that is, Z> is a factor of R. 

Second Step. To prove that D cannot he greater than E. 

We know that i) is a factor of By and we have just proved that 
2> is a factor of R. Hence i) is a common factor of B and R. 
But no common factor of B and R can be greater than their great- 
est common divisor, E. Hence D cannot be greater than E. 

Third Step. To prove that E is a factor of A. 

Since a dividend is equal to the product of the divisor by the 

quotient plus the remainder, we have 

A = mB-{-R. 
Now E, which is the greatest common divisor of B and R, will 

exactly divide B or mB, and exactly divide R, Hence E will 

exactly divide the quantity mB-\- R. But mB-\- R is equal to A, 

Hence E will exactly divide A ; that is, J5^ is a factor of A. 

Fourth Step. To prove that E cannot be greater than D. 

We know that ^ is a factor of J5, and we have just proved that 
J^ is a factor of A. Hence ^ is a common factor of A and B. 
But no common factor of A and B can be greater than their greatest 
common divisor, D, Hence E cannot be greater than D. 

Conclusion. We have now proved that 

D cannot be greater than E, 
and E cannot be greater than D. 
Therefore D= E, which was to be proved. 

146. Illustrative Examples. I. Find the great- 
est common divisor of 52 and 91. 

We divide 91 by 52, and find the re- 52 ) 91 ( 1 
mainder 39. Hence the g.c.d. of 91 and 52 

52 is equal to the g.c.d. of 52 and 39. Di- 39 ) 52 ( 1 

viding 52 by 39, we find the remainder 13. 39 

Hence the g.c.d. of 52 and 39 is equal to 13 ) 39 ( 3 

the g.c.d. of 39 and 13. Dividing 39 by 13, 39 

we find no remainder. 

Hence 13 = g.c.d. of 13 and 39 

= g.c.d. of 39 and 52 
^ g.c.d. of 52 and 91. 
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II. Find the greatest common divisor of a;*— a^+ a; — 10 
and J — 3 a; — 2. 



Th^ first remainder, 3x^—12, 
contains a factor, 3, which is evi- 
dently not a f.actor of either of 
the given quantities, and conse- 
quently no part of their g.cd. 
Hence this factor may be rejected, 
and the remaining factor, 2^ — 4, 
taken as the divisor in the second 
step. 

SBCOIO) STEP. 



FEBST STEP. 






a:»_3a:-2 



x* + x — 10 
_3x'-2a; x — 1 
-x^-f 3xH3x-10 
-x' +3x+ 2 

3x^-12 
x»- 4 

THIBD STEP. 



x'-3x-2 

r'-4x 



x»-4 



x»-4 

x»-2x 


x-2 

x-^2 


2x-4 
2x-4 





x~2 







Ans, X — 2. 



III. Find the greatest common divisor of 2 a? -\-2? — 
8 a: + 6 and Ta?-12x-^b. 



We may multiply 
either of these quantities 
by any quantity that is 
not a factor of the other. 
This would not intro- 
duce a common factor, 
and hence would not af- 
fect the g.cd. of the 
given quantities. In 
this example we multi- 
ply the first quantity by 
7, to make the first term 
of it divisible by the 
first term of the other. 



FIRST STEP. 



14x*+ 7x'-56x+35 
14 x»-- 24x^4- 10 X 



7x'-12x+5 

2x +4 



31x^-66x4-35 
28x^-48x4-20 
3a:«_ 18x4-15 
X* — 6x4- 5 

SECOND STEP. 



7x* 
7x* 



12x4- 5 
42x4-35 



X* — 6x4-5 



30X-30 

X- 1 
THraD STEP. 



X*— 6x4-5 

X*— X 

— 5x4-5 

— 5x4- 5 





x-1 



X — 5 



Ans. X— 1. 
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IV. Find the greatest common divisor of 36 a* — 
18a«-27a* + 9a»and27a*62_l8a*62_9a'J2. 

These two quantities have a common monomial factor, 9 a*. 
Dividing by this, the quotients are 4a"' — 2a' — Ba + l and 
Sa^b^ — 2ab- — b^, If the given quantities have any more com- 
mon factors they will be found in the g.c.d. of these two quotients. 
Removing from the second quotient the factor 6", which can form 
no part of this g c.d., we have finally 4a' — 2a' — Sa + l and 
3o' — 2 a — 1, of which to find the g.c.d. Doing this in the way 
already explained, we find the result a — 1. 

Hence the g.c.d. of the given quantities is 9 a' (a— 1). 

147. Exercises. 
Find, by Art. 144, the greatest common di\i8or 

120. Of apx^ and a^px. 

121. Of Sa^ar^y and 6a26a?. 

122. Of 7 a^b and S5a*b^x. 

123. Of a 6 d, acd^ and bed. 

124. Of 14a2-7a6and 10ac-56c. 

125. Of ax-\-bx and ay -\-by. 

126. Of aa;-f-a^ and a6c + 6ca?. 

127. Of a^ - a b^ and ab^-\- b\ 

128. Of 2a3-2a6and5a3-5a6. 

129. Of (m + ny and m' - n\ 

130. Of 6ar^-12a; + 6 and3a^-3. 

Find by Art. 144, and again b}- Art. 145, the gi'eatest 
common divisor 

131. Of a^-7a; + 10and4a;3__25ar^-f-20a; + 25. 

132. Of 9af^ + 53ar2-9a?-18 and or^-j-ll a;-|- 30. 

133. Of ar'-2a;-l anda;2 4.2a;-|-l. 

134. Of a:2^5a. + 4^ a^_^2a;-8, andar^ + 7a;-|-12. 

135. Of JB* + (a -f- c)x -f- a c and a^-\-{b-\- c)x -\-bc. 

136. Of a* — oj* and a^ — a^ x — a x^ -\- a^. 

137. Of a^-\-ab-l2b'^anda'-oab-\-eb\ 

138. Of a^-a^- 2x and 2x^-\- 3 x'-\-x. 

139. Of 2 a^ -I- a 6 - 62 and a^ + a^ft - a - 6. 
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Find, by Art. 145, the greatest common divisor 

140. Of 1995 and 1825. 

141. Of 2945 and 3441. 

142. Of 2ar'-3r'-9ic + 5 and2ic*-7aj + 3. 

143. Of 4a;*-f3ic-10and4a:' + 7a2-3a:-15. 

144. Of 6a2+7aa;-3ar^and 6a* + llaa;+3a*. 

145. Of ai»-3aJ*+3a:*-2 anda?*-3aj24-2. 

146. Of iC* + a^ar^ + a* and a:* + a ar^ - a' a: - a*. 

147. Of 2a:' + ar^-a?-|-3and 2a:8 + 5a:2^a:-3. 

148. Of 3a^ + 16a:-35 and5a:*H-33a;-14. 

149. Of 3 a^ - 3 a^ft + a 6^ - ft' and 4a2 _ 5 a 6 -f- 6«. 

150. Of 6a^-4a^-llaj*-3a^-3a;-land4a^ + 2«8_ 

18aj24-3a? — 5. 

151. Of 3a?*+14a^ + 9a: + 2 and 2a:* + 9«»-fl4a? + 3. 

152. Of iSa^-^a^y-\-2ay^'-2f2iXi(i\2a?-lbay + ^f, 

153. Of 48a:« + 16a;-15 and 2\q? -22 7? + \l x-b, 

154. Of 15a* + 10a36 + 4a26«H-6a68-364 and %a^ + 

19a«6 + 8a62-5 6'. 

155. Of 20a;* + ar^-l and25a?* + 5a?»-x-l. 

lioast Common Multiple. 

148. A multiple of a quantity is any product con- 
taining that quantity as a factor. 

Thus, a multiple of a is 2ah\ a multiple of a-f x is a* — a:*; a 
multiple of a' is a*. 

149. A common multiple of two or more quantities 
is a product containing all those quantities as factors. 

Thus, a common multiple of a and b\s2ah\ a commoD multiple 
of 4 ax, 2ay^ and 2 a* a:, is 12 a' a;^; another is ^a'xy. 

150. The least common multiple of two or more 
quantities is the least product containing all those 
quantities as factors. 

It is plain that the least common multiple of two or 
more quantities must contain all the prime factors of those 
quantities^ and no other factors. 

The abbreviation l.c m. is used for least common multiple. 
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151. Illustrative Examples. I. Find the least 
common multiple of 4 a 2;, 2 a y, and 2 a^ x. 

We select from the factors of these quantities 4 (which contains 
the other numerical factors), a" (which contains the other o's), x, 
and y. The product of these, 4 a* x y, contains all the prime factors 
of each given quantity, and no other factors. 

Hence l.c.m. of 4 a x, 2 a y, and 2 a*x, is 4 a' x y. 

II. Find the least common multiple of a:^ — 2 2: — 3, 

ar^ -I- 3 a; 4- 2, and ar^ -f- 4 2: -f- 3. 

We factor the quantities thus : 

x*-2x-3=(x + l)(x-3) 

x'+3x-f 2=(x + l)(x + 2) 

x* + 4x-f 3= (x-f-l)(x + 3). 
Hence l.c.m. = (x-|- 1) (^ — 3) (x+ 2) (x4- 3) 

= x*+3x'-7x*-27x~18. 

152. Exercises. 

Find the least common multiple 

156. Of a 6, bCy and ca. 

157. Of 8a2, 12 a^ and 20 a*. 

158. Of klXj Imx, and mkx. 

159. Of a a: -f- 0^ and abc-{-bcx, 

160. Of a^ - ar^ and a^ - a^. 

161. Of a^ - a b^ and ab^ + b\ 

162. Ofax-^-bxsLnday-^-by. 

163. Of 1-a, 1 + a, and 1-a*. 

164. Of 2a;-l, 2a; + l, Aa^-l, and ix^-{-l. 

165. Of a;-l, a?2-l, a;-2, andar^-2. 

166. Of a?2 + 3a;-70andaj2-16a;+63. 

167. Of m* - 4 m + 3 and m^ ~ 2 ?7i — 3. 

168. Of x'^-\-5x + 4:, a^ + 2a;-8, and a^ +7.T-f-12. 

169. Of 4(l-a;)S 8(l-a:), 8(l + a;), and 4{l + x^). 

170. Of a* - 6*, (a - by, (a + 6)S a^ - 6^ and a' 4- b\ 

171. Of (a — c) (6— c) , (6 — a) (c — a), and (c — 6) <a — 6) . 

172. Of (a;-2) (a?-3), (a;-3) (4-a:), and (a;-4) 
(2-«). 
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SECTION V. 



FRACTIONS. RATIOS. PROPORTIONS. 

153. A unit is a fixed quantity of any kind used as 
a standard of measurement or comparison in finding the 
numerical values of other quantities of the same kind. 

A unit is represented by the symbol 1. 

154. When a unit is divided into equal parts, and 
one of the parts is used as a standard of measurement 
or comparison, such a part is called a fractional unit. 
A collection of fractional units is a fractional number. 

Thus, in measuring the width of cloth, the unit might be, not a 
whole yard, but one-eighth of a yard : this would be a fractional 
unit. The width of the cloth might be seven-eighths of a yard : 
this would be a fractional number. 

The word fraction is used to include both fractional 
units and fractional numbers. 

155. When a unit is divided into any number, J, of 
equal parts, we represent one of the parts, the fractional 

1 2 

unit, by - ; two of the parts by - ; ant/ number^ a, of the 

parts by -. Thus we see that an algebraic expression 

of the form - may represent a fraction. The number 

represented is a, which for that reason is called the 

numerator. The fractional unit is j ; and J, which gives 

it a name by showing how many such units would equal 
the integral unit, is called the denominator. 
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The numerator and denominator are the terms of a 
fraction. 

156. Heretofore the expression - has been used to 



represent the quotient obtained by dividing a by 6. 
We now see that this same expression may represent 
a fraction. Are these two meanings equivalent? 

For example, is the quotient obtained by dividing 3 by 4 equal 
to the fraction | ? 



4 



M 
— I \ 1 1 — -] 1 \ \ — |b 



Let a straight line A B, three inches long, represent the dividend. 
Divide this line into four equal parts. One of these parts, A M, is 
the quotient. Now divide each inch into four equal parts. The 
quotient A M is equal to three of these parts. Hence the quotient 
obtained by dividing 3 inches by 4 is the fraction \ of an inch. 

This reasoning would be the same with any other unit 
instead of an inch, and with any numbers instead of 3 
and 4. Hence, in general, 

that is, 

The quotient obtained hy dividing a byh is equal to a 
such parts as would be made by dividing 1 into b equal 
parts. 

157. When a quantity is divided by another quantity 
of the same kind, the quotient shows how many times, 
or parts of a time, the divisor is contained in the divi- 
dend. If the divisor is regarded as a unit or standard 
of comparison, the quotient will denote the relative 
magnitude of the dividend as compared with the divisor. 

A number which denotes the relative magnitude of 
one quantity as compared with another is their ratio. 
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158. The ratio of two quantities a and b is represented 
by writing a : b. This is read, " the ratio of a to J." 

The two quantities compared are the terms of the 
ratio. The first term is the antecedent, smd the second 
term is the consequent, 

159. The numerical value of a ratio is found by 
dividing the antecedent by the consequent. 

Thus, 10 inches : 5 inches = 2, 5 inches : 10 inches = J, 

3 miles : 4 miles = J, 7 dollars : 10 dollars = 0.7. 

Hence the sign : is equivalent to a sign of division, 
and the expresion alb is equivalent to a -s- 5, or to -. 

160. Any quantity expressed in the form ^, whether 

it be a quotient, a fraction, or a ratio, is called an 
algebzaic fraction. 

Redaction. 

161. The value of a fraction is not changed by multi- 
plying both terms by the same quantity^ nor by dividing 
both terms by the same quantity. 

That is, y = y— . For multiplying the denominator changes the 

fractional unit from - to , — , thus making it — th as great as before; 

Din m 

but the numerator a m shows that m times as many of the smaller 

units are taken as of the larger ; hence the value of the fraction 

remains the same. 

olIc d 
Also, r-r = 7. For dividing the denominator changes the frac- 
hk 

tional unit from ^-r to -, thus making it k times as great as before; 

ok 

but the numerator a shows that only - th as many of the larger 

units are taken as of the smaller ; hence the value of the fraction 
remains the same. 



J 



163.] FBACTIONS. RATIOS. PROPORTIONS, 103 

162. A fraction is reduced to lower terms by dividing 
each term by any factor common to them^ and to its lowest 
terms by repeating this process until the terms have no 
common factor. 

Since the greatest common divisor of two quantities 
contains all their common factors, a fraction is reduced 
to its lowest terms by dividing both terms by their greatest 
common divisor. 

163. XSzeroises. 

Reduce to lowest terms 

2. m- 14. 

3. 'Jiiilii?. 16. 

1x2x3x4 

4. i?2<ii2ili. 16. 

1x2x3 

Sane 
^' 12ab^' . ^• 

^' 12 a' Off' 

8. 2m :10m'. 20. 

9. abciac, 21. 

10. akihk. 22. 

11. ZT^f'A^f. 23. 

12. 1-0^:1-0?. 24. j_^22^-f-2y2 4./ 



7m*6 


mx — nx 


mux 


m? — r? 


3 m — 3 n 


a'aj-f-a' 


a^^c? 


12 a'-6a& 


lOac — 56c 


12 m3iB* + 2 m'ar* 


X^mn^x^Zn^Q^ 


a*-4a?2 


a^-2x 


a^-iC* 


a^ — a^ « — a ic* + a?*** 


.V' + (A: + Oy + fci 


2/2 + (? + m)y + ^m 


a;2 -f 2 a: — 3 


iB2 _f_ 5 a: -f 6' 


2m2-3m+l 


m* + m — 2 


i+y' 
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k 

164. Illustrative Examples. I. Change y to an 
equivalent fraction having alx£oT a denominator. 

To produce the denoniinator alx^ we multiply / by ax] then 

the numerator k must be multiplied by a x to prevent a change 

in the value of the fraction. 

,T k akx 

Hence -= — -— . 

f alx 

II. Change a to an equivalent fraction having h for 
a denominator. 

Any integral quantity may be written in the fractional form 

with the denominator 1. Thus, a = r* Now multiply both terms 
by hy and the result -r- is the fraction required. 

A 



165. Exercises. 

25. Change f to an equivalent fraction having 18 for a 
denominator. 

3 wi X 

26. Change — — to an equivalent fraction having 2aa^y 

for a denominator. 

27. Change § to fortieths. What is the fractional unit of 
the given fraction ? Of the resulting fraction ? 

28. What expresses the value of J when ^ is the frac- 
tional unit ? 

29. What expresses the value of — - when ^ is the frac- 

o 

tional unit? 

30. What expresses the value of — when — is the frac- 

y .rny 

tional unit ? 

31. How many units of the value ^ are there in 1 ? In 3? 

32. How many units of the value - are there in 1 ? In 4 ? 

b 
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33. How many sevenths are there in 5 a;? 

34. How many units of the value - are there in m? 

h 

35. Express the vahie of 4 in units of the value -• 

A; 

36. Express the value of x in units of the value J. 

37. Express the value of - in units of the value 



b bm 

7 an in 1 

38. Express -, —, and - in units of the value 



X y z xyz. 

X v z 1 

39. Express -, — „ and — - in units of the value ■— — . 

a a' ab a^b 

166. The last two exercises result in fractions that 
have a common fractional unit, or, in other words, have 
a common denominator. 

The quantity selected for a common denominator 
may be any common multiple of the given denomina- 
tors ; but it is usually best to select their least common 
multiple. The fractions vrill then be reduced to their 
least common denominator. 



167. Exercises. 
Reduce to their least common denominator 

40. 4? h and ^. 45. — — , , and — 

ab ac be 

41. ^, l,and|. 46. ^^, ?^,and^-. 

Mc^ <^ b ^ c ._ a-f6 ^ -a — 6 

42. -, -, and -. 47. -, 1, and =-. 

X y z a — b a-f-6 

43. and 48. -, — -, and - — 

x-{-y xy X 2x ox 

.. 1 1 ^1 >fQ 1 1 ^ 1 
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Addition and Subtraction. 

168. Illustrative Examples. I. Add-, -, and-. 

a . h c ayzbxzcxy ayz-\-hxz+ cxy 

- H r = — 1 \ = — ^• 

X y z xyz xyz xyz xyz 

Fractions, like other quantities, can be added or subtracted only 

when they are expressed in units of the same value. Here the 

g^ven fractions are changed to equivalent ones having the same 

fractional unit ; in other words, thfey are reduced to the com- 

xyz 

mon denominator xyz. When this has been done, the sum of the 

numerators is taken for the numerator of the result sought, and 

the common denominator for the denominator. 

II. To c add ~. 

6 

a _c a ^hc a _hc-^a 

III. From - subtract -. To - add 

X y X y 

Both examples have the same h h 

solution, an illustration of the fact = — = = — ' 

that every example in subtraction V V V J 

may be changed into an example in addition by reversing the 
sign of the subtrahend. See Art. 65, also Art. 86. 

169. The sign of a fraction is the sign -f- or — writ- 
ten before the dividing line. Besides this, the numerator 
and denominator have their signs, making in all three 
signs to be considered in connection with any fraction. 

Since the value of a fraction is the quotient obtained 
by dividing the numerator by the denominator, we may 
apply the rule for signs in division (Arts. 71 and 84), 
and learn that 

The value of a fraction is changed from positive to 
negative or negative to positive^ (a) by reversing the sign 
of the numerator, (b) by reversing the sign of the denomi- 
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nator^ (c) by reversing the sign of the fraction ; hut (d) 
the value of the fraction is not changed hy reversing at 
the sai/he time any two of these signs* 

Thus, the value of H is + 2. 

' 4-3 

But (a) + =1= ~2, (b) + t|= -2, (c) - ±1= -2; 
whUe(d)-^=4-2, -±|=+2, +^=+2. 

What would be the eflTect of reversing all three signs ? 

a c 

170. Illustrative Example, Add and 



a — 6 6 — a 

By reversing the signs 

•^ ° a c a — c a — c 

of the numerator and de- r + r = r H r = :• 

. ^ ,^. , a — 6 6 — a a — o a — 6 a — 6 
nominator of the second 

— c c 

fraction, it becomes — ; , or ; but its value is unchanged. 

The two fractions now have a common denominator, and may be 
added. 



171. Ezercises. 



Find the sum of 



60. 4, i, and }. 55. i, ^, and ^. 

51. 4? h and^. 56. -, -j, and -. 
^ ^ ^^ a a* a^ 

52. *, 1, and *. 5/. -w -; — » and 7-. 

' kl Im mk 

^„ A; Z ,m -o 4a: — 5 2aj _7a;-f-6 

53. -, -, and -. 58. — — — , -— , and — — — 
p q r 10 ' 5 25 

KA P Q ^ ^ Kft 3a: — 5 -2a: — 4 

54. ■^, -^, and :; — 59. x. — - — , and — - — • 
ab ac be ' 2 ' 3 

60. To — - — add — -— . What results from adding half 

the difference of two quantities to half their sum ? 
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61. From — -— subtract — -— . What results from sub- 
2 2 

tracting half the difference of two quantities from half their 

sum? 

Add 

62. and -. 65. -— and — —z-- 

a-f-5 a — b x-\-2a x — 3a 

63. -?L^and-^. 66. ^.and ^"^ 



a-f6 a — b 1 + a? 1 — x-i-a^ 

64. — h- and -. 67. and ^. 

x — 1 x + l x — y y — X 

Subtract 

_o 2a; — 3^ 5a: — 1 ^^ ^ s' 3aj 

68. — : — from — 71. -from 



4 8 a;-|-l a?-|-2 

^^ 5a;-f-4^ 10fl;-f-17 „^ 2x ^ x + y 

69. — -^— from -^- — 72. from — ^-^. 

9 18 x + y y 

70. from — i-^. 73. from 



x-^y x — y k — h h — k 

74. Which is greater, |f , or fj? How much? 

75. Which is greater, ^^ of 20, or ^j^y of 21 ? How much ? 

Keduce to one fraction 

7x-10 3a;-7 27a:-30 



76. 



5 6 30 



„„ a — b a — cb — c 
ab ac be 

78. . -^ ., - . .^ .0 + 



79. 



i^+yT i^ + yY ^+y 

3m + 2n 3m — 2n 

3m — 2n ~ 3 m + 2 n* 

a a . a^ 



80. — T^-:; - + 

81. 



a-l-1 1 — a a- — 1 
1 1 x + S 



x-1 2(a?+l) 2(a;2_j.i) 
y x-\-y f — x^y 
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Multiplication and Division. 

172, Illustrative Examples. I. Multiply - by m. 

"We multiply the numerator by m 

^ "^ , •' a am 

This leaves the value of the fractional - x m = -v- 

unit unchanged; but there are m times 

as many of these units in the product as in the multiplicand. 

II. Multiply - — by m. 

We divide the denominator by m. 
This leaves the number of fractional — x w = -r 

units unchanged; but the unit of the "* 

product is m times as great as the unit of the multiplicand. 

173. From these examples we learn that 

A fraction is multiplied by multiplying its numerator^ 
or by dividing its denominator. 
How is a ratio multiplied ? 



9 /7 7» 

83. Multiply ^ by 5. 92. Multiply -— by 3y. 

oxy 

84. Multiply ^ by 4. 93. Multiply |^3 by k P. 

7 

85. Multiply 3 : 7 by 2. 94. Multiply — by b d. 



86. Multiply 5 : 6 by 3. 95. Multiply l^ by 2 m^x. 

87. Multiply ^ by 15. 96. Multiply |-^|| by abc. 

88. Multiply f by 21. 97. Multiply -5 3 by a + 2:. 

89. Multiply \ by h. 98. Multiply -^ by A; -f- ?. 



b ' ' ' Tc-l 

-y by 3 c. 99. Multiply — — 

Ir m + 1 



90. Multiply 4t by 3 c. 99 . Multiply ^^ by m^ - 1 . 



91. Multiply - by 4 m. 100. Multiply -/ by y^ + y. 

z y^ + 1 
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175. Illustrative Examples. I, Divide -j- by m. 

We divide the numerator by m, 

•^ am a 

This leaves the value of the frac- ~A~~"*^6 

tional unit unchanged ; but there are 

only - th as many of them in the quotient as in the dividend. 
m 

II. Divide j- by m. 

We multiply the denominator ^7 ^ a 

TO. This leaves the number of frac- I "^ ^ ~ n. 

om 

tional units unchanged ; but the unit 

of the quotient is only - th as great as the unit of the dividend. 

tn 

176. From these examples we learn that 

A fraction is divided hy dividing its numerator^ or by 
multiplying its denoninator. 
How is a ratio divided ? 

177. Ezercioes. 

101. Divide f by 4. 107. Divide a -|- — by a. 

c 

102. Divide |- by 3. 108. Divide 9 : 20 by 12. 

103. Divide 4 : 7 by 2. 109. Divide Sx^Uy^hydx. 

104. Divide 2 :3 by 5. 110. Divide m^x:](^yhy mk, 

105. Divide * by 9. 111. Divide V^2 ^7 « + »• 

106. Divide ^^ hy Say. 112. Divide ^^ hyx + y. 

4n X — y 

113. Divide — by mx — xy. 

2x '^ ^ 

114. Divide ■ — by a^ — ar. 

a — x 

4 ~~ 4 971 I VY^ 

115. Divide b3'm* — 4. 

2-f m -^ 

116. Divide ^-5§^^ by a^ + 2 a? - 3. 
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To Multiply by a Fraction. 

178. To multiply a quantity by a fraction — is to 

71 

find the — part of that quantity. 

179. Illustrative Examples. L Multiply a by — 

n 

The - part of a is a -f n, or - ; and yn am 

n n ax — = 

n n 

the — part is m times this, or — . 
n n 

From this example we learn that 

A quantity is multiplied hy a fraction by multiplying 
the quantity hy the numerator of the fraction^ and divid- 
ing the result hy the denominator, 

II. Multiply ^ by -. 

The- part of r- is --rw, or -— ; and a m am 

n '^ h h bn tX- = t- 

n on 

the — part is m times this, or 7 — 
n '^ on 

From this example we learn that 

The product of two fractions is a fraction having for a 
numerator the product of the given numerators and for 
a denominator the product of the given denominators. 

What is the product of two ratios ? 

180. Zizercises. 

2x 
117. Multiply 3 by ^, 120. Multiply 2 a a; by 



a 



n 7» 

118. Multiply ^ by |. 121. Multiply - by -. 

119. Multiply I by if. 122. Multiply ^ by - . 
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123. Multiply — - by - — j. 127. Multiply minhj piq. 

J. u «!/ J (X y 

k I 

124. Multiply 2 : 7 by 4 : 7. 128. Multiply ^^— ^ by j—y 

125. Multiply 2 : 3 by 7 : 9. 129. Multiply ^-^^ by ^ 



126. Multiply k by a : 6. 130. Multiply A:* - 1 by - 



X 

m 



k'-l 



131. Multiply -j-^ ^ by — ; — 

1 



132. Multiply 6« -I- / by 



b' + / 



133. Multiply a^-\-x-2hy ?^. 

134. Multiply y' - 7 2^ +10 by ^ ^J^ ^ 

135. Multiply t by - ; in other words, find the value of ( y j . 
Find the value 

136. Of (py. 139. Of (a 4-iY. 

137. Of f5±^Y. 140. Of faJ + -Y. 

Vaj - y/ V xj 

138. Of (t + ^Y- 141. Of (»--Y- 

Multiply together 

^ , ^ m* — ?i* , m — n 
142. -5 — ^^ ; — 2 ^^^ —2-1 • 

4 c 0? a^ — .V &M- c> 2/ o —y 

144. l-hr+l and^i'-Zi + l. 

,,.111 ,1 1^1 

14o. --l-r-4-- and t+-- 

a c a c 

146. — I [--, and-H f— r 

in n I n m I 
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To Divide by a Fraction. 

181. Illustrative Examples. I. Divide a by -. 

u 

This is to ask how many ^ _ 

*' m an m an 

m . X • J • rt--= — -r- = an^m = — 

times — IS contained ma. n n n m 

n 

To answer this, we reduce dividend and divisor to a common 

denominator. Then — is contained in a as many times as — is 

n n 

contained in — ; and this is as many times as the numerator m 

n 

is contained in the numerator a n, which is — times. 

m 

II. Divide 1 by -. 

n 

Reasoning as above, l-r- = --f — =n-rm = — . 

n n n m 

III. Divide Y by -. 

Reducing the frac- ^«.^«a« 

*=* a , m an , om , , an 

tions to a common de- r ~ ~ =" i — ="i — =:anTom— r—- 

n on on om 

nominator, we reason 
as above. 

182. From these examples we learn that 

A quantity is divided by a fraction by multiplying the 
quantity by the denominator of the fraction^ and dividing 
the result by the numerator, 

183. The reciprocal of a quantity is the quotient 
obtained by dividing 1 by that quantity. 

1 1 

Thus, the reciprocal of a is -, the reciprocal of - is a, the 

a a 

reciprocal of — is -, and the reciprocal of a : 6 is ft : a. 
n Tn 

If the product of two quantities is 1, then each is the 
reciprocal of the other. 

Thus*, if a:y =1, then a; = -, and y = — 

y X 
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lo4. omce a -i — = — , and a x — = — t 

WW m 7/i 

it follows (Axiom 7) that a-^- =iax -I 

n m 

that is, 

Dividing hy a fraction is equivalent to multiplying bg 

the reciprocal of the fraction. 



185. Ezercifles. 

147. Divide 3 by i. 153. Divide 5 by 2:3. 

148. Divide 4 by f . 154. Divide 5 : 6 by 4 : 3. 

149. Divide a by f . 155. Divide 1 by f . 
150: Divide | by |. 156. Divide 1 by 7 : 10. 

151. Divide f by f. 157. Divide ? by -. 

152. Divide \ by i. 158. Divide ^x by fa?. 

1KO T\' 'A & — 3a, 2a — 6 

159. Divide —- — -— by — ^ 

2a6 •^ 4a 

ii?A T^• -J am — ma;, aA; — A;a; 

160. Divide by 

a-j-r a-|-r 

161. Divide ?-^=^ b> ^ 



y 1 — a? 

162. Divide f ^ , by ^ 



a^ -|_ a^ a? -f a 

1/jo T^• 'J a; -I- a , a; + 6 
163. Divide -— by 



2a;— 26 "^ 10a; + 2a 
164. Divide ^ ^,7^ • , by t±!^. 

3a; 2a; 



165. Find the value of 

166. Find the value of 



2a;— 2"a;-l 
a^ — 7?a^x 
a^-^T?' a + x 



167. Find the value of , ^ ^ — . :^±£2f, 

ar- 2a;y-f-3f a; — y 



186.] FBACTIONS. RATIOS. PBOPOBTIONS. 115 

186. Miscellaneotui Ezercises. 
Reduce by performing the operations indicated 

168. H + * + f. 176. (l-J±.)Jl+l±). 

b c a \l-fa/\l— rr/ 

170. -^-4.. 178. /l+^;).(l-£^Y 

1,2. '-±£-i=i. 180. i+(i + r2-Y 

1 . 2x 

173. — ?. 181. ^. 

-, 1 2x 






a-f-a? a — flj 

m. (^+A)x(^ + fA 183. "t'"' ^ 

\6 2 a/ \a 2b J a-fa;_a — x 

a — a; a + a? 

aft be ca ^ 

185, -; j7 : ^""H"^ — T7~ ~ I ft 2 / 2 I /^> " 



4a\a-^^) Aa^a-'X) 2d\a^-\-x') 
186. -A ^4-, r^ r + 



(m-2)(m-3) (m-l)(3-m) (m-l)(m-2). 
1 1 1 

187. rr^ T + t; ^. T-f 



(a — 6) (a — c) (& — a) (6 — c) (c — a) (c — 6) 
188. ^^ - + T7 rr. 7-4 



{a--b){a-c) (6-a)(6-c) (c-a)(c-6) 
a* 6^ c^ 

189. TT^; r + 7T ^^7T r + 



(a — &) (a — c) (& — a) (& — c) (c — a) (c — &) 
^^^" (a-6)(a-c)'*"(6-a)(6-c)"^(c-a)(c-6)' 
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Proporiions. 

187. Two quantities are said to be proportional to 

two others when the ratio of the first two is equal to the 

ratio of the second two. 

Thus, if two men work, one 6 days and the other 10 days, 
receiving, one 99 and the other 1^15, the amounts paid are propor- 
tional to the times of working, because the ratio $9 : ^15 is equal 
to the ratio 6 days : 10 days. 

188. An equation denoting the equality of two ratios 
is a proportion. 

Thus, 9 : 15 = 6 : 10 is a proportion. 

In general, 

^:5=(7:i>,or4 = 5» 

Jj JJ 

is a proportion denoting the equality of the two ratios 

^ : 5 and (7 : D. 

The proportion is read, " il is to 5 as C is to D." 
What is the value of the ratio 18 : 6? Of 24 : 8 ? How do 
these ratios compare with each other? What proportion, then, 
may be written ? 

Compare the ratio 3 : 2 with the ratio 15 :10. Write the pro- 
portion. 

189. The first and last terms of a proportion are 
called the extremes, and the second and third are called 
the means, 

AMiat are the extremes and what the means in the proportion 

190. If we multiply each member of 

jj 1) 
by J?i>, the product of the consequents, we get, after 
reducing, 

AD^BC, 
that is, 
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The product of the extremes of a proportion is equal to 

the product of the means. 

This principle is called the test of proportion's. 

Which of the following satisfy the test? Which do not ? 
a.4:6=8:12. c.~7:21= ll:-33. 

b. 5:7=15:22. d. 9:12=-18:24. 

191. If we divide each member of 

A1) = BC 
by D -B, we get, after reducing, 

^ = |,orJl:5=(7:i>, 

that is, 

If two products are equals and each is composed of two 
factors^ then the two factors of one product may he made 
the means^ and the two factors of the other product the 
extremes^ of a proportion. 

The four factors may be arranged to form a proportion in eight 
different ways. For each member of the given equation may be 
divided not only by D B^ but by D C, by A B, and by AC; and 
then each member of BC= A D (obtained from the given equation 
by interchanging its members) may be divided by the same four 
divisors. The results reduced are, 

(1) A:B=C:D. (5) B : A = D : C. 

(2} A:C=B:D, (6) C:A = D:B. 

(3) D:B=C:A, (7) B:D=A:C. 

(4) D:C = B:A, (8) C:D=A : B. 

192. Comparing (2) with (1), we learn that 
The means of a proportion may he interchanged. 
Comparing (3) with (1), we learn that 

The extremes of a proportion may he interchanged. 
Comparing (6) with (1), we learn that 
The two antecedents of a proportion may he made con- 
sequents^ and the two consequents antecedents. 

Interchange the terms of the proportion 4:7 = 12:21 in the 
ways above indicated, and test the results. 
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193. If any three of the terms of a proportion are 
known, the other may be found by applying the test. 

Thus, let X represent the unknown term in the proportion 

A :B= C:x. 
By the test, 

Ax=zBCy whence x = -— -. 

A 

The solution would be made in the same way if the unknown 

term were the third, or the second, or the first. 

194. Ezercifles. 

191. Are 16, 38, 48, and 114 proportional? 

192. Are 6, 2, ^, and ^ proportional? 

193. Given 112 : 539 = 48 : a, to find x. 

194. Given 75 : a; = 48 : 176, to find x. 

195. Given 115:92 = a;: 120, to find a?. 

196. Given a;: 88 =77:28, to find a;. 

197. Given ^ : J = } : a?, to find x, 

198. On a map of the United States the distance from 
Washington to New York is 2.3 inches, and from New York 
to St. Louis, 10.6 inches. Knowing the distance from Wash- 
ington to New York to be 226 miles, estimate the distance 
from New York to St. Louis. 

199. Convert hx — ay into a proportion. 

200. Convert 5 a; = 8 2^ into a proportion, so as to show 
the value of the ratio x\y, 

201. Find the ratio of a; to 2^ from the equation 12 a: = 15 y. 

202. Find the value of x:y from the equation 8x-{-9y = 
Qx+ldy, 

203. Given a; -|- y : a? — y = 5 : 2, to find the value of x:y, 

204. Given aj-f3:a;-|-5 = 5:6, to find x. 

205. Given a; — 4:a; — 8 = 3:2, to find x. 

206. Given 3 + aJ:7-faj = 7:ll,to find x. 

207. What number must be added to each term of the 
ratio 5 : 9 to make it equal to the ratio 2:3? 

208. Given a; : 60 — a; = 7 : 5, to find x. 
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209. A boy walking from his home to the city at the rate 
of three miles an hour passes two guide-boards, the first after 
he has walked three hours, and the second after he has walked 
five hours. The distances to the cit}' noted on these guide- 
boards are in the ratio of 11 to 9. What is the distance from 
the boy's home to the city? 

210. Divide $1500 between two persons so that their 
shares shall be proportional to 2 and 3. 

Solution. Let x represent one share, 1500 — x, the other ; then 
the problem may be stated in the form, 

x:1500-a: = 2:3, 
from which the value of x may be found. 

211. A rope 98 feet long is to be cut in two so that the 
parts may be in the ratio of 3 to 4. Where shall it be cut? 

212. A furnished $8000 and B $7000 as capital in a joint 
venture. The total profit was $4500. Determine each 
partner's share of it. 

213. From the opposite shores of a lake 12 miles wide two 
skaters start to meet near the middle. If their rates of skat- 
ing are proportional to 8 and 7, how far from either shore 
will be their meeting-place ? 

195. When three quantities are such that the ratio 
of the first to the second is equal to the ratio of the 
second to the third, the second quantity is called a 
mean proportional between the other two. 

Thus, if 

then J? is a mean proportional between A and C. 

196. Applying the test to this proportion, we get 

whence B==^A O, 

that is, 

The mean proportional between two quantities is equal 
to the square root of their product. 
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197. Ezercises. 

214. Is 8 a mean proportional between 4 and 16 ? Between 
2 and 32 ? 

215. Is 6 a mean proportional between 3 and 9 ? Between 
4 and 8? Between 4 and 9? Between 12 and 3? 

216. Given 4 : a: = a: : 25, to find x, 

217. Given 2 : ar = a; : 18, to find x, 

218. Given ^:x=iX : ^, to find x. 
Find the mean proportional 

219. Between 3 and 27. 

220. Between 24 and 6. 

221. Between 9 and 25. 

222. Between a' and b^. 

223. Between (a -^ by and (a -6)*. 

224. Convert o? —b^ = (^ into a proportion. 

225. A father's age is to that of his son as his son's age 
is to that of his grandson. The age of the father being 81 
3'ears, and that of his grandson 16 years, what is the age of 
the son? 

226. Find one side of a square field that contains the 
same quantity of land as a rectangular field 90 rods long and 
40 rods wide. 

198. A series of equal ratios forms a continued pro- 
portion. 
Thus, 

A':B=z C:Dz=zE\F= . . . 
is a continued proportion. 

Let r be the value of each ratio in this continued pro- 
portion. Then 

A:B = r, C:D = r,E\F=r, . . . 
whence A = r B 

E = rF 
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Adding, we get 

A+C+II+ . . . =zrCB + D + F+ . . .) 
whence 

(JL+(7-f J?+ , . .):(^-|-2)-f i^+ . . .)=r- 
But r = A:B=z C:D= . . . 

therefore 
(^4. C+II+ . . .):(B + D-hF+ . . .)=zA:B=z 

C:I)= . . 

that is, 

In a continued proportion^ the sum of any number of 
antecedents is to the sum of the corresponding consequents 
as any one antecedent is to its consequent. 

Apply this principle to the proportion 

1:3 = 2:6 = 3:9 = 4:12 = 5:15= . . . 
and test the result. 

199. By a similar course of reasoning there may be 
derived from the given proportion 

A:B=C:D 

the proportions 

A^C:B + D = A:B, 
A- C:B-I) = A:B. 
But (Axiom 7) two ratios equal to the same ratio are 
equal to each other. 
Hence 

A-\-C:B^I) = A-C:B-I) 
or, by interchanging the means, 

A+C:A-^C=B-\-l):B--l), 

that is. 

In any proportion^ the sum of the antecedents is to their 
difference as the sum of the consequents is to their dif 
ference. 

Apply this principle to the proportion 9:6 = 3:2 and test the 
result. 
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200. If this principle is applied to the proportion 

A: C=B:D, 
which is obtained from the given proportion by inter- 
changing the means, the result is 

Comparing this with the given proportion, we learn that 

In any proportion^ the sum of the first two terms is to 
their difference as the sum of the last two is to their dif- 
ference. 

Apply this principle to the proportion 9:6 = 3:2, and test the 
result. 

201. From two given proportions 

A:B=:C:1) 2Lnd P:Q = B:S 
we may derive, by multiplying equal ratios by equal 
ratios, 

AP:BQ=CR:I)S, 
that is, 

The corresponding terms of two proportions may he 
multiplied together^ and the results will form a proportion. 

Apply this principle to the proportions 3:6 = 4:8 and 5 : 3 = 10 : 6, 
and test the result. 

202. If the terms of the second proportion are the 
same as those of the first, the result is, 

A2:J52= C^'.B^. 

If the terms of this proportion are multiplied by the 
terms of the given proportion, the result is, 

A3 : B^ = C^ : B^. 
By repeating this process we reach the general result 

A« : J5« = O : 2>», 
that is, 

if quantities are proportional^ the like powers of those 
quantities are proportional. 
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203. 



From the given proportion 

derive the following proportions, and state the principle 
expressed by each : 

227. mA:mB = nC:nD. 

228. mA:nB = mC:nD. 
^^^ A B CD 

th m n n 

231. A + B:B=zC + D:D. 

232. A'^B:B=C-D:D. 

233. A + B:A = C+D'.C. 

234. A-B:A=C-D:G. 

235. A^'-B'iff^C^^D^iiy. 

^. If 1=1=1.... 

^, ^ o« g' + 6» + c* + . . . 
prove that j, = ^.^.^^^^..^ , , , 

a ZaH-m6+nc-|- . . . 

prove that -i = r-j— ^^-^ — 77-; 

'^ ^ lA-\'mB + nC+ . . . 

238. Prove that 

that is, two quantities are inversely proportional to their 
reciprocals. 

Variation. 

204. A quantity which either increases or decreases 
so as to have different values at different times is said 
to vary, and such a quantity is called a variable. 

Thus, a person's age varies from day to day or from year to 
year; the cost of merchandise varies with the quantity ; the amount 
of work done varies with the force employed and the time spent. 
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Different valaes of a variable qaantity are usually represented 
by the same letter with some distinguishing marks attached. 
Thus, different values of A are represented by 

A f A } A • • • 

or by 

A\^ A^ Ax ... 

These expressions are read, ''^ A prime, A second, A third," &c., or 

*'*• A sub one, A sub two," &c. 

Note. Be careful not to mistake these expressions for potoers of A. 

205. One quantity varies as another directly when 
the two increase or decrease together and in the same 
ratio. 

Thus, the cost of merchandise varies directly as the quantity. 
If m and m' represent two quantities of the same kind of mer- 
chandise, c the cost of the first, and c' the cost of the second, then 

c :c' = m:m'. 

This proportion is an algebraic expression of the fact that c 
varies as m directly. 

206. One quantity varies as anothjer inversely when 
one increases and the other decreases in the same ratio. 

Thus, the time required to do a given amount of work varies 
inversely as the number of men employed ; the more men, the less 
time. If n and n' represent the numbers of men employed, t and 
f the times required by them respectively, then 

t:t' = n' :n, 
an expression of the fact that t varies inversely as n. 

By Article 203, Exercise 238, we know that 

n ': n = - : -. 
n nf 

Hence, Axiom 7, 

t '. t ^ — '. — » 
n n 

from which we learn that 

If a quantity varies inversely as another, it varies 
directly as the reciprocal of the other. 

207. One quantity varies as two or more others 
jointly when it and the product of the others increase 
or decrease together and in the same ratio. 
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Thus, the distance gone over by a moving body varies as the 
time and the rate jointly. If d represents the distance gone over 
in the time / at the rate r, and d' the distance gone over in the 
time f at the rate /, then 

d:d'=:tr:ifr'. 

208. Exercises. 

239. How many days will it take 24 men to do a piece of 
work, if it would take 15 men 16 days? 

240. Two skaters, trying their speed, find that one can 
cross the pond 6 times while the other is crossing 5 times. 
The first can skate 9 miles an hour ; how many miles an hour 
can the other skate ? 

241 . Let r and / represent the rates of two moving bodies, 
t and f the times required by them to move the distance d. 
If the value of the ratio r:/ is 7:9, what is the value of 
the ratio t:f? 

242. The velocity acquired by a falling body varies directly 
as the time of falling. If, at the end of 2 seconds, the velocity 
acquii'ed is 64-^ feet per second, what is the velocity acquired 
at the end of 5 seconds? At the end of 10 seconds? 

243. The space fallen through by a freel}'^ falling body 
varies directly as the square of the time of falling. At the 
end of 1 second, the space fallen through is 16^^ feet. How 
far will the body fall in 6 seconds ? 

244. The bulk of a given quantity of gas varies inversely 
as the pressure upon it, provided the temperature is un- 
changed. At the top of Mount Blanc the pressure of the 
atmosphere on bodies is half as great as at the sea-level. If 
a pint of air taken at the sea-level were carried to the top of 
that mountain, what would be its bulk there ? 

245. The number of vibrations made by a vibrating string 
in a given time varies inversely as the length of the string. 
If a string 30 inches long makes 276 vibrations per second, 
how long is a similar string that makes 184 vibrations per 
second ? 
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246. It is a principle of mechanics that the lengths of the 
two arms of a lever are inversely' proportional to the weights 
the}' support. If a bar 8 feet long carries at one end a load 
of 700 pounds and at the other a load of 900 pounds, at 
what distance from either end of the bar must be the point 
of support, that the two loads may balance ? 

If g represents the force of gravitation between two given 
masses of matter, and d the distance between their centres, the law 
of gravitation is algebraically expressed by 

which expressions mean that the force of gravitation between given 
masses varies inversely as the square of the distance. 

247. A piece of iron hung on a spring balance appears to 
weigh 18 pounds. This is at the earth's surface, 4000 miles 
from the centre. Now suppose the spring balance and the 
iron hanging on it to be carried 240000 miles away from the 
earth's centre. What will the iron appear to weigh there ? 

248. The intensit}' of light varies inversely' as the square 
of the distance from the source of light. Two equal lights 
stand before a screen, one three feet off, and the other five 
feet off. How much of its illumination does the screen get 
from each of the lights? 

249. Two lights are placed on the table, and a white paper 
screen is so placed between them, that it receives equal illu- 
mination from each. The distances from the screen to the 
lights are 33 inches and 55 inches respectively. K the 
intensity of the nearer light is equal to that of 6 wax candles, 
what is the intensity of the farther light ? 

250. The number of beats made by a pendulum in a given 
time varies inversel}'^ as the square root of the length of the 
pendulum. In an experiment it is observed that one pendu- 
lum makes 9 beats while another makes 16. The shorter 
pendulum is 36 inches long. How long is the other? 
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SECTION VL 

GENERALIZATION. 

209. Algebraic language has its most important use 
in the statement and solution of problems in a general 
manner. 

This may best be illustrated by considering again some of the 
problems of Sect. II. By comparing these problems with one an- 
other, it will be found that there are among them some groups of 
similar problems, so that a certain classiiication might be made. 

For example, a well-marked class of problems is found in Art. 35. 
These resemble one another in the following particulars : 

(1) There is a certain amount of some kind of work to be done. 

(2) There are two or more persons or working forces to do that 
work. 

(3) The time that would be taken by each person or force sep- 
arately to do the work is given. 

(4) The question in every case is, How long will it take all the 
persons or forces, working together, to do the work ? 

Now the method of solving these and similar problems may be 
shown once for all by stating the conditions in a general way 
and deriving from this statement a general result. This general 
result may then be applied to any particular problems we wish to 
solve, as will be shown in the next article. 

The Work of United Forces. 

210. A can do a piece of work in a days, and B can 
do the same in h days. In how many days can both do 
it, working together ? 

Solution. Let x represent the number of days required for 
both to do the work. Since A can do the whole work in a days, 
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1 1 

he will do the - part of it in 1 day ; also B will do the - part of 

it in 1 day ; and both will do the - part of it. Hence 

X 

a X 
bx-{- ax = ab 
(a 4- J) a: = a 6 
ab 



j: = 



a + 6 

Ans, Both can do the work in days. 

a + 6 

Application. This general result is a formula which may be 
applied to any particular problem whose conditions are similar, by 
performing on the two numbers corresponding to a and b the oper- 

ations indicated by the expression -, 

Take, for illustration, some of the problems in Art. 35. In the 
Illustrative Problem, p. 21, a is 5 and 6 is 6 ; and the answer will 
be found by dividing the product of 6 and 6 by the sum of 5 and 
H. That is, 

ab 5x6_30_Qg 



a + b 5+6 11 

InEx. 149,a = 6,6 = 3,and-^ = ^ = ^ = 2. 

a+b 6+0 9 

In Ex. 153, a = 4, 6 = 6, and -^ = i^| = ^= 2*. 

a+b 4+5 9 • 

In Ex. 154, a = 3, ft= -4, and -^ = |iiiz:^= =J^ = 12. 

a + b 3 + (— 4) —1 

Here we have merely written the particular numerical 
values of a and b in the places of those letters in the 

formula -^ and reduced the result. This process is 

a -\-o 

called substitution. 

What other problems in Sect. II. can be solved by use of this 
formula ? Solve them by making the proper substitutions. 

211. A can do a certain piece of work in a days ; B, 



212.] 



GENEBALIZA TION. 



129 



in b days ; and C, in c days. In how many diays will 
all three do it, working together ? 



SOLUTION. 

a b c X 
hex-^-cax-^-abx^abc 
(ab-{-bc+ ca)x = abc 



x = 



abe 



ab + bc-{-ca 

Application. This general result, or formula, applied to Ex. 

155, p. 22, where a = 4, 6 = 3, and c = 6, gives 

abc _ , 4x3x6 _ 72 _72 _ . 

a6 + 6c + ca ■"4x3 + 3x6 + 6x4"" 12 + 18 + 24""54~ ** 
What other problems in Sect. II. can be solved by use of this 

formula ? Solve them by making the proper substitutions. 

Proportional Parts. 

212. Divide a into two parts that shall be propor- 
tional to m and n. 



AlfOTHEB SOLUTION. 

Let X = one part, 
a — x = the other. 
Then x:a-^x=m:n 
nx=am—mx 
771 a?+ nx= a m 
(m + n)x =am 
am 







SOLUTION. 




Let X 


= one part, 






nx 
m 


= the other. 




Then 


x + 


nx 
— = a 

771 




mx + 


nx- 


= 0771 




(m + 


n)x: 


= aTTi 






X 


am 






771+ n 






nx 
m 


0771 n 
771 + n 771 


_ an 




771+ n 






The 


parts are 



T = 



77i + n 



a — x = a-' 



am 



an 



771 + n 77i+n 



0771 



and 



an 



771+ n 771 + n 

Two different solutions are given, to show that the form of the 
result depends, not on the mode of solution, but on the nature of 
the problem. 

Application. Ex. 138, p. 20, and Exs. 210, 211, 212, and 
213, p. 119. 
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213. Divide a into parts proportional to the numbers 
f7i) fn'i fn f &c. 

SOLUTION. 

Let X = the first part 

— = the second part 
m 

= the third part, 

m 

and so on. 

The equation is, 

^ m' X , mf' X 

X -f- -r -f* . . . 3s:fl, 

tn m 

by solving which the parts are found to be 

am am' am" - 



m-i-m' + m" '\' , . . »?i + w' + w" + . • . m + m' + m" ■{- . 

Application. These results may be used as a formula for 
solving questions in simple partnership: indeed, by translating 
them into common language we get the rule for Simple Partner- 
ship as given in the arithmetics. 

214. Ezercisea. 

Note. These are to be solved by making the proper substi- 
tutions in the formula. 

1. Three men, A, B, and C, charter a ship and fit her out 
for a voyage. A furnishes $5000, B $7500, and C $4500. 
The profits of the voj'age amount to $6239. What is each 
man's share? 

2. Four men formed a partnership for three years. A pot 
in $10000, B $15000, and C $8000 ; while D put in $2000, 
and was allowed to reckon his knowledge and skill in the 
business as equivalent to $15000 more. The gain was 
$36570. Find each partner's share of it. 

3. Four men ship merchandise to England by the same 
steamer. The value of A*s merchandise is $15000, of B's 
$22500, of C's $17250, and of D's $18250. During a storm 
half of A's merchandise and the whole of B's is thrown 
overboard. Distribute this loss propoitionally among the 
four shippers. 
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215. Find a formula for Compound Partnership. 

Solution. The gain or loss must be distributed in proportion 
both to the amounts of capital supplied by the several partners 
and to the times the several amounts of capital were employed in 
the business. Let c, c', c", &c., denote the several amounts of 
capital ; t, t'^ i"y &c., the times; and a the amount of gain or loss. 
The distribution of a, then, must be into pai'ts proportional to the 
products c <, c' <', d' t", &c- 

The equation being formed and solved, as in the last article, 
the parts are found to be 
act ac' i' 

-"^' ,&c. 



Ct-^-di' -\'C"t"-\- . . . 

This formula translated into common language would give a 
role for Compound Partnership. 

216. EzerciB6s. 

Note. These are to be solved by making the proper substi' 
tutions in the formula. 

4. Bird, Allen, and Marston formed a partnership. Bird 
put in $8000 for 18 months, Allen $12500 for 20 months, 
and Marston $13000 for 2 j-ears. The total gain was $35300. 
What was each partner's share of it? 

5. Three faraiers hire a mountain pasture for $500. A 
turns in 75 cattle for 10 weeks, B 80 cattle for 12 weeks, 
and C 67 cattle for 15 weeks. What should each farmer 
pay? 

6. Four men contract to work a copper mine for one year 
for $35000. A furnishes 12 hands, at $1.75 a day ; B 24 

, hands, at $1.25 ; C 8 hands, at $2 ; and D 12 horses, at $1. 
Distribute the $35000 proportionally among the contractors. 

7. Four men formed a partnership. A put in $10000 on 
Jan. 1 ; B put in $8000 on March 1 ; C put in $12000 on 
April 1, but withdrew it Dec. 1 ; D put in $20000 on Dec. 1. 
On the last day of the year they divided a profit of $17250. 
What was each partner's share? 
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Interest, Present Worth, Discount 

217. The arithmetical rules for Interest, Present 
Worth, and Discount are easily expressed by formulas. 

Let p = the principal. 

r = the rate per annum, expressed as a decimal. 
t = the time in years, 
t = the interest. 
a = the amount = ^ -f t. 
Then the rule for Simple Interest is expressed by the formula 

i = prt. 
In this formula are represented four quantities, any one of which 
may be found when the values of the other three are given. 

Thus, to find the principal, jo = — ; to find the rate, r= — ; to 

find the time, t = — 

pr 

State in common language the meaning of each one of these 
formulas. 

The amount is found by adding the interest, prtyU) the princi- 
pal, p\ that is, 

a=p-\-prt 
or, factoring the last member, 

a=p (1+ rt). 

In this formula are represented four quantities, any one of which 
may be found when the values of the other three %re given. 

Write out the formula for finding t, for finding r, for finding p. 

When p is the quantity to be found, the question is. What sum 
of money put at interest for the time t, at the rate r, will amount 
to a.? 

The formula for Present Worth, therefore, is 

a 

The discount, called true discount, is the difference between 

the amount and the present worth, that is, rf = a — /?. Substituting 

for p its value above given and reducing, we get, as a formula for 

True Discount, 

, art 
a= ^ . 
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Compound Interest 

When the interest at the end of a year, half-year, or other fixed 
period of time, is added to the principal, the amount becoming a 
new principal for the next period, the interest is said to be com- 
pounded. 

Let p denote the principal ; r, the rate for each period of time ; 
ai, the amount at the end of the first period ; a^, the amount at the 
end of the second period; and, in general, a., the amount at 
the end of the nth period of time. Then, 

ai=jo(H-r) 
a,= ai(H-r)=p(l+r)« 

a8 = aii(l+r)=Kl+0' 



In general , a, = ;> (1 + r)" 

which is the formula for Compound Interest. 

218. EzerciBes. 

Note. These are to be solved by making the proper substitu- 
tions in the formulas. 

8. At what rate will $250 gain $25 in 1 year 4 months? 

9. At what rate will $750 amount to $831.25 in 2 years 
2 months? 

10. How long must a note for $ 7200 run to amount to 
$9000 at 8% ? 

11. The use of money being worth 6 % a year, what is 
the present valuj of $ 50000 payable 7 ^^ears hence ? 

12. Find how much money paid June 1, 1880, is equivalent 
to $10000 paid Dec. 1, 1888, the use of money being worth 
mo a year. 

13. Find the true discount of $720 due 3 years hence at 

6%. 

14. Find the amount of $ 500 at compound interest for 3 
years 6 months at 8% per annum, interest being compounded 
semi-annually. 

15. By what number must the principal be multiplied to 
give the amount of a sum of money at compound interest for 
5 years at 6 % , interest being compounded annually ? 

16. What problems in Sect. II. may be solved by applying 
the formulas for interest, present worth, and discount? 
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Problems of Piinitilt. 

219. A courier riding a miles a day left this place 
n days ago. He is now pursued by another, who rides 
b miles a day. In how many days will the second over- 
take the first? 

Solution. Let x represent the number of days it will take 
the second to overtake the first. Then the first rides n + x days, 
at the rate of a miles a day, or a(n + x) miles in all. The second 
rides x days, at the rate of h miles a day, ov hx miles in all. But 
the two couriers start from the same point and arrive at the same 
point. Hence 

6ar = a(n4-x) 
hx — ax^'an 
__ an 

Ans, In ■; days. 

6 — a 

Application. What problems in Sect. II. may be solved by 

substitution in this formula ? 

220. Two bodies move at uniform rates, r and r\ 
after one another in the circumference of a circle of 
which the length is c» At first they are distant from 
each other by an arc of the length a. When will these 
bodies be together the first time, second time, and so 
on, supposing their motions to be undisturbed? 

Ans, At the end of the time 



c ^ ci 
again at the end of the time 



again at the end of the time 



2c + a 



r — r 
and so on. 
Applications, (a) At 12 o'clock the two hands of a clock are 
together. When and how often will these hands be together in 
the next twelve hours ? 

The circumference of a clock-face is divided into sixty equal 
spaces called minute-spaces. The hour-hand goes over five of these 
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spaces in an hour^ and the minute-hand goes over sixty of them. 
Uence, in all problems relating to the movements of clock- hands, 
c = 60, r = 6, and r' = 60. The value of a will differ in different 
problems. In the present case the hands are together at the start. 

Hen6e a=0, and the first result, , becomes ;;- — - = -- = 0, 

r — r 60 — o 65 

that is, it vanishes. The next result, -— - , becomes r— — -, or 1 A- 

S-'-r 60—5 ^^ 

hours; showing that the hands will be together at the end of 1^^ 

hours from 12 o*clock, or at 5^^ minutes past 1 o'clock. The next 

2 c 4- a 1*^0 

result, — -, becomes " , or 2^^^ hours ; showing that the 

hands will next be together at the end of 2^^ hours from 12 o*clock, 
or at 10 ^{ minutes past 2 o'clock. 

Show, by substituting in the proper expressions, that the hands 
will next be together at 16 ^^ minutes past 3 o'clock, and so on, in 
each successive hour 6^^ minutes later. 

(b) At 6 o'clock the hands of a clock are opposite to one 
another. At what times during the next four hours will the hands 
be opposite to one another ? 

(c) At 3 o'clock the hands of a clock are at right angles with 
each other. At what times during the next six hours will the 
hands be at right angles with each other? 

221. MiscellaneouB Ezercises. 
Solve the following equations : 

X X 

17. ax + bx=sm. 21. --f- = l. 



18. aa? — 6 = m. 22. 



a b 

ax-\-b lx-\-m 



n 



X X 

19. ax + b=:mx + n, 23. — --r H r = m. 

a+b a—b 

^^ ax — b, aA ^ ^' — /. 

20. ax = d. 24. r— — r — = — - = a. 

c Jc + 1 A; — 1 

25. (a; — a)(a?-fa) =a* — 4aa?+a:*. 

26. lk + l + x){k + l'-x) = (k'-x){l + x) --hi. 
a a a a 



27. 



X'^a CB— 2a oj — 3a a? — 4a 
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Solve the following problems in a general manner, and 
then find problems in Sect. II. that may be solved by sub- 
stitution in the results : 

28. Separate the number a into two parts such that one 
part is m greater than the other. 

29. Separate the number a into two parts such that one 
part is m times as great as the other part. 

30. Separate the number a into three parts such that 
the second may be m times the first, and the third n times the 
second. 

31. If a pounds of sugar, worth I cents a pound, are 
mixed with b pounds of another kind, worth m cents a 
pound, and c pounds of a third kind, woilh n cents a pound, 
what is the value of a pound of the mixture ? 

32. A bo3^ having a certain sum of money in his pocket 
finds that, if he buys a quantity of raisins at m cents a 
pound, he will have b cents left, but, if he bu^^s the same 
quantity of figs at n cents a pound, he will have c cents left. 
How much money has he ? 

33. A person has a hours at his disposal. How far may 
he ride out in a coach that travels m miles an hour and walk 
back at the rate of n miles an hour? 

34. A man agreed to work n days, on condition that he 
should receive a cents for every day he worked, but should 
forfeit b cents for every day he was idle. At the end of the 
time he received c cents. How many daj^s did he work? 
How many days was he idle ? 

35. A person who can row r miles an hour in still water 
rowed down stream a certain distance and back again in 
a hours, the stream fiowing uniformly all the time / miles 
an hour. How far down did he row ? 

36. Show that, disregarding the days of grace, the bank 

discount exceeds the true discount by the ; part of the 

1 + rt 

sum discounted. 
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The Symbols 0^ oo, and -. 

222. When particular numbers are substituted for 
the letters in a formula, there sometimes arise peculiar 
results, for the purpose of illustrating which we shall 
solve a problem of pursuit in a general manner, and 
apply the result to some special cases. 

Problem. Two bodies, A and B^ are moving in the 
same straight line and at the uniform rates r and r 
respectively. At the present moment the distance be- 
tween them is d. When will the two bodies be together? 

Solution. To fix our ideas, we shall assume that B is pursu- 
ing Af and that both are moving towards the right, as shown in 
the figure. 

B ^r' A ^ r 

■ 11 • 

Let X represent the time required for B to overtake A, Then 
the distance gone over by J5 is r'x, and that gone over by A is rx. 

The equation is r' x = e/ + r x, whence x = . 

r — r 

General Answer. After the lapse of the time . 

r — r 

Applications, (a) What does the result become when c?= 24 
miles, r = 8 miles an hour, and r' = 12 miles an hour ? 

Ans. 6 hours. The meaning is, that the bodies will be together 
at the end of six hours from the present moment. 

(b) What does the result become when c? = 24 miles, r=8 
miles an hour, and r' = 11 miles an hour? When r' = 10 miles an 
hour ?. When r' = 9 miles an hour ? How is the result affected 
by diminishing the difference between the two rates ? 

(c) What does the result become when cf = 5 miles, r = 8 miles 

au hour, and r' = 8 miles an hour ? 

5 
Ans. -. It is plain that if two bodies are five miles apart, and 

both moving the same way at the same rate, no lapse of time 
would be great enough for one to overtake* the other. The quan- 
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tity denoted by — is a qaantity greater than any which can be 
thought of ; that is, infinitely great. 

223. The symbol qo is used to represent an infinitely 
great quantity. 

To gain a clear notion of the nature of the quantity represented 
by the symbol oo , let us suppose the rates r and r' to differ by 
a small amount, say 0.1 (that is, r=8 and r'=Sl)y then by a 
smaller amount, 0.01, then by 0.001, then by 0.000001, and so on, 
finally diminishing the amount of difference to 0. 

Now A = «> 

0.1 

;tt:t = 500 
0.01 

^ =6000 



0.001 
5 



0.000001 



= 6000000 



5 
and, finally, n ^ °^ * 

Here the quotient increases as the divisor diminishes, and in 
the same proportion. When, finally, the divisor becomes less than 
any fraction, however small, the quotient becomes larger than any 
number, however great; that is, infinitely great. 

224. The symbol is used to represent an infinitely 
small quantity. 

A quantity which is neither infinitely great nor in- 
finitely small is called a finite quantity. 

In the illustration above given, any number a might 
be used instead of 5. Hence, in general, 

a 

— = 00 


or, in words, a finite quantity divided by an infinitely 
small quantity gives an infinitely great quotient. 

By reversing the illustration, making the divisor 



226.] GENERALIZATION, 189 

greater and greater, instead of smaller, we may show 
that 

00 

or, in words, a finite quantity divided by an infinitely 
great quantity gives an infinitely small quotient. 

(d) What does the result become when d=:2i miles, r=:8 
miles an hour, and r' = 6 miles an hour ? 

A ns. — 12 hours. The meaning is, that the bodies were together 
twelve hours ago. B is losing, instead of gaining, and the two 
bodies are getting farther apart. 

Although, in the general solution, we assumed that B would 
overtake A in the futurey yet we see that the general result, rightly 
interpreted, includes the case in which B was overtaken by yl in 
the past. 

(e) What does the result become when d=0, r=8 miles an 
hour, and r' = 8 miles an hour ? 

Ans -. It is plain that the two bodies are together now, will 

be together at any time we choose to assign in the future, and were 
together at any time we choose to assign in the past. The answer 
cannot be determined : it is an indeterminate quantity. 

225. The symbol ^ is used to represent an indeter- 
minate quantity. 

Its real value may be a positive quantity, or a negative quantity, 
or zero, or infinite, as in the case (e) above stated. 

Show that X GO and — are also symbols of indeterminate 

00 

quantities. 

226. To complete the discussion of this problem of 
pursuit, we add a few more special cases which come 
under the general result by giving it the proper inter- 
pretation. 

(f ) What does the result become when (/ = 24 miles, r = 0, and 
r' = 8 miles an hour? 
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Ans. +3 hours. A is not moving, and B will come to the point 
where A is three hours hence. 

(g) What does the result become when </ = 24 miles, r = 8 miles 
an hour, and r' = ? 

Ans. ~3 hours. B is not moving, and A passed the point 
where B is three hours ago. 

(h) What does the result become when </ = 24 miles, r = — 5 
miles an hour, and r' = 7 miles an hour? 

Ans. +2 hours. The motion of ^ is reversed. The two bodies 
are moving towards each other, and will meet two hours hence. 

(i) What does the result become when rf = 24 miles, r = 5 miles 
an hour, and r* = —7 miles an hour ? 

Ans. — 2 hours. The motion of B is reversed. The two bodies 
are moving away from each other, and were together two hours 
ago. 

227. Ezerciaes. 

37. Give such numerical values to a, r, and /, in Art. 220, 
as will make the first answer infinite, and interpret the result. 

38. Give such numerical values to a, r, and /, in Art. 220, 
as will make the first answer indeterminate, and Interpret the 
result. 

39. If we suppose the hour-hand of a clock to move back- 
wards, and the minute-hand forwards, at the usual rates, 
what numerical values must be given to r and r in Art. 220? 
Now, if the hands are together at 12 o'clock, find, by substi- 
tuting in the proper expressions, when and how often they 
will be together in the next six hours. 

40. A grocer has two sorts of tea, one worth a cents and 
the other worth h cents a pound. How many pounds of each 
sort must he take to make a mixture of m pounds, worth c 
cents a pound ? 

41. What would the results of the last problem become if 
the numerical values of a and c were equal, while those of 
a and h were unequal, a being greater than 6? What would 
the numerical results signify ? 

42. What would the results become if the numerical values 
of a, 6, and c were equal, and what would the results signify? 
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SECTION VIL 

SIMULTANEOUS EQUATIONS. 

228. Problem. A boy bought 5 apples and 4 

oranges for 22 cents, and again at the same rates 2 

apples and 3 oranges for 13 cents. What was the 

price of an apple, and the price of an orange? 

Solution. Let a: = the price of an apple, and y = the price of 
an orange. Then, by the conditions of the problem, 

(1) 5a:+4y=22 

(2) 2ar + 3y=13. 

Here are two equations with two unknown quantities, from which 
we must derive one equation with only one unknown quantity. 
Multiply each member of (1) by 3, and each member of (2) by 
4, to make the co-efficient of y the same in both equations : 

(3) 15ar+12y = 66 

(4) 8a:+12y=52. 

Subtract each member of (4) from the corresponding member of 
(3), and ^ disappears from the result : 

(5) 7a:=14 
whence x = 2. 

Substitute 2 for x in one of the original equations, say in (1) : 

10 + 4i/ = 22 
4y=12 
y=3, 
Ans. An apple cost 2 cents, and an orange 3 cents. 

229. We thus see that a problem requiring the 
values of two unknown quantities can be solved by 
the use of two equations. 

The equations must express distinct and independent 
conditions of the problem, that is, conditions which 
cannot be inferred one from the other. 
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To illustrate this, suppose the conditions of the above problem 

had been that the boy bought 5 apples and 4 oranges for 22 cents, 

also 10 apples and 8 oranges for 44 cents. These conditions are 

not independent, for the last may be inferred from the first. The 

equations 

5x+4y = 22 

10;i:+ 8^ = 44 

express, not two distinct conditions, but only one. If either 
equation is given, the other may be derived from it by multiply- 
ing or dividing each member by 2. One of these equations 
therefore depends on the other. The values of the unknown 
quantities cannot be found from such equations. 

230. Equations which express independent condi- 
tions of a problem are called independent equations. 

To see whether given equations are independent, we find 
whether one of them can be derived from the other. 

In Article 228, are (1) and (2) independent? Are (1) and (3)? 
Are (2) and (4)? Are (3) and (4)? 

231. When two or more equations express condi- 
tions of the same problem, they are called simnlta- 
neons equations. 

In a set of simultaneous equations each symbol of 
an unknown quantity has the same meaning and value 
in all the equations. 

232. The process of deriving from two simulta- 
neous equations a single equation with fewer unknown 
quantities in it than either original equation had is 
called elimination, 

233. Elimination by Addition or Subtraction. 

An example of elimination by subtraction was wrought in Art. 
228. Had the signs of the co-efficients of y, the quantity to be 
eliminated, been unlike, the elimination would have been effected 
by addition instead of subtraction. The following examples will 
further illustrate this method. 
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Illustrative Examples. I. Given lx—^y = 9 
and 4 a; + 6 y = 32, to find the values of x and y. 

Multiply both members of (1) (1) 7x- 3y= 9 

by 5, and of (2) by 3, and add (2) 4x+ 5^,= 32 

the results (3) and (4) to get (5). - (3) 35 x - 15 ^ = 45 

Note. For the sake of brevity we W ^^^+ "^^-Ul 

speak of adding or subtracting one (o) 47 x -- i*i 

equation to or from another; but the x — «J 
meaning is that each member of one 
equation is added to or subtracted 

from the corresponding member of 21 — 3 V = 9 

the other. ^ « ^^2 

Substitute 3 for x in (1), and !Zd " 
find the value of y. 

Verify by substituting 3 for x on _ <*o 

and 4 for y in (2). ^2 + 20 _ 32. 

If we had chosen to eliminate x, the work would have been as 

f Hows- (^') 28x-12y= 36 

"" Multiply both members of (1) (4') 28 x + 35 y = 224 

by 4, and of (2) by 7, and sub- (5') 47y = 188 

tract the first result (3') from the 7 « 12 = 9 

second (4')- 7^-01 

Substitute 4 for y in (1), and ^ ^ - ^^ 

find the value of x. 

11. Given ^±1 = I and -^ = |, to find x and y. 

Equations (1) and (2) cleared ^^^ ?±i ,^ 1 

of fractions give (3) and (4). ^ l 

By subtracting 3 and y from each ^g) -^ = ^ 

member of (3), and y from each y+ 1 4 

member of (4) , the equations are (3) 3 x + 3 = y 

further reduced to the forms (5) (4) 4 x = y + 1 

and (6) . Then y is eliminated by ^5^ 3 x - y = - 3 

subtracting (5) from (6). The ^^^ 4x-?/=l 

value of y is found from (3). ^7^ ^ _ 4 

Before eliminating by addi- 12 + 3= w 

tion or subtraction, equations « = 15 

should always be reduced to ^ 
simple forms like (5) and (6). 



144 ELEMENTARY ALGEBRA. [234- 

234. From the foregoing illustrations may be de- 
rived this statement of the method of elimination by 
addition or subtraction : 

The two equations are first reduced to simple forms 
with unknown terms only in the first members and knotvn 
terms in the second members. Then the members of each 
equation are multiplied by such numbers as will make the 
co-efficients of the quantity to be eliminated arithmetically 
equal in the two results. Finally^ if these co-efficients 
have unlike signs^ the results are added^ but^ if the co- 
efficients have like signs^ one result is subtracted from the 
other. 

235. XOimination by Comparison. 

Illustrative Example. Given 5 a; + 4 y = 22 and 
22:^-3^ = 1 3, to find the values of x and y. 

From each member of "(1) (1) 5 a: + 4 y = 22 

subtract 5 x, and divide each (2) 2 x + 3 y = 13 

member of the result by 4. ^q. _ 22 — 5 x 

This gives (3). In the same 4 

way (4) is derived from (2). ... _13 — 2x 

Equation (5) is derived from 3 

(3) and (4) by applying the 13-2x_22-5x 

principle that quantities equal ^ ^ 3 ~ 4 

to the same quantity are equal 52 — 8 a: = 66 — 15 a; 

to each other. From (5) the 7 a: = 14 

value of X is found. x = 2 

Substitute 2 for x in (1) to 10 + 4 y = 22 

findy. 4y=12 

We might have begun by elim- y = 3. 
inating x, using a like process. 
Let the example be wrought in 
this way as an exercise. 

236. From this example may be derived the follow- 
ing statement of the method of elimination by com- 
parison : 



239.] SIMULTANEOUS EQUATIONS. 145 

From each equation is derived an expression for the 
value of the quantity to he eliminated^ and with these two 
expressions a new equation is formed on the principle 
that two quantities each equal to a third quantity are 
equal to each other, (Axiom 7.) 

237. EUmination by Substitution. 

Illustrative Example. Given 5 a: + 4 f/ = 22 and 
2 a; -f- 3 y = 13, to find the values of x and y. 

From (1) is derived (1) 5x+4?/=22 

(3), an expression for the (2) 2 a; + 3 ?/ = 13 

value of y. ,qv __ 22 — 5 a: 

This expression is sub- 4 

stituted for y in (2), giv- .^. ^ ^ ^ 3(22-5a:) _ ^^ 

ing (4). ^ ^ 4 

From (4) is found the 8 a: + 66 — 15 x = 52 

value of X, which, substi- — 7 x = — 14 

tuted in (2), gives the a: = 2. 

value of y. 4 -f- 3 y = 13 

We might have begun 3 y = 9 

by eliminating x, using y = 3. 

a like process. Let the 
example be wrought in 
this way as an exercise. 

238. From this example may be derived the follow- 
ing statement of the method of elimination by substi- 
tution : 

From one equation is derived an expression for the 
value of the quantity to be eliminated^ and this expression 
is substituted for the symbol of that quantity in the other 
equation, 

239. Exercises in Elimination. 

In general, the method of elimination by addition or subtrac- 
tion is the most convenient, since it does not introduce fractions. 
There are, however, many instances in which one of the other 
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metfaods would make the work simpler. To qualify himself to 
make a wise choice of method, the learner should frequently work 
the same exercise by all three methods, and compare the work. 

2 r3a:-5y=13 (x:y=:4:5 

l2aj-f 7y = 81. ' la? + y = 81. 

r54a5-121y=15 f2ia; + 3|2^ = 48 

• l36aj-77y = 21. ' \iix+lOy=l2e. 

r4oaj + 8y = 350 (ia' + iy = 43. 

' I21y-13a;=132. ' | Ja:-fi2^ = 42. 

^ r9a:-4y = 8 j3i»-4iy = 12 

• I 13a;-f 7y=101. ' l7a;4-9y = 60. 

ri01aj-24y=63 f 2.25aj + 3y = 45 

• t 103a:-28y = 29. ( 4.5a; -f 10 2^ = 216. 

2aj-f-3y = 8. ,Q r4.25a;-3.5y = 6 



f 2a;-f-3y = 8. r4. 

' l3a:-f-7y = 7. ' ( 0.5 a- 0.252^ = 2. 

g r7y-3aj=139. ra; + y = s 

l2aj-f52^ = 91. ' (a;-y = d. 

^ |.4a; + 92^=106. ^^ ra;:2^ = a:6 

l8aj4-17y=198. ' (a;-fy = «. 

10. };;-+f^=^»- 21. jxtri 

1 19 a? — 4 y = 153. ^ - + -J = -. 

f 692/— 17a;=103. 92 f<^^ + ^y = ^ 

1 14a;-. 13 2^= —41. * \a'x + b'y = m\ 
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,^ + 5 = 4 i^l+y-Zl = 2x-8 

«_1^=1. 2.V--3. 3^ ^^ 



a; y 



2 5 

4 2 3' 

1 2_11 /g + 11 !/-4 _ _^ 

25. ]^ 2^""!^ 29. '^"^ ^ 

X y 1*32 



•1 



2x-^y 7y + ex'\'ll 19 5a;— 17 



31. ^ 9 18 2 g 

4(5a;-f-32/ + 2)=i(92^-f6). 



32. 



3a; — 5y 2a; — 8y — 9 _y 1 1 
3 12 "■2'^3 4 

3i(f + | + H) = 3i(4a;-|-24). 
a;4-2/ = 38i-l5±iii? 



33. 



1 1__ 452 



34. 



21a; 22y 462a;y 

OA ^noo 0.36a;-0.05 ^^ ,2.6 + 0.0052/ 

2.4 a; -j- 0.32 y — = 0.8a;H ' ^ 

^0.5 ^ 0.25 

0.04y + 0.1 _ 0.07a; — 0.1 

0.3 ■" 0.6 
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o. ((^ + 5)(2/ + 7) = (aj-f-l)(y-9) + 112 
|2a: + 10 = 32/-f-l. 

lQa; 4-lQy — 35 _^ 54 



2a;-f-23/ + 3 3a; + 2y— 1 

240. Problems to be solved by the Use of two EqiiationB 

with ti)70 Unknown Quantities. 

37. A drover sells to one man 5 cows and 7 oxen for 
$370, and to another, at the same prices, 10 cows and 3 oxen 
for $355. Required the price of a cow and that of an ox. 

38. A grocer has two grades of sugar. If he mixes 3 
pounds of the poorer with 5 pounds of the better, the mix- 
ture will be worth 10 J cents a pound ; but, if he mixes 5 
pounds of the poorer with 3 pounds of the better, the mixture 
Tvill be worth 9f cents a pound. What is the worth of each 
grade ? 

39. If you can get 12 marbles by taking half of John's 
and a third of Henry's, or 13 by taking a third of John's and 
half of Henry's, how many marbles has each? 

40. A tank containing 192 gallons is provided with two 
faucets. Both faucets are opened for three minutes, when 
one of them is shut, and the tank is emptied by the other in 
eleven minutes more. Had six minutes elapsed before the 
first faucet was shut, the tank would have been emptied by 
the other in six minutes more. How many gallons are dis- 
charged b}' each faucet in a minute ? 

41. A market-woman bought hen's eggs at the rate of 2 
for 3 cents, and duck's eggs at the rate of 3 for 2 cents, 
pajing 95 cents for all. She afterwards sold them for 81.35, 
thereby gaining half a cent on each egg. How many of 
each kind did she bu}^ ? 

42. A mule and an ass were carrying loads of wheat to 
mill. The ass, complaining of his load, said to the mule, 
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**I need only a hundred-weight of 3-oiir load to make mine 
twice as heavy as yours.*' To which the mule replied, 
"But, if 3'ou give me a hundred- weight of yours, my load 
will then be three times as heavy as yours." How many 
hundred- weight did each carry ? 

43. Find two numbers such that one shall be as much 
greater than 10 as the other is less than 10, and one-tenth of 
their sum equal to one-fourth of their difference. 

44. Seven 3'ears ago a father was four times as old as 
his son ; but seven years hence he will be only twice as old. 
What is the age of each ? 

45. Find two numbers whose sum is 224, and whose ratio 
is that of 15 to 17. 

46. Find two numbers whose sum is a, and whose ratio is 
that of m to n. 

47. Two pounds of tea and three pounds of sugar cost 
$1.44 ; but, if tea were to rise 40 % and sugar 25 %, the 
cost would be $1.98. Wliat are the present prices? 

48. The income from a certain farm exceeds the expenses 
by $ 2000 ; but, if the income were diminished 20 % and the 
expenses diminished 25 % , the excess of income over ex- 
penses would be $1800. What are the income and expenses 
at present? 

49. A grocer sold 50 pounds of tea at an advance of 
10 % on the cost, and 30 pounds of coffee at an advance 
of 20 % on the cost. He received for the whole $27.40, 
thereby gaining $2.90. What was the cost per pound of the 
tea and of the coffee ? 

50. There is a fraction which becomes equal to ^ when 
both numerator and denominator are diminished by 1 , and 
which becomes equal to ^ when 2 is taken from the numera- 
tor and added to the denominator. "What is the fraction ? 

51. If both numerator and denominator of a certain frac- 
tion be increased by 2, its value will be f ; but, if both be 
increased by 3, its value will be f. What is the fraction? 

52. Find two numbers whose ratio is that of a to 6, but, 
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if k is added to each of them, the ratio of the results will 
be that of a' to b\ 

53. A tank is supplied bj' two pumps. One daj- the tank 
was half flUed b}' working both pumps three hours, and on 
the next da^' it was two-thirds filled bj' working the larger 
pump two hours and the smaller seven hours. In how many 
hours would cither pump worked alone fill the tank ? 

5i. The dimensions of a rectangular piece of land are 
such, that, if it were 2 rods wider and 3 rods longer, its area 
would be G4 square rods greater ; but, if it were 3 rods wider 
and 2 rods longer, its area would be 68 square rods greater. 
What are the dimensions ? 

55. A sailing-party having hired a boat for a certain sum 
found, that, if their number had been four more, each would 
have had 25 cents less to paj', but, if their number had been 
three less, each would have had 25 cents more to pay. 
What was their number, and what was paid by each ? 

5G. A certain sum of money at simple interest amounts to 
$1375 in 15 months, and to 81425 in 21 months. Find the 
principal and the rate of interest. 

57. A certain sum of money at simple interest will amount 
to a dollars in m months and to b dollars in n mouths. Find 
the principal and the rate of interest. 

58. Two boys, Arthur and Philip, run a race of a mile, 
making two trials. In the first, Arthur gives Philip a start 
of 200 feet, and beats him by 35 seconds. In the second, 
Arthur gives Philip a start of 1 minute and 10 seconds, and 
gets beaten by 88 feet. How long does it take each of them 
to run a mile ? 

59. A brewer has two casks with a certain quantity of 
beer in each. He draws out of the first into the second as 
much as there was in the second to begin with ; then he 
draws out of the second into the first as much as was left 
in the first ; and then, again, out of the first into the second 
as much as was left in the second. There are now 24 gallons 
in each cask. How much was there in each cask at first? 
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60. A student walking in from Cambridge to Boston no- 
tices that horse-cars coming out meet him every 3 minutes, 
and those going in overtake him every 9 minutes. Suppos- 
ing the cars to be started at regular intervals, so that each 
car is half a mile ahead of the next one, how many miles 
an hour is the student walking, and how fast do the horse- 
cars go? 

61. Hiero, king of Syracuse, is said to have given his 
goldsmith twenty pounds of gold with which to make a 
crown. When finished, the crown weighed twentj' pounds ; 
but the king, suspecting that it had been alloyed with silver, 
consulted Archimedes. This philosopher detected the fraud 
by plunging the crown in water. Knowing that pure gold 
would displace ^ of its weight, and pure silver ^ of its 
weight of water, he observed that the crown displaced ^^ of 
its weight of water. From these data he could compute the 
quantity of gold and the quantity of silver in the crown, on 
the supposition that no other metal was used in the alloy. 
What should have been his results ? 

Specific Qravity. 

The specific gravity of a body is the ratio of its weight to the 
weight of an equal bulk of pure water. 

Weiffht of a body o -^ vl 

^Tir ' u^ T-^ 1 K ii/ <r r- = Specific gravity. 

Weight of an equal bulk of water 

A body when immersed in a liquid is buoyed up by a force equal 
to the weight of the liquid displaced. When, therefore, a body 
is weighed first in the air and then under water, there is an appar- 
ent loss of weight, and this loss of weight is equal to the weight 
of the water displaced. Hence 

Weieht of a body in air ^^ •/? -i 

- — ^ . , , .• 7— = Specific gravity. 

Loss of weight m w«ater 

From these equations may be derived the formula 

?—-- ^ z= Weight of an equal bulk of water. 

Its specific gravity 

= Loss of weight in water. 

The principle here st.ited may be applied in the solution of the 
following problems. 
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62. When p ix)unds of a substance having a specific grav- 
ity 8 are mixed with p' pounds of another substance having a 
specific gravity «', what is the specific gravity of the mixture, 
supposing that no change of bulk takes place? 

G3. Two substances of known specific gravities, 5 and s\ 
are mixed in such proportions that the specific gravity of 
the mixture is s'\ Find the per cent of each substance in the 
mixture. 

64. In one experiment, w pounds of wood and m pounds 
of metal are tied together, and, wlicn weighed under water, 
found to lose I pounds. In another experiment, w iX)unds 
of the same kind of wood and ??i' pounds of the same Icind of 
metal are found to lose t pounds in water. From these 
data find the specific gravity of the wood and that of the 
metal. 

(ji). The specific gravity of i)ure milk is 1.031. If the 
specific gravity of some *•' watered milk '' is 1.018, what per 
cent of the mixture is pure milk, and what per cent water? 

ij(j. Two pounds of pine wood and six pounds of cast-iron 
being tied together and weighed under water are observed to 
lose 4.4 pounds, while three pounds of the wood and four 
l)Ounds of the iron lose 5.9 pounds. From these data find 
the specific gi-avity of the wood and that of the iron. 

67. What per cent of absolute alcohol (specific gravity = 
0.795) is there in '' proof spirit " (specific gravit3'= 0.920) ? 

68. The silver coins of the United States are made ^ by 
weight of silver (specific gravit3'= 10.5) and -j^ of copper 
(specific gravity = 8.9), what is the specific gravity of these 
coins ? 

Three or more Unkncwn QuantitieB. 

241. When there are three or more equations with 
as many unknown quantities, tlie methods of elimina- 
tion already explained may be used. The method b}'- 
addition or subtraction is almost always the most con- 
venient. 
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Illustrative Example. Given 

(1) 2a; + 3y + 42 = 16 

(2) Sx + 2i/-^5z= 8 

(3) 5x—6i/ + Sz=z 6 
to find the values of x, y, and z. 

First eliminate one of the unknown quantities, say r, from any 
pair of the equations, say (1) and (2). For this purpose multiply 
the members of (1) by 5, and those of (2) by 4, and add the 

(4) 10ar-fl5y 4-202= 80 

(5) \2x+ Sy-20z= 32 

(6) 22^-4-23^ =112. 

Now eliminate the same luiknown quantity, ;:, from another pair 
of equations, say (1) and (3) ; for which purpose multiply the 
members of (1) by 3, and those of (3) by 4, and subtract the latter 
result from the former ; 

(7) 6x4- 9^4-122 = 48 

(8) 20a:-24^4- 122 = 24 

(9) -14a-4-33y =24. 

We have now two equations (6) and (9) with only two unknown 
quantities, x and y. From these eliminate either unknown quan- 
tity, say X ; for which purpose multiply the members of (6) by 7, 
and those of (9) by 11, and add the results : 

(10) 154 a: 4- 161 7/ = 784 

(11) -154x4-303^=264 

(12) 524.77=1048 

y=2 

To find X, substitute 22 x 4- 46 = 112 

2 for y in (6) or (9), 22x=66 

say in (6). x = 3. 

To find 2, substitute a , a , a i « 
- - ,' ^ . 64- 64-42= 16 

2 for y and 3 for x in 4—4 

(1), (2), or (3), say in ^I. 

(1). . . ^~ 

It is easy to see that the elimination might have been effected 

in other ways. For example, we might have begun by eliminat- 
ing X, obtaining two equations in terms of y and 2 ; or by elimi- 
nating y, obtaining two equations in terms of x and 2. 
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242. The method illustrated by the foregoing ex- 
ample may be used to find the values of any number of 
unknown quantities from an equal number of equa- 
tions. If there are n unknown quantities to be found, 
there must be n independent equations given to find 
them. The following is a general statement of the 
method : 

From different pairs of the n given equations the same 
unknotm quantity is eliminated^ until n — 1 equations 
are obtained with only n — 1 unknown quantities. From 
these n — 1 equ^ations^ by a similar process^ are obtained 
n — 2 equations with only n — 2 unknmvn quantities. 
And this is repeated until there results one equation 
vrith only one unknown quantity^ which being solved gives 
the valve of that unknown quantity. This value being 
suhstituted for the unknown quantity in an equation con- 
taining it and one other unknown quantity^ and the 
equation being solved^ the volume of another unknovm 
quantity is found. These two values are used in a 
similar way to find the value of a third unknotcn 
quantity^ then three values are u^ed to find a fourth^ and 
so on until all are found. 

Note. The work of elimiDation will be shorter when, as is 
frequently the case, some one or more of the given equations 
have less than the full number of unknown quantities. 

243. Ezercises in EUmination. 

3a;— y-\- «=16 r x-^y — z— 8 = 

69. ^ 5a;-f 3y-22=13 71. ] x-y-\'Z- 9 = 

3 a; + 5 1/ — 4 ;2 = 25 / 3 a; -f- 4 2 = 57 

70. \ bx — 2y^^z=^^& 72. \bx-\-^y= 5 
— a-f 32/-f 5« = 62. (22/+ 2 = — 11. 
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2a? 4-4^ + 32-22 = 

73. ^4x-'2y-\-nz-h22=0 

6a;-h7?/- 2-71 = 0. 



74. ^ 



78. 



^2 
^3 
^ + 4 



1 
1 
1, 



75. < 



0; + ^— ! : 

2 

2 + aj 



z-h 



3 



102 
78 
= 61. 



X 



(y4-i«=41 

76. ]a;-fi2 = 20^ 
(.2^ + 125 = 34. 

a; 4- 2^ = a 

77. ^y + 2^ = & 

Z -\'X = C. 



2^3^4 
3^4^5 
4"^5"^6 



= 41 



= 31 



= 25. 



84. 



80. 



81. 



82. 



83. 



79. s 



'4aj-3y4-2tt= 9 

2 .r 4- 6 2 = 28 
4 u — 2 y = 14 

3 a; 4- 4 w = 26. 

t(;4-a;4-y= 12 

i(?4-a;4-2 = 15 

t«7 4-?/4-2 = 17 

La: 4-^4-2 = 22. 



a; 2/ 2 a 

w y z b 

W X z c 

to a; ^ a 



1 



a;4-2y4- 424- 8 = 
«4-3y4- 924- 27 = 
a; 4-52^ 4- 2524-125 = 0. 

a;4-ay4-«^2;4-«' = 

x-^-cy -^ c^z -{- c^ = 0. 

v4-2a;4- 4?/4- 82= 26 
v4-3a;4- ^y-h 27 2= 58 

V 4- 5 a; 4- 25 y 4- 125 2=194 

V 4- 7 a; 4- 49 y 4- 343 2 = 466. 



85. J 



V — 2w;4- 2aj4-4y4- 62 = 41 
— v-{'2w — 4a;4-5y— 22= 4 
4v — 3«;4- 6aj4-2y4- 42 = 43 
3v-|-5w;4- 8a;-32/4- 102 = 62 
5v4-4w;4-10a;4-2i/- 82 = 28. 
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244. Problems to be solved by the Use of Three or more 
Eqnatioiis iwith Three or more Unknown Quantities. 

86. At a fruit-stand, one girl bouglit 3 peaches, 2 pears, 
and 8 apples for 20 cents ; another bought 4 peaches, 5 
l>cars, and 6 apples for 29 cents ; and another bought 5 
peaches, 7 ^jears, and 10 apples for 41 cents. What was the 
price of a i^each, of a pear, and of an apple ? 

87. Find three numbers such that \ of the first, \ of the 
second, and J of the third shall be equal to 62 ; J of the first, 
\ of the second, and 1 of the thii-d, equal to 47 ; and J of 
the first, ^ of the second, and ^ of the third, equal to 38. 

88. Three l)oys. A, B, and C, hired a boat for $5, and 
one of them was to go and pay for it, if he had money 
enough. A said to B, *' My money with a half of 3'ours 
will be enough." B replied, " My money with only a third 
of youre will be enough." C said to A, " Take a fourth of 
ray money and put it with yours, and 3'ou will have enough." 
How much money had each ? 

89. A and B together can reap a field of rj'e in 3f daj's, 
B and C could reap it in 4^ daj's, but it would take C and A 
6 da3's. Find the time in which either alone could reap the 
field, and the time in which all working together could do it. 

90. A and B together can do a piece of work in I da3's, B 
and C in m da3's, C and A in n da3's. In how raan3' da3's 
could each person alone do it? 

91. A certain number is expressed b3' three figures. The 
digit-value of the middle figure is equal to half the sum of 
the digit- values of the other two. If the number be divided 
b3' the sum of the digit- values of its three figures, the quo- 
tient will be 48. Moreover, if the number be diminished by 
198, the remainder will be expressed by the same three 
figures written in the reverse order. What is the number? 

Hint. Let ar, y, and z represent the digit-values of the hun- 
dreds', tens*, and units' figures respectively. Then the number 
itself will be represented by 100x4- 10y + 2. 
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92. There are three ingots composed of different metals in 
various proportions. The first contains 42 % copper, 18 % 
zinc, and 40 % tin ; the second, 75 % copper, 18 % zinc, and 
7 % tin; and the third, 25 % copper, 45 % zinc, and 30 % tin. 
How much must be taken from each of these to form a new 
ingot containing 25 pounds of copper, 10 of zinc, and 15 of tin ? 

93. A grocer has four sorts of tea. If he mixes 2 lbs. of 
the first, 3 lbs. of the second, 7 lbs. of the third, and 4 lbs. 
of the fourth, the mixture will be worth 46 J cents a pound. 
If he mixes 3 lbs. of the first, 5 lbs. of the second, 6 lbs. of 
the third, and 2 lbs. of the fourth, the mixture will be worth 
44y^^ cents a pound. If he mixes 5 lbs. of the first, 4 lbs. 
of the second, 3 lbs. of the thiixl, and 4 lbs. of the fourth, 
the mixture will be worth 43^ cents a pound. If he mixes 
4 lbs. of the first, 2 lbs. of the second, 2 lbs. of the third, 
and 8 lbs. of the fourth, the mixture will be worth 47£ cents 
a pound. What is the value of a pound of each sort ? 

94. Four gold coins are in a purse. If one of them is 
taken out, the remaining three are worth $35, or $31, or $26, 
or $16, according to which of the four is taken out. What 
are the values of these coins ? 

95. Four men. A, B, C, and D, had engaged to do a piece 
of work ; but one of them was called awa^'. If A went, the 
rest could do the work in 9 daj's ; or, if B went, the rest could 
do it in 10 daj's ; or, if C went, the rest could do it in 12 
days ; or, if D went, the rest could do it in 15 da3's. In what 
time could each do it alone? all together? 

96. Divide the number 192 into four parts such that if the 
first is increased b}^ 7, the second diminished by 7, the third 
multiplied by 7, and the fourth divided bj^ 7, the sum, re- 
mainder, product, and quotient shall all be equal to one 
another. 

97. Divide the number a into four parts such that if the 
first is increased by 6, the second diminished by 6, the third 
multiplied b}^ 6, and the* fourth divided by 6, the sum, re- 
mainder, product, and quotient shall all be equal to one 
another. 
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SECTION VIIL 

POWERS AND ROOTS. 

245. A power, being a product of equal factors, may 
always be found by actual multiplication. In the case 
of numbers this is the only way. 

In the case of monomials with literal factors, the 
method is to raise the numerical co-efficient of the mono- 
mial to the requiredj>ower, and then multiply the exponent 
of each literal factor hy the exponent of the required 
power. 

This may be expressed briefly by the formula 

where A stands for the numerical co-efficient, and x^^ 
^, . . . for the literal factors. 

See Article 82, Exercises 100 to 117 and 135 to 139. 

The Binomial Theorem. 

246. In the case of binomials, the labor of actual 
multiplication may be saved by using the binomial 
theorem. A formula expressing this theorem may be 
derived from the following results obtained by actual 
multiplication : 

(a-|-6)^ = a-f6. 

\a ^hf = a^ -\-2ab ^W, 

(a -h by = a^ + 3a^b -\-3ab^-^ 6^ 

(a -f by = a* -f 4a36 + Ga^b^ -f 4a&'* -f b*. 

(a -h 6)« = a* -f 5 a^b -f lOa^b" + 10 a^b"" -f o ab^ + 5*. 

(a -h by =:a^-^6a^b + Iba^b^ + 20a^fr^ + loa^b*+6ab^-{'b\ 
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247. An examination of these results will show : 

1. That the leading quantity^ a, enters into every term 
of the development except the last; that its exponent in the 
first term is equal to the exponent of the power^ and is 
diminished hy 1 in each successive term tovxards the rights 
to the last term^ where it vanishes, 

2. That the following quantity^ b, enters into every term 
of the development except the first ; that its exponent in 
the second term is 1, and is increased by 1 in each succes- 
sive term towards the right to the last term^ where it is 
equal to the exponent of the power. 

3. That the co-efficient of the first term is 1 ; and the 
co-efficient of any term after the first may be found by mul- 
tiplying the co-efficient of the preceding term by the expo- 
nent of the leading quantity in that term, and dividing the 
product by the number of terms that precede the required 
term. 

248. These statements are embodied in the formula 

(a+6)-=a''+>-'6+'!^^?^--'y+ '"^'"-\>('"-"^ ''''^'+ • • • 
^'^ 1 1x2 lx2x.3 

This formula is true for the first six powers of a -\-b, 
as may be shown by substituting 1, 2, 3, 4, 5, or 6 for 
m, reducing the results, and comparing them with the 
results obtained by actual multiplication ; but we have 
yet to prove that it is true beyond the sixth power, 
true, in fact, for all positive integral values of m. 

249. As a preliminary step we shall prove the fol- 
lowing proposition : 

Jf the formula given above is true for any one positive 

integral value of m, it is also true for the next higher 

integral value of m. 

Proof. ^ Let A; be a positive integral value of m for which the 
formula is true. We are to prove that the formula is also true 
when the value of m is A; + 1* 
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Substitubing k for m in the formula, we get the equation, 

which is allowed to be true. 

If we multiply each member of this equation by a 4- 6, the first 
member becomes (a -f 6)*^^- 

To find the second member, we multiply as follows : 

a^4.,a^-i^+_L_Za^-2y^ Sx2x3 ^ '"'^^ * ' ' 
a-\-b 

ak + i + -an+ 1x2 "^ 1x2x3 ^ ^^+ ' ' • 

X J. X ^ 

1 1x2 1x2x3 

In adding the partial products, the co-efficients of like terms are 

reduced to a common denominator, and united, as follows : 

The co-efficient of the second term, 

k _k + l 
J + 1--J-, 

the co-efficient of the third term, 

1x2 "^l~Llx2"^iJ*^~ 1x2 ' 
the co-efficient of the fourth term, 

r>r2x3 '^ 1x2 ~ Llx 2x3^1 x2j*'^*' ^^ " 

(k-^l)k(k-l) 
1x2x3 ' 

and so on. 

The result, therefore, of multiplying each member of the 
above equation by a + 6 is, 

which is true, since it came from multiplying equal quantities by 
the same quantity. 

But precisely this result comes from the formula when ^ -|- 1 is 
substituted for m. Hence the formula is true when m has the 
value ^ -f- 1, which was to be proved. 
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250. Now, the formula has been shown to be true 
when the value of ?7i is 6 ; then, by reason of the propo- 
sition just proved, it must also be true when the value 
of m is 7. Being true when ?n = 7, it must, for the 
same reason, be true when m =z8; and so on in suc- 
cession for all positive integral values of m. 

Hence the formula, 

r . Tx« «. . ^ „. It . mCm—l) „, „,„ , m(m—l)(m—2) ,._-,. , 

1 1x2 1x2x3 

is true for all positive integral values of m. 

This formula expresses in algebraic language the 
Binomial Theorem of Sir Isaac Newton. 

Note. The binomial theorem is also true for negative and 
fractional values of the exponent; bub it is beyond the scope 
of this book to prove that, or to use the formula for such values of 
the exponent. 

251. If — J is substituted for -f 6 in the binomial 
formula, the result is, 

(a — J)"» = a*" — — a"*-! b H — ^^ — — ^a"»~2 ja v_^ — zv_^ — ^a"^-^b^ 

^ "^ 1 1x2 1x2x3 

Every term containing an odd power of — J becomes 
negative. These are the 2d, 4th, 6th, &c. In all other 
particulars the formula remains the same. 

252. If we apply the binomial formula to write out 
the m^^ power of J -f a, the result is, 

^r . \«. r«» . ^r« i . '»("*— l),^ o « , m(m—l)(m—2). ^ 3 , 
r6+a)"» = &"*+r-6'"~^aH — ^^ — —^b"^-^a'+ -^ — ^^— r — ^6"'-Sa'+. . . 
^ "^ 1 1x2 1x2x3 

The second member of this equation is the same as 
the second member of the binomial formula, except 
that the order of terms is reversed. By comparing the 
corresponding terms of the two we see that, 

When the second member of the binomial formula is 
written out in full, terms equally removed from the 
extreme terms have equal co-efficients. 
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253. Illustrative Example. Find the 6th power 
of 8 P a: — i y. 

Put 3rj:=rt, andiy=6. Then (3/^x-iy)«= (a-ft/. 
By the binomial formula, 

Substituting in this, 



for a, 


3/«x, 


and for b , 


iy. 




9/* a:*, 


6', 


iy". 


a\ 


27 rr*, 


6', 


4/. 


a\ 


81 /■x\ 


h\ 


Ay^ 


a\ 


243/»«jr*, 


ft', 


Ay*, 


a\ 


729 /»x*, 


ft', 


j^y*. 



and reducing each term to its simplest form, the result is, 



1. Expand 

2. Expand 

3. P^xpand 

4. Expand 

5. ILxpand 

6. Expand 

7. Expand 

8. Expand 

9. Expand 

10. Expand 

11. Expand 

12. Expand 

13. Expand 



actual multip 
rence, this me 



254. Exercises. 
m — w)^ 

y - 2)'. 

3 - my. 
a' -by. 
2x-Syy. 

w? — v?y. 

a^^iry, 

1 - Tc'y. 



2-hiajr. 
\x-^^yy 



14. Expand (- -f ?^V 

\y »/ 

15. Expand (1 ). 

\ ^1 

16. JLxpand (a? -I-- ). 

17. Expand {a-\-2bxy. 

18. Expand (1-f 5^)^ 

19. Expand fi~iY 
\m 71/ 

20. Expand ^— - 

\ m 



Invy 



} 



255. The powers of a polynomial may be found by 



ication ; and, in cases of common occur- 
hod is as short as any other. 

256. Exercises. 

21. Find the fourth power of a + 6 -f- c. 

22. Find the third power of a -^-bx-^-ca?. 
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23. Find the fifth power of y^ 4. 2 y 4- 3. 

24. Find the third power of a — & 4- c — d. 

25. Find the third power of 2?-* + 3r3 + 4r* -h 3 r + 2. 

26. Show that 

(a-f 64-c-hc2)^ = 

a2 4. 2a6 -h ft^ + 2(a-h b)c -h 0^+2(0 -h 6 + c)d -f (/-. 

27. Show that 

a^ -f 2a6 + 6* ^ 2(a -f 6)c + c* + 2(a -h 6 -f c)d -f (P -h 

2(a-\-b-\-c-{'d)e + ^. 

28. From the last two exercises, derive a rule for writing 
down, without multiplication, the square of any pol^'nomial. 

29. Apply the rule to expand {i -\- j -{- k -\- 1 -\- 711 -^ ny. 

30. Apply the rule to expand {p -{- q -{- r + s -^ t + u -{- vy. 

• 

Roots. 

257. One of the equal factors which, multiplied to- 
gether, produce a quantity is the root of that quantity. 

One of two equal factors which produce a qufhtity is the 
second root, or square root, of that quantity ; one of three equal 
factors is the third root, or cube root ; and, in general, one of n 
equal factors is the n'" root. 

258. The root of a quantity is indicated by writing 
before its symbol the sign v^, which is called the 
radical sign. In all cases except that of the square 
root, a small figure or letter, called the index of the 
radical, is written above the radical sign to show what 
root of the quantity is indicated. 

Thus, V^a indicates, and is read, "the second root, or square 
root, of a." 

V a indicates, and is read, " the third root, or cube root, 
of a." 

yja indicates, and is read, '-the n^^ root of a.'* 
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259. In all cases where a quantity can be recognized 
as a perfect v}^ power, the n^ root may be found by the 
simple process of factoring, as already explained. 

See Articles 118, 119, 128, 129. 

The Square Root of Nambers. 

260. The squares of the numbers 

1, 2, 8, 4, 5, 6, 7, 8, 9, 10, 
are 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100; 
from which we see that, when the root is expressed by 
one figure, the square is expressed by one or two figures. 
The squares of the numbers . 

10, 20, 30,* 40, 60, 60, 70, 80, 90, 100, 

are 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000, 

from whiclkwe see that, when the root is expressed by 
one significant figure followed by one zero, the square 
is ex})ressed by one or two significant figures followed 
by tivo zeros. 

In general, let d represent the digit-value of any 
significant figure. If that figure is followed by k zeros, 
the number so expressed is represented by 

dx 10*. 

The square of this number is represented by 

(dx Wy = d'x 10^*, 
that is. 

The square of a number expressed by one significant 
figure followed by k zeros is a number expressed by one 
or two significant figures followed J^ 2 k zeros. 

Thus, (3000)* = 9000000 : (800)' = 640000. 
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261. This principle may be applied to find the value 
and place of the first figure of the square root of a given 
number. 

Illustrative Examples. I. What is the first figure 

of the square root of 1369, and where is it written ? 

We seek in the given number the greatest number that can be 
represented in the form tP x lO^*. Since this 
number cannot occupy more places than the 13'69 (80 

given number, which occupies four, the value 9 00 

of k in this example is 1, and the number 
sought is represented hjcPx 10". Pointing off ttvo figures of the 
given number, we see that (P is to be found in 13. The gi-eatest 
square in 13 is 9. Hence <i= = 9, <i* x 10= = 900, and c/ x 10 = 30. 

Ans. 3, written in the tens* place. 

II. What is the first figure of the square root of 
927369, and where is it written ? 

Here k = 2, and the number sought is represented by (P x 10*. 
Pointing oE/our figures, we see that (P rep- 
resents the greatest square in 92, which is 9273'69 ( 900 
81. Hence d* x 10*= 810000, and d x 10- 81 00 00 
= 900. 

Ans. 9, written in the hundreds* place. 

III. What is the first figure of the square root of 
1046529, and where is it written? 

Here k = 3, and the number sought is represented hy cP x W. 
Pointing off six figures, we see that cP 

represents the greatest square in 1, 1'04'()5'29 ( 1000 

which is 1. Hence rf^ x 10* = 1000000, 1 00 00 00 

and d x 10' = 1000. 

Ans. 1, written in the thousands' place. 

262. From these examples may be derived a prac- 
tical rule for finding tlie value and place of the first 
figure of the square root of a number. 

Beginning at the units' place^ point off the figures of the 
given number into periods of ttvo figures each. The left- 
hand period will contain either one or two figures. Find 
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tJie greatest square in the number expressed by the figures 
of the left-hand period. Its square root is expressed by 
one figure. Write this figure^ and annex to it as many 
zeros as there are periods following the left-hand period. 

Such is the method by which the first approach is made 
towards finding the square root of a number. The re- 
sult so obtained is called the first approximation. 

263. When the square root of a number is expressed 
by two figures, it consists of tens and units. The tens 
are found in the first approximation ; the units remain 
to be found. Let a represent the tens and b the units 
of the root. Then the whole root is represented by 

a 4-6, 
and the given number by 

(a4-6)2 = a*-h2a6-h6'. 
When the square root is expressed by three figures, 
it consists of hundreds, tens, and units. The hundreds 
are found in the first approximation ; the tens and units 
remain to be found. Let a represent the hundreds, b the 
tens, and c the units. Then the whole root is repre- 
sented by 

a -f 6 -f- c, 

and the given number by 

(a -f. 6 + cY = a^ -h 2a6 -f 6^ -h 2(a -f b)c -h c*. 

In general, a square root expressed by any number 
of figures may be represented by 

a-f-6-f-- • .4-A:-f^ 
and the given number by the square of this, or 

a^-f 2a6 + 62^. ... ^-2(a-f 6-|- ... +k)l-\'P. 

The value of a is found in the first approximation, 
and it remains to find the values of the other letters. 

264. We shall now apply these formulas to complete 
the square roots already partially found in Article 261. 



a*4-2ai + Z*' 


= 13'69 ( 37 


a« 




9 
6)46 


2ah 




=r 42 
49 




b^ 


49 
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Illustrative Examples. I. To find the square 
root of 1369. 

Since a is tens and h is units, the term a* is hundreds, 2 aft is 
tens, and &^ is units. Having subtracted the 9 hundreds (the 
value of a^) from the given 
number, we unite the re- 
maining 4 hundreds with the 
6 tens of the given number. 
This gives 46 tens. The part 
of the given number which is 
represented by 2 aft must be 
found in the 46 tens. Hence 

if we divide 46 tens by 6 tens (the value of 2a), the quotient will 
be the value of b. The value of b is thus found to be 7 units. 
The value of the term 2a 6 is 42 tens, which, subtracted from the 
46 tens, leaves 4 tens. We unite these 4 tens with the 9 units of 
the given number, and have 49 units as that part of the given 
number in which the value of 6* must be found. The value of b^ 
being just 49, we see that the value of />, found above, is correct. 

Note. Sometimes the value of b, found by p^ (28 

dividing the tens by the value of 2 a, is too 4)33 

great. In such cases make it one or two less, ??_ 

as in the example given in the margin. 64 

II. To find the tens and units of the square root of 
927869. 



a-+2a6 + 6' + 
a« 


2(a 


+ ft)c + 


c« 


= 92'73'69 
= 81 


( 


963 


a =900 
6= 60 


2ab 








18)117 
= 108 






c= 3 


b* 








93 
36 










2(a 


+ b)c 


c* 


192 ) 576 
576 

9 
9 









In this example a is hundreds, b is tens, and 2 aft is thousands; 
hence b is found by dividing 117 thousands by 18 hundreds, which 
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gives 6 tens as the value of b. Again, the term 2(a + b)c is tens*, 
hence c is found by dividing 576 tens by 192 tens, which gives 3 



units as the value of c. 








III. To find the liuncbeds, 


» tens, and units 


of the 


square root of 1046529. 








a2+2a6+^2+2(a+6)c+c2+2(a+6+c 
a2 


)d+cZ2=r04'65'29 ( 
=1 


1023 


2ab 


2)0 
= 




a =1000 
6= 000 


b^ 


4 
= 




c= 20 
d= 3 


2{a+b)c 


20)46 
= 40 

65 
= 4 






2(a+&+c 


204)612 
)d = 612 

9 
<P= 9 















265. From these examples we see, that, after the 
first approximation, the work of finding the square 
root of a given number is completed by the following 
rule : 

Subtract the square of the first approximation from the 
part of the given number expressed by the figures of the 
first period. 

To the figures of the remainder annex the first figure 
of the next period^ and take the number so expressed 
for a dividend. For a divisor take tivice the part of the 
root already found. The quotient {or sometimes the quo- 
tient diminished^ is the value of the second figure of the 
root. 

Multiply the divisor by the value of the figure just 
founds subtract tJie result from the dividend^ and to the 
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figures of the remainder annex the other figure of the 
second period. From the number so expressed subtract 
the square of the value of the figure last found. 

To the figures of the remainder annex the first figure 
of the third period. Take the number so expressed for 
a dividend^ twice the part of the root now found for a 
divisor^ and proceed in the way already described to find 
the third figure of the root. 

In a similar way find the fourth and following figures 
of the root, until all the figures of the given number have 
been used. 

Note. If the divisor is not contained in the dividend, write 
as the next figure of the root, annex to the divisor, and annex 
the next two figures of the given number to the dividend, and then 
divide. The work in Example III. would be shortened in this way- 

If there is no remainder, the given, number is a perfect 
square ; if there is, the root found is the approximate 
square root of the given number, correct to within less 
than 1. 

266. Ezercises. 

Find the square root 

31. Of 13373649. 35. Of 39816100. 

32. Of 63792169. 36. Of 217081801. 

33. Of 44361864. 37. Of 64096036. 

34. Of 85184000. 38. Of 1732323601. 

267. From the principles of multiplication, we know 
that the square of a fraction is found by squaring the 
numerator for the numerator of the result, and squaring 
the denominator for the denominator of the result. 
Conversely, therefore, the square root of a fraction is 
found by finding the square root of the numerator for 
the numerator of the result, and the square root of the 
•denominator for the denominator of the result. 

Thus, the square root of if is |; of ^\^, ^^. 
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268. If both numerator and denominator of the 
given fraction are perfect squares, the fraction is a 
perfect square, and its square root can be found exactly. 
If, when the fraction has been reduced to its lowest 
terms, either term is not a perfect square, the fraction 
is not a perfect square, and its square root can be found 
only approximately. 

269. The approximate square root of a fraction may 
be found to vnthin leas than the fractional unit. 

square root can be found to within less than -. 

b 

Multiply both terms of the given fraction by b. This does not 

alter its value, but changes it to the form -— . 

Let the greatest square in a & be represented by c*. Then a 6 is 

greater than c* and less than ((7 + 1)^; and the fraction — ^ has an 
intermediate value lying between 

t and ^±11'. 

b* b* 

•L 

Hence the square root of -— , or of its equal -, has an interme- 
diate value lying between 

c , c + 1 

and differs from neither of these limits by so much as they differ 
from each other. But they differ from each other by -. Hence 

C C -\~X Q 

either - or - - is the approximate square ixx)t of - to within 

less than ■-. 
b 

Thus, V^ = V^ = *^!l = iV within less than ^, or ^^ within 
less than ^. 

Of these values ^ should be chosen rather than ^ as an answer, 
because V^60 is nearer 8 than 7. 
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270. Exercises. 

Find to within less than the fractional unit in each case 
the approximate square root 

39. Of |. 42. Of ^. 45. Of 0.7. 

40. Of ^. 43. Of yj§^. 46. Of 0.429. 

41. Of ^%. 44. Of -^Q. 47. Of 0.025. 

271. The approximate square root of an integer may 
be found to within less than any decimal unit, as 0.1, 
or 0.01, or 0.001 ... by changing the integer to the 
fractional form, with (10)2, ^j. (lOO)^, or (1000)^ ... for 
a denominator, and finding the square root of the frac- 
tion so formed. 

272. Illustrative Example. Find the square 
root of 5 to within less than 0.001. 

75= / 5x(10 00)'_ 1 5000000 _ V^5000 000 _ ^ ggg 
V y (1000)« ~ \ (1000)* "" 1000 "' * 

Having found the square root of 5000000 to within less than 1, 
we divide the result, 2236, by 1000, and get 

o OQ« I,- u • *!, .X ^.4. 6.00'00'00 ( 2.236 

2.2o6, which is the approximate square root j_ 

of 5 to within less than 0.001. Practically, * ) lo 

it is only necessary to place a decimal point 20 

after the 5, annex six zeros (or suppose _L 

them to be annexed), and. find the square 132 



root by the same method as was used in the 28O 

case of integers. See work in the margin. ^g v ^^^ 

2676 



The number of zeros annexed should ^ 

be twice the number of decimal places 304 

required to express the root with the required degree of 
accuracy. 

2 73 . Ezercises. 

Find to within less than 0.001 the square root 

48. Of 2. 51. Of 15. 54. Of 40. 

49. Of 3. 52. Of 10. 55. Of 90. 

50. Of 7. 53. Of 26. 56. Of 150. 
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274. The approximate square root of a decimal 
fraction, or of a number partly integral and partly 
decunal, may be found on the same principle. It is 
only necessary to annex zeros until the given number 
occupies twice as many decimal places as are required to 
express the root with the required degree of accuracy. 

Common fractions may be changed to decimals, and 
their approximate roots found to witliin less than any 
chosen decimal unit. 

275. Ezercisea. 

Find to within less than 0.001 the square root 

57. Of 1.6. 60. Of 1.01. 63. Of ^. 

58. Of 2.19. 61. Of 5.819. 64. Of 2f. 

59. Of 4.64. 62. Of 9.999. 65. Of 5f . 
Find to within less than 0.0001 the square root 

66. Of 0.003. 68. Of 0.9. 70. Of 0.00001. 

67. Of 0.016. 69. Of 0.1. 71. Of 0.036. 

276. When k -f 1 figures of the square root of a 
number have beeii found by the ordinary method^ k more 
figures may be found by simple division^ 2 k -|- 1 being the 
ivhole number of figures in the root, 

m 

Proof. Represent the part of the root expressed by the it + 1 
figures already found by a, the rest of the root expressed by the k 
figures yet to be found by 6, and the number whose square root is 
required by N, Then, 

N= a*-\-2ab + l^ 

N-a'=2ab + b* 

N-a' . b* 

2a 2a 

b^ 
We shall now show that the value of the fraction ^;— is so small 

in comparison with 6, that it may be neglected. 

Since fc, by supposition, represents a number expressed by k 

"•fifures, h is less than 10^ and b"' is less than lO^*. 



277.] POWERS AND BOOTS, 173 

The number represented by a is, by supposition, expressed by 

k + 1 significant figures followed by k zeros, or by 2 it + 1 figures in 

all. The least number expressed by 2^- -f-l figures is lO^*. Hence 

a is not less than lO^*. But b^ is less than lO^* ; hence b* is less 

b^ 
than a. Therefore the value of the fraction — is less than 1, the 

a 

value of — is less than J, and the error comraitWd by neglecting 

this fraction is less than ^ a unit of the lowest order in the value 
of b. 

In the ordinary process of finding the square root, 
each dividend is found by annexing to the figures of 
the last remainder the next figure of the given num- 
ber. If, instead of annexing tliis one figure, we annex 
all the rest of the figures, we shall have expressed 
the complete value of iV — a^. The divisor is always 
twice the part of the root already found, or 2 a. 

Therefore^ if any dividend is completed by annexing all 
the rest of the figures of the given number, loe may find 
by simple division as many more figures of the root as we 
already have, less one, 

277. Illustrative Example. Find the square 
root of 10787053453225. 

In this example, the first four io'78'70'53'45'32'25 ( 3284365 

figures are found by the ordinary ^- 

method, and the last three by sim- 12 

pie division. ^ 

The value of the neglected term 54 ) 547 

-— in this case is ^VyVWV = ^-^ • • • ^^ 

Note. In finding approximate ^* ^ 2624 

square roots, we may find three 2413 

or four figures by the ordinary 



16 



6568 ) 2397453225 

method, and then two or three 19704 

more by simple division, thus find- gg^g 

ing five or seven figures in all, a "^973 

result accurate enough for most ^^^ 
purposes. 
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278. 

Find as far as milliontlis by the method last explained the 
approximate square root 

72. Of 2. 76. Of 11. 80. Of 50. 

73. Of 3. 77. Of 14. 81. Of 75. 

74. Of 5. ' 78. Of 17. 82. Of 80. 

75. Of 8. * 79. Of 30. 83. Of 160. 

The fi*^ Root of Numben. 

279. The n^ root of a number may be found by 
applying the principles already explained for square 
root ; but it is necessary to re-state some of them in a 
more general form. 

280. Since the n}^ power of 10 is expressed by 1 
followed by 7i zeros, or n -I- 1 figures in all, and since 
this is the least number that is expressed by w + 1 
figures, the n^ power of ayiy integer less than 10 i% ex- 
pressed by not more than n figures. 

This statement is illustrated by the following table, which gives 
the first seven powers of each of the first ten integers. 

Table of Pow^ers. 



Num> 


2d 


3d 


4th 


5th 


6th 


7th 


ber. 


Power. 


Power. 


Power. 


Power. 


Power. 


Power. 


1 


1 


1 


1 


1 


1 


1 


2 


4 


8 


16 


32 


64 


128 


3 


9 


27 


81 


243 


729 


2187 


4 


16 


64 


256 


1024 


4096 


16384 


5 


25 


125 


625 


3125 


15625 


78125 





36 


216 


1298 


7776 


46656 


279936 




49 


343 


2401 


16807 


117649 


823543 


8 


64 


512 


4096 


32768 


262144 


2097152 


9 


81 


729 


6561 


59049 


531441 


4782969 


10 


100 


1000 


10000 


100000 


1000000 


10000000 
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281. A number expressed by one significant figure 
followed by zeros may be represented by 

dx 10*, 

where d represents the digit-value of the figure, and k 
the number of zeros annexed to it. 
The n^^ power of such a number is represented b;y 

(d X 10*)" = d» X 10"*, 
that is, 

The n*^ power of a number expressed by one significant 

figure followed by k zeros is a number expressed by from 
Iton figures followed 6y n k zeros. 

Thus, (3000)^ = 81000000000000, where n = 4, and k = 3. 

282. Illustrative Examples. I. Find the value 
and place of the first figure of the 5th root of 
657748550151. 

Here n = 5, and we seek in the given number the greatest 

number that can be represented iti the 

form 6577485'50151 ( 200 

rf* X 10". 32 00000 00000 

Since this number cannot occupy more 

places than the given number, which occupies twelve, the value 

of k cannot exceed 2, and the number is represented by 

(P X 10^ 

Pointing off ten figures of the given number, we see that (f" is to 
be found in 65. The greatest fifth power in 65 is 32 =: 2^ Hence 

(f X 10'^= 320000000000, 
and d xW = 200. 

Therefore the first figure required is 2, written in the hundreds* 
place. 

II. Find the value and place of the first figure of the 
cube root of 361400669867. 
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Here n = 3, and, since the number represented hjiPx 10* 
cannot occupy more than twelve places, k cannot exceed 3, and 
rf* X 10* represents the number sought. 

Pointing off nine figures of the given 361'400'569'867 (7000 
number, we see that (P represents the 343 000 000 000 
greatest cube in 361, which is 343 = 7*. 
Hence </» x 10» = 343000000000, 

and rf X 10* = 7000. 

Therefore the first figure is 7, written in the thousands' place. 

283. From these examples may be derived a prac- 
tical rule for making the first approximation to the 
71^^ root of a number: 

Beginning at the units' place^ point off the figures of the 
given number into periods of n figures each. The left- 
hand period will contain not less than 1 nor more than 
n figures. Find the greatest n*^ power in the number 
expressed by the figures of the left-hand period. The 
n*** root of this power is expressed by one figure. Write 
this figure, and annex to it as many zeros as there are 
periods following the left-hand period. The number so 
expressed is the first approximation sought. 

284. Ezercises. 

Find the first approximation 

84. To ^159661 140625. 86. To ^754507653376. 

85. To J^15700120064. 87. To v^l3542593318343. 

285. To finish the work of finding the w*^ root of a 
number, let a represent the part of the root already 
found, b the part yet to be found, and JT the given 
number. Then, 

iV=(rt + 6)" = a« + «a»-i6+^^^^?-^^a»-26*+. . . 
^ ^ 1x2 

N-a» . . (n-l)/r , 

From this last equation, we see that an approximation 
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to the value of b may be made by dividing iV— a* by 
na^~^. For the terms following b in the second member, 
being of small value in comparison with J, may be 
neglected. If, at the same time, we neglect all the 
figures after the first in the quotient found by dividing 
N—a"" by wa**~S we may be tolerably sure that we 
shall find the first figure of the value of b correctly. 
Moreover, the degree of uncertainty, which is greatest 
in finding the second figure of the root, rapidly dimin- 
ishes as we go on. 

286. Illustrative Examples. I. Find the fifth 
root of 657748550151. 

Heren=:5. Having found the first approximation, 200, we 

subtract its fifth power, 65'77485'50151 ( 231 

320000000000, from the ,_ „„ *■ 

... tt — o« 

ba'=i 80) 33Y 

a'= 04 36343 

^ " • ; " Vu- " • 5a* = 1399205 ) 1 41142 5 
second penod. This gives ^k^^^^j^j j ±^_l±j:^^ 

337 (omitting zeros) as 65 7 7485 50151 

that part of the given * ^ 

number in which the term na*^-^b is found. For, if the value of 
b is expressed by a single figure, and this figure occupies the 
place next below the lowest figure of a, then the figures ex- 
pressing the value of the term na^~^b occupy one place below 
the lowest figure of a". But the lowest figure of a" always occu- 
pies the last place in a period; hence the lowest figure of na^~^b 
occupies the first place of the following period. 

The value of a being 2 (omitting zeros), that of na^—^ (or 
5 X 20 is 80. Dividing 337 by 80, we find 4 for the next figure of 
the root, and 240 for the second approximation. But the fifth 
power of 240 is greater than the given number; hence, 240 
must be rejected, and 230 must be taken for the second approxi- 
mation. 

To make the third approximation we apply the formula anew, 
taking 230 as the value of a, and the part of the root now remain- 
ing to be found as the value of b. Subtracting the fifth power of 



given number, but in writ- 
ing the remainder stop 
with the Jirsl figure of the 
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230, which is 643634300000, from the given number, and writing 
the remainder so far as to include the first figure of the third period^ 
we find 1411425 (omitting zeros) as the part of the given number 
corresponding to the term na*—^b. The value of a now being 23 
(omitting zero), that of na''-'^ (or 5 x 23*) is 1399205. Dividing 
1411425 by 1399205, we find 1 as the next figure of the root, and 
231 for the third approximation. 

The fifth power of 231 is found to be equal to the given 
number ; hence the given number is an exact fifth power, and 231 
is its fifth root. 

II. Find the cube root of 361400569867. 

Here n = 3. In the 36r400'569'867 ( 7123 

first application of tlie a*= 343 

formula a = 7000, and 

h — 100 ; in the next 

a =7100, and ^ = 20; in 

the last a = 7120, and 

l-S. 

3 a' =1520832) 

361 400 569 867 

III. Find the square root of 1046529. 

Here n = 2, and na^-^ is 2a. _ 1W65'29 ( 1023 

This example shows how the 
formula for the n^ root may be 
used to find the square root of 
a number. 





287. From these examples we see that after the 
first approximation the work of finding the n^ root 
of a number may be completed by the following rule : 

Subtract the n^^ power of the part of the root already 
found from the corresponding ^ part of the given number. 

^ The first figure of the root corresponds to the first period of the 
Tiven number, the first two figures to the first two periods, and so on. 



3a» = 


147) 


18 4 


a' = 




357 911 


3a« = 


15123 ) 


3 489 5 


a' = 




360 944 128 


3a' = 


1520832 ) 


456 441 8 



a^= 100 



2a = 


20) 


46 


«« = 




104 04 


2a = 


204) 


612 
1 04 65 29 
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To the figures of the remainder annex the first figure 
of the next period. Take the niimber so expressed for a 
dividend. For a divisor take n times the n — 1®' power 
of the part of the root already found. The quotient 
(or sometimes the quotient diminished) will be tlie value 
of the next figure of the root. With the part of the root 
now found,, repeat the process already described to find 
another figure of the root ; and so proceed until all the 
figures are found. 

If there is no remainder, the given number is a 
perfect n*^ power; if there is, the root found is the 
approximate w*^ root of the given number, correct to 
within less than 1. 

288. Exercises. 

88. Find the fifth root of 13542593318343. 

89. Find the cube root of 159661140G25. 

90. Find the fourth root of 754507653376. 

91. Find the cube root of 15700120064. 

92. Find the fifth root of 418227202051. 

93. Find the fourth root of 252688187761. 

94. Find the cube root of 513537536512. 

289. By changing " square " to " n^ power," and 
"square root" to "w*? root," in Arts. 267 to 273, 
the principles there stated become applicable to the 
approximate n^^ roots of fractions, common and deci- 
mal, and other numbers not perfect w*^ powers. 



Thus, to find the approximate rC^ root of a common fraction, 



a 



Tj to within Ifss than the fractional unit, we multiply numerator 
and denominator by 6"~^ which changes the fraction to the form 
- — ,but without altering its value, and then find the n'^ root of 
the numerator to within less than 1. 
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Again, to find tho n'*" root of an integer or a decimal to within 
less than 0.1, 0.01, 0,001 . . ., we annex zeros until n times as 
many decimal places are occupied by the given number as are 
required to express the root with the required degree of accuracy. 

Common fractions may be changed to decimals, and their n* 
roots found to within less than any chosen decimal unit. 

By reasoning similar to that given in Art. 275, it may be 
shown, in the case of the cube root, that when k + 2 figures have 
been found by the ordinary method, k more figures may be found 
by simple division. 

290. Exercises. 
Find, to within less than the fractional unit in each case, 

95. The cube root of §. 

96. The cube root of ^^j^. 

97. The fifth root of ^. 

98. The cube root of 0.08. 

99. The fourth root of 0.001. 

Find, to within less than 0.00001 (finding the last two 
figures b}' simple division) the cube root 

100. Of 2. 103. Of |. 106. Of 128. 

101. Of 5. 104. Of ^. 107. Of 200. 

102. Of 9. 105. Of ^yj^. 108. Of 900. 

Find, to within less than 0.001, 

109. The fifth root of 2. 112. The fifth root of 5. 

110. The fourth root of ^. 113. The fourth root of 17.2. 

111. The cube root of 2h 114. The fifth root of 0.875. 

The 22^^ Root of Monomials. 

291. The 71^^ root of a monomial may be found hy 
reversing the operation described in Art. 245. The 
method, therefore, is to find the n*^ root of the numerical 
co-efficient^ and divide the exponent of each literal factor 
hyn. 

This may be expressed by the formula 

P 9 



yAa^y^ . . . = )/Aartf' 
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where A stands for the numerical co-efficient, and a;', 
^^ . . . for the literal factors. 
See Arts. 118 and 119. 

292. From this method of finding the w^^ root of a 
monomial, it follows that fractional exponents will 
result whenever the exponent of any literal factor is 
not divisible by n. 

Thus, the square root of a* is a^ or a^ ; but the square 
root of a^ is expressed by a^. The square root of a is 
expressed by a*, the cube root by a^, and the n^^ root 
by a^. 

The fourth root of a^ is expressed b^ a\ the cube 
root of a^ by a^, and, in general, the n^^ root of the m}^ 
power of a by an. 

Thus we see that a fractional exponent represents a 
radical sign^ and that 

""^a and a», also Va"* and a», 

are equivalent forms, meaning the same thing. 

293. From the rule for signs in multiplication, it 
follows that the product of an odd number of positive 
factors is positive, and the product of an odd number 
of negative factors is negative. Hence, conversely. 

The odd root of a positive quantity is positive, and the 
odd root of a negative quantity is negative. 

Thus, '^4-27= +3, V-27=-3, 

294. Again, the product of an even number of 
positive factors is positive, and the product of an even 
number of negative factors is also positive. Hence, 
conversely. 
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The even root of a positive quantity may he either a 
positive or a negative quantity^ a fact which is expressed 
by writing it with the double sign ±. 
Thus, v/-i5= ±5» that is, +5 or -5; 
VSI = ± 3, that is, +3 or -3; 
V/<?+ 2a 6 + 6"' = ± (« + i), that is, a + J or —a —ft. 

295. The even root of a negative quantity can be 
neither a positive nor a negative quantity ; it is called 
an imaginary quantity. 

Thus, V~25, V— 81, V— 1> are symbols of imaginary quanti- 
ties. 

In some of the higher branches of mathematics these imaginary- 
quantities play afl important part ; in elementary algebra it is 
enough to observe that they usually indicate some absurdity or 
impossibility in the question from which they arise. 

293. Exercises. 

115. Find the square root of 81 a^a^jf. 

116. Find the cube root of \2bm^y^. 

117. Find the cube root of -343a^T^2 

81 a^ic* 

118. Find the fourth root of ^ , ^ , ^ ,^ . 

Find the value of 

119. }/-f)\ 2a^f. 227. (36a;*'' + V")*- 

120. Vl()0()().r«?/^. 

121 rJ^}2^^]l^ '''• (256^-/)^. 

\ -3125 y^' 129. VoAm^fn''. 

122. {-729a'x'^)i. 130. sl^x't^'- '' 

123. (-27 a«aj»)t. 

124. Va^»6^"-*. 



131. j4-. 

125. 'yaF^lr^. 132. { — 32z^^)K 

126. J'^±W^^^ 133. {^102Af z'^)i. 
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297. When a monomial is not a perfect power of 
the same degree as the root required, it may be possible 
to separate it into two factors, one of which is a perfect 
power of that degree. The root of this factor may- 
then be taken, and the root of the other indicated by 
the radical sign. 

Thus, V^ = )/Wx~2 = VS'x v/2 = 7^2. 

V250 a' X* = y/Uba'x'x 2ax = ba^x ^2^. 

V^-25=v/25x (~1) = 5V^-1. 

This operation is called taking factors out from under 
the radical sign. 

298. EzerclseB. 

As far as possible, take factors out from under the radical 
sign in the following examples : 

134. yflb. 140. ^J\c^fz\ 

135. v'So^F. 141. y-1250. 

136. y|. 142. v^o^. 

137. V^^Hm j^3 f 2yi + l 

138. V-128a'6«. ' SI 2 



139. V^2^ 



n + l 



299. The converse operation, that of putting factors 
under the radical sign^ is sometimes useful. 
Thus, 7 V2 = ^49 X V'2 = ^Wx~2 = )/9S. 

4^5 = Vi X v/5 = v/f = V^i:25. 

a ya: =^0" x y/x = \a^x. 

300. Ezercises. 

Put under the radical sign the factors written before it in 
the following examples : 

144. 3^5. 146. JVI- 148. Sa'^a\ 

145. 2^2. 147. 2x^>/3x. 149. -Jv/4n-|-2. 
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The J3^ Root of PolynomialB. 

301. From the statement made in Art. 110, under 
Ex. II., it follows that 

If the terma of a polynomial root and the terms of its ii"' 
power are arranged according to the descending (jor as- 
cending^ powers of some literal factor common to them all^ 
the first term of the power is the n^ power of the first term 
of the root. 

Hence, conversely, 

If the terms of a given polynomial are arranged in this 
way^ the n*** root of its first term is the first term of its 
n*** root. 

302. Now let P stand as an abbreviation for a 
polynomial whose n^^ root is to be found, A for the 
part of the root already found, and B for the rest of it. 
Then 

P-{A'{-BY=^A'-^nA"-^B-\- . . . 
P-^" = w^"~^B-|- . . . 
P— .4" 

An 1 = -B -h . . . 

Hence, to find the rest of the root, raise the part 
already found to the n*^ power^ subtract the result from, 
the given polynomial^ and divide the remainder by n times 
the n — 1^* power of the part of the root already found. 

303. In applying this rule, we suppose the terms of 
P, of J., and of B to be arranged according to the 
powers of some literal factor. When the terms are so 
arranged, it is only necessary to divide the first term of 
the remainder P — A" by the first term of nA^~^ to get 
the first term of B. The first term of B is all that is 
needed ; for, when this term is united to the part of the 
root already found, a new value results for the known 
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part of the root, with which the steps just taken may 
be repeated. This process goes on until there is either 
no remainder, or a remainder having no term that con- 
tains the first term oi nA^~^. 

304. Illustrative Example. Find the fourth 
root of 
16a^-64a:^-|-192aj«-352ar'+520aJ*-528aj«4-432a?2-192aj+81. 

The work may be arranged as follows : 

16a^-64x74-192x«-352aj5+520x*--528x«+432x«--192a!4-81 2x^-2x-¥^ 
16x8 



32x« 



--64x'+ . . . 



16x8-64x7+ 96x«- 64x6+ 16x* 



+ 96x» . . . 



16x8-64x' + 192x«-352xS+620x^-528x»+482xg-192x+81 



We find the fourth root of 16x", which is 2x*, and write it at 
the right as the first term of the root. Subtracting 16 x" from 
the given polynomial, we write only — 64 x', the first term of the 
remainder. For a divisor we take 4(2a^)*, or 32 x*. Dividing 
— 64 x' by 32 x" gives — 2 x for the next term of the root. We now 
raise 2 x* — 2 x to the fourth power, and subtract the result from 
the given polynomial, writing only + 96 x", the first term of the 
remainder. For a divisor we should, by the rule, take 4(2 x* — 2x)', 
but we need to use only the first term of this, which is 32 x*, or the 
divisor already used. Dividing + 96 x® by 32 x* gives + 3 for the 
next term of the root. We now raise 2x* — 2x+3to the fourth 
power, and find the result equal to the given polynomial. 

305. EzerclseB. 

150. Find the fourth root of 

81a''-216a'^x + 336aV-56a^x^-224a''x'^+64ax'^+16x«. 

151. Find the fifth root of 
j^w-10y9+25y8+40y7_i90y6-92y6+570y4-(-3(joy8__^75y2-8iOy_243. 

152. Find the cube root of 

x«-6x*+3x* + 28x'-9x*-54x-27. 
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153. Find the square root of 

9a«+12a*+10a*-2a'-3a«--2a+l. 

154. Find the cube root of 

155. Find the square root of 

9a*-30a'z4-49a*x'-40aar'+16a;*. 

156. Find the cube root of 
a'+3a«6+3a'c+3a6"4-6aZ>c + 3ac*+6*+36«c + 36c» + c». 

306. MiscellaneouB Exercises. 

157. Write out seven teims in the development of (a + &)"- 
158. Write down the tenth tenn of (a? -f yY^. 

159. Write down the eighth term of (a — 6)^. 

160. Write down the middle term of {x — yY^. 

161. Write down the r*^ term in the development of 
(a + &)"•. Use the expression as a formula for working the 
last three exercises. 

162. Go through the reasoning in Art. 249, writing out 
six terms instead of four in the right-hand member of the 
equation there used, and making the additional reductions 
after multiplying. 

163. Is finding the square root of a quantity and then 
finding the cube root of that result equivalent to finding the 
sixth root ? Wh}' ? 

164. Find the second power of 1 — v/5. 

165. Find the cube of 2 + ^2. 

166. Raise 2 + y^S to the fourth power. 

167. Find the second power of ^a -\- >Jh ; the third power. 

168. Raise l-h2ic-f a*^ to the third power and then find 
the square root of the result. 

169. Raise 16 to the third powder and then find the square 

root of the result. What, then, is the value of 16^? 

170. What is the value of 8^? Of 16^? Ofo?? Of 243^? 
Of 729?? Of55? Ofl024T''^? Of 2187^? Of75? Of 5?? 
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SECTION IX. 

BINOMIAL EQUATIONS. 

307. In this section we shall treat of a class of 
equations which by clearing of fractions and uniting 
similar terms may be reduced to the form 

Such equations are called binomial equations. 

The simple equations in Sect. II. are binomial equations in 
which the value of n is 1. Such equations are said to be of the 
first degree. The equation is of the second degree when n = 2, of 
the third degree when n = S, and so on. 

308. If we divide by A each member of the equation 

we have af^ = --^ 

and, by taking the n*^ root of each member, 

X- "P 

which may he used as a formula for solving binomial 
equations, 

309. Illustrative Examples. I. Solve the equa- 
tion 3 x2 = 48. 

Since the given equation is satisfied by 3 a;* = 48 

substituting either + 4 or — 4 for a:, the x* = 16 

equation is said to have two roots. a: = ± 4. 

II. Solve the equation x^ = 81. 

In this example we find a:* = 81 

four roots. These are +3, ar* = ± 9 

-3, + 3v^::n[,and~3V^"=l. a:«=+9 a:« = -9 = 9(-l) 

The first two are real roots, x= ± 3 x=± Zsf^, 
the last two imaginary. 
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III. Solve the equation a^ = 64. 

In this example we find two roots, x^ = 64 

4- 2 and — 2. Ther^ are four other x^ = ±S 

roots to this equation, but the finding z'* = + 8 x^= —S 

of them would require the use of prin- ar= + 2 x= —2 
ciples not yet explained. It may be 

stated, however, that, in general, any equation of the n"* degree 
has n roots. 

Note. A binomial equation may result from elimination, as 
in £x8. 10 and 11 of the following Article. 

310. IizerciBeB. 

Solve the following equations ; 

1. 5rc2=2880. aP-a _b 

2. 2ar^= 118638. ' a^-b^a 

3. 3 aj»= -902289. j), \/2a^ ^^x = x-j- 2. 

4. 5 a;* =103680, 

5. 4ar^-h3a; = ar^ + 3a:-|-75. ^^' ^'' + 2/" = 368. 

^ . . o ^ . o 3i^ — y^z= 118. 

a^ + a^-t-8 , a^^x-S ^ 

Ax-8^^xJ-2_ y^z = 588. 

x — 2 " 4:X-\-8' s^x = 576. 

311. The equation Aaf^ = M may be solved when n 
has a fractional value. See Art. 292. 

Illustrative Example. Solve the equation 
3a;^ = 12. 

FIB8T SOLUTION. SECOND SOLUTION. 

3a;S = 12, 3a;* =12, 

x^ = 4, aj^ = 4, 

xi= ±2, aj* = 64, 

x =(±2y= ±8. X = ±8. 

Here we divide each member of the given equation by 3, 
and get x^ = 4. We may either take the square root of each 
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member of this equation, as in the first sohition above, or 
cube each member, as in the second solution. The next step 
in the former is to cube each member, and in the latter to 
get the square root of each member. 

The first solution is the more convenient when the second 
member is a perfect power of the degree denoted by the 
numerator of the exponent of the unknown quantity, as in 

the equation x^ = 125, where 125 is a perfect cube. In other 
cases the second solution should be followed. 

312. ZSxerciBes. 

Solve the following equations : 

12. 4a;5=500. 16. 4 ^a;'^ =62500. 

13. 5a;J=900. 17. 5'/^;' =1000. 

14. 3ici = 81. 18. v^3^ = 90. 

15. 2xi = 50. 19- V^~^^ = 2 v/2. 

313. Problems leading to Bmomial Equations. 

20. A bin to contain 20 bushels of grain is to be made 2 J 
times as long as wide, and ^ as wide as deep. What must 
be the dimensions? 

Note. One cubic foot is equal to | of a bushel. 

21. A detachment from an arm^^ was marching in regular 
column, with 5 men more in depth than in front ; but upon 
the enemy coming in sight the front was increased by 845 
men, and b}^ this movement the detachment was drawn up in 
five lines. How many men in the detachment? 

22. A certain number is expressed b}- two figures. The 
digit-value of the left-hand figure is double that of the right- 
hand figure. If the figures should interchange places, the 
number then expressed when multiplied b}^ the original num- 
ber would give 2268 for a product. What is the number? 

23. What is the number whose half and third multiplied 
together give 864 as a product? 
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24. By what noinber must 241200 be divided, that the 
quotient may be equal to the divisor, and the remainder be 
119? 

25. What number is that whose quarter multiplied by its 
square gives 2000 ? 

26. What two numbers are they whose product is 750, 
and whose quotient, when the greater is divided by the less, 
is3i? 

27. What two numbers are they whose product is p and 
whose quotient is g ? 

28. The product of two numbers is 1728, and their ratio 
that of 3 to 4. What are the numbers? 

29. The product of two numbers is jp, and their ratio that 
of a to 6. What are the numbers? 

30. What two numbers are they of whose squares the sum 
is 9818, and the difference 840? , 

31. What two numbers are they of whose squares the sum 
is a, and the difference 6? 

32. What two numbers are they whose ratio is that of 3 
to 5, and the sum of whose squares is 14994? 

33. What two numbers are the}' whose ratio is that of m 
to n, and the sum of whose squares is a? 

34. The last question, changing sum to difference, 

35. Three numbers are in the ratio of 3, 5, and 8, and 
their product is 41160. What are the numbers? 

36. Three numbers are in the ratio of a, 6, and c, and 
their product is p. What are the numbers? 

37. Find three numbers such that the product of the first 
and second is 48, that of the second and third 112, and 
that of the third and first 84. 

38. The area of a given circle is 270 square feet. Find 
the diameter. 

Note. The area of a circle is expressed by ^r*, where r is the 
length of the radius. The Greek letter tt (pronounced pi) is used 
by mathematical writers to represent the ratio of the circumfer- 
ence to the diameter of a circle. The circumference and diame- 
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ter being incommensurable, the numerical value of this ratio can 
only be expressed approximately. The value ^ is near enough 
for many purposes. The value 3.1416 is correct to within less 
than 0.00001, and will be used in this book. 

39. Find how many feet long the rope must be by which 
a cow is tethered that she may graze over just half an acre 
of ground. 

40. A cistern is to be built in the form of a cylinder 
capable of holding 9000 gallons ; and its depth is to be equal 
to its diameter. Find the dimensions. 

Note. A gallon contains 231 cubic inches. 

41. The height of a given cone is to the diameter of the 
base as 2 to 3. If the volimie of this cone is 360 cubic 
feet, what is its height ? 

Note. The volume of a cone is expressed by J ttt^A, where r 
is the radius of the base and h the height of the cone. 

42. What is the diameter of a sphere whose volume is 
1000 cubic feet? 

Note. The volume of a sphere is expressed by f Tr^ where r 
is the radius. 

43. Find the surface of a sphere whose volume is 1000 
cubic feet. 

Note. The surface of a sphere is expressed by 4 ttt^ where 
r is the radius. 

44. Find the diameter of a leaden ball weighing a ton 
(2000 pounds) . 

Note. A cubic foot of lead weighs 712 pounds. 

45. Find the diameter of a sphere whose surface is 100 
square feet. 

46. Find the volume of a sphere whose surface is 25 
square feet. 

47. A cubic foot of water weighs 1000 ounces. The spe- 
cific gravity of ice is 0.918. Find the diameter of a sphere 
of ice weighing a ton. 
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SECTION X. 

QUADRATIC EQUATIONS. 

314. If, when cleared of fractions and reduced to its 
simplest form, an equation contains the second but no 
higlier power of the unknown quantity, it is called a 
quadratic equation, or an equation of the second 
decree, 

315. The general form to which an equation of the 

second degree may be reduced is 

When the term containing the first power of the un- 
known quantity is wanting, the equation is of the form 

Aa? = M, 
and is called a pure quadratic. 

316. When the term containing the first power and 
the term containing the second power of the unknown 
quantity are both present, the equation is called an 
affected quadratic. 

317. A pure quadratic, being a binomial equation, is 
solved by the method explained in the last section. 
The following examples will illustrate the method of 
solving affected quadratics. 

318. Illustrative Examples. I. Solve the equa- 
tion 2^2^62:= 27. 

The first step in this solution is to a;^ + 6a; = 27 

make the first member of the equation a:^ + 6a: + 9 = 36 

a perfect square. We know (Art. 128) a: + 3 = ±6 

that the quantity x^ -{- 2ax is made a a: = — 3 ±6 

perfect square by adding a^ to it; for a:, = +3 

the result a:^ -|- 2aa: + a^ is the square a:^ = — 9. 
of a; + a. Now the first member of the 
given equation is of the form x^ + 2ax, where 2a represents 6. 
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Hence a = 3, a^ = 9, and the first member will be made a perfect 
square by adding 9 to it. 

When 9 has been added to each member of the given equa- 
tion, the square root of each member is taken, that of the second 
member being written with the double sign ±. Thus we have 
two simple equations, 

a: 4- 3 = +6 and a: -f 3 = —6, 
from which to find values of x. Subtracting 3 from each member 
of both, we find 

a: =-3 4- 6 and a; = -3 — 6 

= +3. = -9. 

The given equation is satisfied when either +3 or — 9 is substi- 
tuted for X therein. For 

32 + 6 X 3 = 27, and (-9)2 + 6 x (-9) = 27. 

Every quadratic equation has two roots, one found by 
taking the positive value of the square root of the second 
member, and the other by taking the negative value. 

These two roots will henceforth be represented by the letters 
a:, and x^. In the present example a:j = +3 and a:^ = — 9. 

II. Solve the equation x^ — 20x = 300. 

Here the first member is of the x^ — 20 a: = 300 

form x2 — 2aa:, where — 2 a repre- a:^ _ 20a: + 100 = 400 
sents —20. Hence a = 10, 0*= a: -10 =±20 

100, and the first member becomes a: = 10 ± 20 

a perfect square by adding 100 to a:,= 30 

each member. x^ = —10. 

III. Solve the equation 3 a;^ -|- 7 a; = 6. 

Here we divide each member 3a:2 4-7a:=16 

by 3 to reduce the first member a:^ + J a: = ^ 

to the form x^ + 2ax, and find x^-hix + f| = ¥ + tt=W 

that 2 a represents J. Hence a: -h J = i V^2lT 

a= J, and a* = ||, which is added x = — 1*± J 1^241 

to each member. a: = 1 4207 

When, as in this example, ^ __ _ 3.7540. 
approximate roots have to be 

found, results will be given to the nearest ten-thousandth, 

319. The method illustrated by the foregoing ex- 
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amples may be generalized by applying it to solve the 
general equation, 

Aa? + Bz = M. 
Dividing each member by A^ 

B M 

A A 

/ BV B^ 

Completing the square by adding (o-TJ^or a~a2^ ^ 

each member, 

Taking the square root of each member, 

B _ ^ ^4tAM-hB' 

^■^O"" 2A • 

Finally, subtracting ^-j from each member, we have the 

result, 

__B_ yf^AMT^ 
"^^ 2A 2A ' 

which may he used as a general formula for the solution 
of quadratic equations, 

320. Application. Applying this formula to solve 
the examples in the last article, we have : 

In 1, .1 =1,5 = 6, and M = 27, substituting which, we get 

6 ^ V^108 + 36 
2 2 

= -3±6= 4-3 or -9. 
In II, -4 = 1, 5 = —20, and AT = 300, substituting which, we get 

-20 , V^1200 + (-20)2 

^ = "-T-^ 2 

= 10±20=+30or-10. 
In III, ^ = 3, 5 = 7, and M = 16, substituting which, we get 
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Exercises in solving Quadratic liquations. 

321. The following equations may be solved by the 
method illustrated in Art. 318, or by substituting in 
the formula as was done in Art. 320. 

1. ar^-8iB=-15. 12. l-a; = ic*. 

2. a^-7a;+12 = 0. a^ 4.x ..... 

3. a^-3a: = 4. ^^' 3 "^ T "" ^^ - ^^*' 

4. iB2_i0aj + 16 = 0. 2a:2 a. 

6. 3 a;2- 9.^ — 2 = 82. 15. a^ — 0.3 a; = 0.7. 

7. 7iB2^21a;+13 = 293. 16. 0.2a:2^ o.39aj= 1.245. 

8. cc2 + 2a;=6. ,_ ^ . , . 7(g-8 

9. a^H-5a.= 10. 1,. a. + 4 + -^ = 13. 

10. cc2-7a;=7. a;+ll 9 + 4a? _ 

11. 900 - 30 a; = .r^. a; ■•" a^ "" * 

19. l44-4x-|±|=3aj + ^^ti^. 

20.^ + ^^=5*. 

4x+7 _ a! + 4 7-a! 
''^- 9 3 «-3* 

23a! + 60 15 — « 12 — 3a; 



22. 7 a! — 



4a; — 5 



9q ■> , 3a;-16 2a; + 9 , 4a;-3 
0-. 6 ^2 „ „„ 8a; 20 

'^•^TT"^^==^' ^^•i + 2-^ = 3^- 

25.-1^ + ^=13. 28. "^ ^ 



a; — 5a; a; + 60 3a; — 5 

2^ 3^-_7 4_^ ^3 _2. ^2x-5^ 

X x-h5 x — 4: x — 3 

30. (aj4-6)(4a;H-5) = (2a; + 4)(4a;-10). 

31. 2aj + 3:2a;-|-9 = 8 + a?:4-|-3a;. 

32. (2a;-5)(3a; + 4)-(3a; + 3)(a:-4) = 153. 
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322. ProbleniB to be solTod by the Use of Quadratic 
XSquatioiui w^lth One Unknown Quantity. 

33. The floor of a hall is 20 feet longer than it is wide, 
and its area is 2400 square feet. Find the dimensions. 

34. One number is 6 greater than another, and their 
product is 91. Find the numbers. 

35. Find two numbers whose difTerenee is d, and whose 
product is p. 

36. What number added to its square gives 870 for the 
sum? 

37. What number added to its square root gives 210 for 
the sum ? 

Hint. Let x* represent the number. 

38. What number exceeds its square root by 992? 

^39. A rectangular field containing three acres is one yard^ 
longer than it is wide. Find its dimensions. 

40. Find two consecutive numbers whose product is 156. 

Note. Consecutive numbers are those that follow one another 
in the natural series 1, 2, 3, 4, &c. 

41. Find three consecutive numbers whose sum is equal 
to the product of the first two. 

42. The sum of the squares of two consecutive numbers 
is 481. Find the numbers. 

43. One number is double another, and their product 
added to their sum gives 90. Find the numbers. 

44. A horse was sold for $119, and the gain was as man}' 
per cent as the horse cost dollars. What did the horse cost? 

Hint. If x represents the number of dollars the horse cost, x 

X x^ 

per cent, or ;-— , represents the per cent of gain, and —-., the gain. 
100 100 

45. A rectangular garden is f as wide as it is long, and 
the number of square rods in it exceeds the number of rods 
around it by 1376. What are the dimensions? 

46. There is a rectangular garden whose length is to its 
breadth as 3 to 2. Within the fence surrounding it there is 
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a paved walk 4J feet wide, and the area left for cultivation is 
146481 square feet. What is the length and the breadth of 
the garden ? 

47. The h3'pothenuse of a certain right-angled triangle is 
2 feet longer than the base and 9 feet longer than the per- 
pendicular. Find the sides of the triangle. 

Note. The square on the hypothenuse of a right-angled tri- 
angle is equal to the sum of the squares on the other two sides. 

48. Divide a straight line 10 inches long into two parts 
such that the longer part may be a mean proportional between 
the whole line and the shorter pai-t. 

49. Generalize the last problem, letting a represent the 
length of the line to be divided. 

50. Separate the number 40 into two parts such that 
the sum of tlieir cubes may be 19000. 

51. Separate the number a into two parts such that the 
sum of their cubes may be s. 

52. A girl bought a number of oranges for 40 cents. 
Had she bought at another place, she would have received 
three more oranges for the same money, each orange costing 
I of a cent less. How man}' did she bu}'? 

53. A messenger having finished a journey of 108 miles 
says that he can return in 6 hours* less time by riding 3 
miles an hour faster. How man}' miles an hour did he ride ? 

54. A dealer bought a number of horses for $1120 and 
sold them at an average price ot $157.50 each, thereby gain- 
ing on the whole as much as one horse cost him. How many 
horses did he buv ? 

55. A and B together can do a piece of work in 4 days, 
but it would take A alone 6 davs longer than it would take 
B alone. How long would it take each alone to do the work ? 

56. A merchant paid $816 for flour. Had the price been 
half a dollar less a barrel, he would have received 6 more 
barrels for the same money. How man}- barrels did he buy? 

57. A ship's crew, being on short allowance, shared 
equally 84 ounces of meat a day ; but, after 4 men had died, 
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the same daily allowance of meat gave each man half an 
ounce more. How many men were there in the crew? 

58. A drover bought a number of sheep for $300. Out 
of these he kept 15, and, selling the rest for $270, gained 
half a dollar on each one sold. How many sheep did he 
buy ? 

59. What is the price of oranges when eight more in a 
dollar's worth would lower the price five cents a dozen? 

GO. Twent}' persons contribute $48 to meet the expense 
of a picnic, one half of the whole being contributed in equal 
portions b}' the women and the other half b^^ the men ; but 
each man gave a dollar more than each woman. How many 
men were there, and how man}' women? How much did 
each person contribute? 

Gl. Two railway trains start at the same time to run 156 
miles ; but one runs a mile an hour faster than the other, and 
arrives at its journej-'s end one hour sooner. At what rate 
does each train run? 

62. Two boys together carried 100 eggs to market ; and, 
thougli one had more eggs than the other, each received the 
same amount of monc}'. The first said to the second, "At 
m}' selling- price, I should have got 90 cents for your eggs." 
The second replied, "But at my price, I should have got 
onl}' 40 cents for 3-ours." How man}' eggs did each carry? 

G3. Two farmers sold apples in the market. The second 
sold 3 barrels more than the #"st ; and together they received 
$ 35. As they were driving home, the first said to the second, 
"At my price, I should have got 24 dollars for your apples." 
The other replied, " And at my price, I should have got for 
yours 12^ dollars." How many barrels did each sell? 

64. Two travellers, A and B, set out at the same time 
from towns 100 miles apart, and travelled toward each other. 
When thev met, A said that it would have taken him onlv 
6 hours and 40 minutes to come as far as B had ; and B 
acknowledged that it would have taken him 15 hours to come 
as far as A had. How far had each come? 
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BimultaneouB Quadratic Equations. 

323. Illustrative Examples. I. Solve the equa- 
tions a; + y = 20 and xy = 96. 

First substitute in (1) an ex- (1) a: -f- y = 20 
pression for y derived from (2). (2) xy=Q6 

This gives (3), which, reduced and ^ 96 

solved, gives 12 and 8 for values x 

of X. By substituting these val- ^q. i ^^ _ oa 

ues in either original equation, x ~ 

we find, that, when a: = 12, y = 8; x^ + 9Q = 20x 

and when a; = 8, y = 12. x^ — 20x = --96 

a: = 10±2. 
Roots. Xi = 12, yi = 8, arg = 8, 1/2 = 12. 

II. Solve the equations a^-^i/^ = 20 and a: H- y = 6. 

From (2) is derived an (1) a:* + y* = 20 

expression for y, and from (2) a: 4- y = 6 

that an expression for y*, y = 6 — a; 

which, substituted in (1), y« = 36— 12ar + ar« 

gives (3) . The two values (3) a;* + 36- 12a; + a:« = 20 

of X found by solving (3) 2x« - 12a: = - 16 

are substituted separately a;*— 6x =—8 

in (2) to find values of y. a; = 3 ± 1. 

Roots, Xj = 4, yi = 2, X2 = 2, y^ = 4. 

III. Solve the equations a?'\-f^ = 61 and xy = 30. 

Multiply each member of (2) by (1) a;' + y'^ = 61 

2 to get (3). Add (3) and (1) to (2) a:y = 30 

get (4). Subtract (3) from (1) to (3) 2a:y =60 

get (5). Take the square root of (4) a:* + 2 a:y + y'^ = 121 
each member of (4) and of (5) to (5) a;* — 2a:y-i-y^ = 1 
get (6) and (7). Taking the double (6) x + y =±11 

signs separately we get four sets of (7) a: — y = ± 1. 

values for x and y as follows : 

a; + y=+ll a: + y=+ll a:-i-y=— 11 a:H-y=— 11 

a: — y= -f-1 a; — y= — 1 a; — y=4-l a; — y=— 1 

a:i=:6, a;2 = 5, arg = — 5, a:4 = — 6, 

y, = 5. y2 = 6- 2^3 = — ^- 3^4 = — 5' 
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IV. Solve the equations a? + a:y — y^ = l and 

In this example each unknown term contains the square of one 
or the product of two unknown quantities. Such terms are said 
to be of the second degree. The following method of solution may 
be used whenever all the unknown terms of both equations are of 
the second degree. 

Let r represent the ratio of y to a:, so that y = rx. Substituting 
rx for y in the given equations, 

(1) a:« + rx«- r»x« = 1 

(2) a:«-.ra:« + 2r«x« = 8. 

From (1), X* = 



1 + r — r* 

g 

and from (2), x* = 



1 — r+2r« 
whence, by equating the two expressions for x*, 

l+r-r*~l-r4-2r«' 
Clearing of fractions, 

1 — r+2r« = 8+8r— 8r* 
reducing, 10 r* — 9 r = 7 

and solving, »• = A ± iJ = i ^^ — i- 

Substitute { for r in (1) or (2), say in (1), 

, . 7x* 49x* , 
^5 25 

X* = 2 5. 
^ 11 

Substitute these values of x in the equation y = rx, remembering 
that r is now J, 

Again, substitute — ^ for r in (1), 

x*-ix*-Jx* = l 

x« = 4 

X =±2 
Substitute these values of x in y = rx, 

remembering that r is now — ^, y=— ^x(±2) 

y = q:l. 
Boots, 

Xi = SV'^, xj = -5/^, X3 = 2, X4 = -2, 
yi = 7V^, y, = -Tv'^ij, 3^3 = -1, y, = 1. 
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324. Bxercises in solving Simnltaneoos Quadratic 

Equations. 

65. aj2 + y^=74. 75. flj8 + /=72. 
3aj + 5y = 46. a5-f-y = 6. 

66. aj*-fajy + y«=7. 76. a?-y3=19. 
2aj-f-32^ = 8. a;-y=l. 

67. 3aj*— 2ajy=15. 77. ajfH-a;y = 45. 
2a; + 3y=12. ay — j^=4. 

^__85_4a ' 78. a:*-xy = 35. 

2/^""^ y' 0:^4-2^"= 18. 

79. a?-hy=7. 
69. «-5^ = 4. «?J^=100. 

o-My^^ 80. a^2^H-4a;y = 96. 

^ a; + 2 ' a:-|-y=6. 

» *« + y cc + y 

4aj-h3y=l. ^ZJ(!=i27. 

71. 2aj2 + 3y«=30. ^"^ 
50^-43^=29. 32 x-^y:x^y=^i:l. 

72. a:^-h2^=65. (a: + y)(a:-y) = 64. 

iry=28. 

83. xy=77. 

73. y^-a«=16. a:*-y2:(a:-y)2 = 9:2. 



xy= 15. 



84. a;y = 750. 



74 ?4.?=i (a:-h7)(y-2)=851. 
' 3 2 

3 2_ 85. 4aj2-.4a;y + 22^* = 45. 

X y'^ ' 2x''\-3xy-Sy^ = lSi, 
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326* Problenui producing SimtiltaiieouB Quadratio 

BqnatioDB. 

86. The sum of two numbers is 26, and the sum of theii 
squares is 436. Find the numbers. 

87. What two numbers are they whose difference is 17, 
and the sum of whose squares is 325 ? 

88. What two numbers are they whose product is 255, 
and the sum of whose squares is 514? 

89. What two numbers are they whose sum is to the 
greater as 11 to 7, the difference of their squares being 132? 

90. The sum of two numbers is 16^^ and the sum of their 
reciprocals is \, What are the numbers ? 

91. The area of a rectangle is 108 square feet, and the 
length of its diagonal 15 feet. Find the length and breadth 
of the rectangle. 

92. The area of a right-angled triangle is 30 square feet, 
and the length of the hypothenuse is 13 feet. How long is 
the base, and the perpendicular? 

93. The perpendicular of a right-angled triangle is 15 
feet long, and the h^'pothenuse is 3 feet longer than the base. 
How long is the base, and the hypothenuse ? 

94. A tailor has noticed that broadcloth on being wet 
shrinks up \ m its length and ^ in its breadth. If the 
surface of a piece of broadcloth is 5| square yards less, and 
the distance around it 4;^ yai-ds less, than before it was wet, 
what was the length and width of the cloth originally ? 

95. In going a mile the fore wheel of a carriage makes 
1 28 revolutions more than the hind wheel ; but, if the circum- 
ference of each wheel were one foot greater, the difference 
would be only 110 revolutions in going the same distance. 
What is the circumference of each wheel? 

96. Find three numbers such that whei^ the sum of the 
first and second is multiplied by the third, the product is 63 ; 
when the sum of the second and third is multiplied by the 
first, the product is 28 ; and, when the sum of the third and 
first is multiplied by the second, the product is 55. 
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Equations of the Quadratic Form. 

326. An equation containing only two different 
powers of the unknown quantity may be solved as a 
quadratic, if the exponent of one power of the unknown 
quantity is double the exponent of the other. Such 
equations are of the general form Aa?*^ + Baf* = M. 

327. Illustrative Example. Solve the equation 

The equation is solved by x'— Tar'rrS 

completing the square as if x* y»_7r«4.^ — ft-u'*^ — ^^ 

were the unknown quantity. The , 4 ~ 4 ~ 4 

two values of a:' are found tobe ^__^ u^ 

8 and —1 ; and the two values of 2~ 2 

X, found by taking the cube roots x*= 8, or — 1 

of these, are 2 and —1. • ^ _ yg_-2 

There are four other roots to __ j/^r _ _ -i 

this equation, the method of * ~" 
finding which will be explained further on. 

328. Ezercises. 

97. 2f*-52;2-f4 = 0. 102. 2«-192«=216. 

98. aj8- 97 a;* -I- 1296 = 0. 103. lli/-l = Uy\ 

99. aj« H- 27 = 28 aj*. 104. {ISx'y-^ (l2xy = 5K 

100. x^ 4- 28224 = (25 xy, 105. 7/-6y^ = 45. 

101. 2/« - 14 2^8 -I- 24 = 0. 106. ar^" - 5a^ = 24. 

107, (a H- 6 + a;) (a -I- 6 - a;) (a - 6 + a) (a — 6 — a;) = 0. 

Solution of Equations by factoring the First Member. 

329. Illustrative Examples. I. Solve the equa- 
tion x^-\-6x = 27. 

The first step is to reduce the x^ -|- 6 a: = 27 

given equation to a form in which x^+ Qx — 27 = 

the second member is 0, which is (x— 3)(a: + 9) = 

done by subtracting the second a: — 3 = 0, whence a; = -f 3 

member itself from each member a; + 9 = 0, whence a: = — 9 
of the equation. Then the first 



x^=8 






aH»-8 = 






(x-2Xx^+2x + 4) = 






z — 2 — 0, whence x — 2 






x^ -I- 2 X + 4 = 0, whence x= — 


i±vc 


-3 


xi = 2 






Xo— — 


1+N^ 


-3 


X3- - 


1-V^ 


-3 
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member is separated into two factors by the method of Art. 131. 
Now, any value of x which makes either of these factors equal to 
satisfies the equation, and must therefore be a root of the equation. 
Hence we have two simple equations, z — 3 = and x + 9 = 0, from 
which to find the roots. See Art. 318. 

II. Solve the equation a?=S. 

The equation being 
reduced to the form 
x^— 8 = 0, we see (Art. 
139) that one factor 
of the first member is 
x — 2, the other factor 
being x2+ 2x4- 4. By 
making x — 2 = 0, we 
find one root of the 
equation ; and by making x2+2x + 4:±0we find two more. 

The three roots here found are the three cube roots of 8. The 
first root, 2, is tlie arithmetical cube root, the other two are alge- 
braic cube roots. That the latter are quantities, each of which 
raised to the third power is equal to 8, is easily shown by actual 
multiplication. 

III. Solve the equation a? = 64. 

xe=64 
xe-64 = 
(x«-8)(x«-|-8) = 
(x-2)(x2 + 2x-|-4)(x+2)(x2~2x+4) = 

X — 2 = 0, whence x^ = 2 
x2 + 2x+4 = 0, whence x,= —l + V^^ 

x,= -l-V'^ 
x + 2 = 0, whence X4=i —2 

x2— 2x+4 = 0, whence X5=l 4- \^^ 

Xe=l-\/^ 
The first member is separated into four factors. By making 

each factor equal to 0, we have four equations, two of the first 
degree and two of the second, giving in all six roots. This is a 
complete solution of the equation which was only partially solved 
Art. 309, Ex. III. 
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330. Ejcercises. 

Solve the following equations by factoring : 

108. ar^-2a;=3. 112. y* — 32/2 + 2 = 0. 

109. a;2 4.11a; + 30 = 0. 113. a;* + 3aj2 = 88. 

110. aj2-fa; = 56. 114. 3/2 ^ (a + c)y + ac = 0. 

111. 56 = 552/4-2/^ 115. 2/*^- (« -0)2/- ac = 0. 
116. Ex. 107, Art. 328, in the same way. 

Find the three roots 

117. Ofir«=125. 119. Ofa:« = 216. 121. Ofa-» = a«. 

118. Ofa:8^_i25. 120. Ofx-«=-^. 122. Of a:«= -a». 
123. Find all the roots of the equations a* =8 and 

a^= — 1, thus completing the solution of the equation in 
Art. 327. 

Find the six roots 

124. Of ic« = 729. 126. Of 2' - 19 2« = 216. 

125. Of ic" = 1. 127. Of ic« -f 27 = 28 ««. 

331. The first member of a quadratic equation when 
reduced to the form 

is always separable into two factors of the form 

where Xi and X2 are the two roots of the equation. 

. Proof. We first solve the equation by completing the square, 

x2 4 JO ar 4 ip^ = ^P^— 7 

x+^p= ±sl\p'^'-q 
obtaining the roots x^ = — ^;> 4 ^\p'^ — q 

^^=-hP-^\p^-<l' 

By adding the two roots we find 

and by multiplying, 

X\ x^ ^~ q* 
In the given equation we may substitute for p its equivalent 
— (xj 4 Xj) and for q its equivalent Xi Xj. Then the equation 
becomes 

x^ — (xi 4 Xi)x 4 Xj X, = 0, 
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which by factoring (Art. 130) becomes 

(a;-Xi)(x — a^) = 0, 
thus proving the principle stated. 

332. This principle enables us to find a quadratic 
equation which shall have any roots we choose. 

Thus, to form an equation whose roots shall be 30 and — 10, we 
have (x — 30) (a: + 10) = 0. 

Multiplying, x^ - 20 a; — 300 = 0, 

which is the same equation that was solved in Art. 318, Ex. II. 

Again, to form an equation whose roots shall be —J 4- iV^^^ 

and — J — ^^251, we have 

(x+}-JV^24l)(x+J + iV^iT) = 0. 

Multiplying, a:2 + Y^ + tt-W = 

3x2+ Tx- 16 = 0. 
which is the same equation that was solved in Art. 318, £x. III. 

333. Ezercises. 

Form equations whose roots shall be 

128. 5 and 3. 132. 5 and -5. 

129. 7 and -4. 133. 2 + V'S and 2 - ^3. 

130. J and f . 134. 5 -|- 3 v^o and 5 - 3 ^5. 

131. ^ and 5J. 135. a + ^6 and a - >jh. 

136. k -I- 1 and k — l. 

137. ^h + ^>jm and ^h — ^v'^. 

138. -l+v/^and -l-V^. 

139. -1-l-V^-l and-l-V^^. 

140. 8 H- >/s^-p^ and s - y/s^ -pK 

Note. This principle is equally applicable to equations of 
higher degrees. We may form an equation having as many given 
roots as we please, by subtracting each root from x, multiplying 
together the remainders, and placing the product equal to 0. 

Thus an equation having three roots, 2, 3, and —3, is 
(x-2)(x-3)(x4-3) = 0, orx«-2x2-9x+18 = 0. 
Conversely, an equation of any degree having for one member 
can be solved by the methods explained above, if the other 
member is separable into factors (x — Xi), (x — Xa), &c. 
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SECTION XL 

THEORY OP EXPONENTS. 

334. The first definition of an exponent, that it is a 
number indicating how many times a quantity is used 
as a factor (Art. 79), applies only to positive integral 
exponents. The law of exponents based on this defi- 
nition, and expressed by the formula 

is originally subject to the same restriction ; for it was 
derived (Art. 80) from examples in which m and n had 
only positive integral values. 

We shall now remove this restriction, letting m and 
n have any values, negative as well as positive, and 
fractional as well as integral, and then inquire what 
meanings should be given to negative and fractional 
numbers used as exponents, that the law of exponents 
expressed by the formula may hold universally. 

335. What should be the meaning of zero used as an 
exponent? 

In the formula a^ x a^ = a™+*», let n = 0. 

Then a^ x a9 = a"*+^ = or* 

from which it is plain that a^ is a quantity, which, used as a multi- 
plier, makes the product equal to the multiplicand. The only 
quantity of which this is true is 1. 

Hence a^ = 1. 

This equation defines the meaning of zero used as an 
exponent. (See Art, 83.) 
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336. What should be the meaning of a negative num- 
ber used as an exponent? 

In the formula, let ?/i have a positive value, say + 5, and give 
n first a positive and then a negative value, say + 3, then — 3. 

Then (1) a* x «» = a6+« = a^ 

(2) a* X «-»= a«-»= or 
from which it is plain that opposite effects are wrought by using 
a' and a"' as multipliers. In (1) there are three more equal factors 
in the product than in the multiplicand: in (2) there are three 
fewer. Hence (Art. 83) multiplying by a"^ is the same as divid- 
ing by a', that is, 

a^ X f/ - s = (|5 J- (tS = a^ X —-, 



a«' 



and «"' = -;.• 



a» 



In general, the meaning of a negative exponent is 
defined by the equation 

1 



a-« = 



a«^ 



that is, a~* and a* are reciprocals of each other. 
From the above equation we infer that 

a" X a-" = 1, 

and that — - = «*. 

337. What should be the meaning of a positive frac- 
tion used as an exponent ? 

In the formula, let 771 = n = J. 

Then a^ x a* = a*"^^ = a^ = a, 

that is, a* is one of tioo equal factors which multiplied together 
produce a. In other words, a* is the square root of a, or a' = ya. 

In the same way, 

a* X a* X a* = a*"^*"^* = a^ = a. 
Whence a^ is the cxibe root of a, or a* = y a. 
And, in general, a» is one of n equal factors whose product is a. 
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Hence the defining equation 

as in Art. 292. 

Again, since 

(]^'Kc^xc^xc^ = fll + i+i + l _. fjz^ 

c^ is one of four equal factors whose product is a^, that is, 



m 



And in general a'^ is one of the n equal factors.whose product 
is a"». 

Hence the defining equation 

as in Art. 292. 

338. What should he the meaning of a negative frac- 
tion used as an exponent? 

m m 

By Art. 336, the quantity a~ » is the reciprocal of a"". 
Hence 

339. With the meanings now assigned, the rules of 
operation expressed by the formulas 

a»» -^ a»» = a"*-** 
(Ax^y^ ...)»» = yl"* a;'"'' ^'^ . . . 



V^ ii^'^y* . . . = V^ i^* . . . 

may be a-pplied to all quantities, whatever the values of 
their exponents, and the results can be interpreted. 

340. Illustrative Example. Divide Sa^S by 

4aa:y. 

This example, which ZaH -^ 4taxy = Zar-h^3f^ if -^ \a}h^ x^ if 
is the same as Ex. V., = f a'-^-i/^i-OjrO-iyO-i 

Art. 83, is here solved := ^abx~^y-^. 

in a manner to show 
how all examples of division of monomials may be brought under 
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the rule of Art. 84, even though the divisor contain factors not 
found in the dividend. 

341. Bzeroisea. 

What is the value 

1. Of (l)-2? 5. Of (0.2)-«:3? 

2. Of (3f)-»? 6. Of [(3)2]«? 

3 Of-L9 7. Of[(i)-^]«? 

3-«'- 8. Of [(J)«]-2? 

4. Of 1: (0.25)-*? 9. Of (2-2)-»? 

10. Multiply a» by a"*. 21. Multiply 3 a by ^a'^. 

11. Divide «» by a- •^. 22. Divide ^A:-^ by f A;-*. 

12. Multiply a' by a"*. 23. Multiply 3y-« by by^^. 

13. Multiply x'^hyx-^. 24. Multiply ~32»by -3«-«. 

1 4 . Divide x~*hy x~^, 25. Multiply — 5 w ~ ^ by 5 w^. 

15. Multiply 3 «-« by -4 a;*. 26. Multiply a ojp by pa;- «. 

16. Divide 3 a* a; by J a y^. 27. Multiply fc"' by k^. 

1 7. Divide 8 a;*^ by ^ a;-«. 28. Divide A:' by A;-^'. 

18. Divide 1 by a^m?. 29. Divide 2""' by z-^*. 

19. Divide 1 by a^x~^. 30. Divide — a b}' a""^ 

20. Divide 1 by ^ /. 31. Divide If by a« &». 

32. Multiply 4 a-'a;^ by 5 a^x'^y. 

33. Divide - 6x-V by 3a;y-i2^ 

34. Divide a* by a""*. What is the quotient when any 
quantity is divided by its reciprocal? 

35. Show that 71 -» is equal to tt-s. 

h^x~^ b^ y^ 

13 3 1 

36. Show that -j — -r— -f — -„ — • -i is equal to 

ar x^y xy^ y* ^ 

a;-^ — *3a;""^y~^ + Sx'^y^ — y~*. 

37. Change x y~'^ — 2 x^ y~^ z~^ -\- z'^ to an equivalent 
form having onl}' positive exponents. 

38. Prove, in general, that the value of a fraction is not 
changed by removing a factor from the numerator to the 
denominator, or from the denominator to the numerator, 
provided the sign of its exponent be reversed. 
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39. Raise Sa^oj""^ to the 3d power. 

40. Find the - 3d power of 3ar^y-\ 

41. What is the value of 81^ or 81<»-'s? 

42. Of 36'-^? 45. Of (16)-i? 

43. Of 4-«-fi + 8-2i? ^g Of 1 , 

44. Of 4-i-« + 9-o-«? ' (125)-*' 

47. Find the value of fa — a* when a = 729. 

48. Find the value of a^ + a^ h^ -f j^^* when a = 8 and 
6 = 64. 

49. When a = 243, what is the value of a-<^-«? 

50. Multiply y* by 2^^. 

51. Multiply oS by a^. 

52. Divide a* by a^. 

53. Multiply 5 a;*y~5 by 4a;"^y*. 

54. Divide 4aH* by Saift^i 

55. Multiply 3 a^-Hy - 6 a"* 6*. 

56. Multiply the n"* root of x by the nC^ root of a?. 

57. Divide the v}^ root of x by the m*** root of a?. 

r « 

58. Multiply x'» by «»'. 

r V 

59. Divide cc» by aji?. 

60. Raise \a^ b^ to the 6th power. 

61. Find the f power of ^a^. 

62. Find the — f power of 256a;iy-*. 

63. Raise x^ to the J power. 66, Simplify (b'^y^^^K 

64. Simplify (2a;5)-«. . 2,x- 

65. Simplify (a*)?. ^^- Simplify U^/. 
What is the value 

68. Of 74 X 7? X 7i + 16^^ X 16T^ X 16^? 

69. Of 16^ -^ 8^ 4- 16^ 4- 125* -512^ + lOO^-^ - SP-*^^? 

70. If 100-~W8 ^ 2, what is the value of W-^^? 

71. If 102-08W1 = 123, and lO^-^^^^ = 456, what is the value 

of 104.7*887? 
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342. The use of fractional and negative exponents 
in the multiplication and division of polynomials may 
be illustrated as follows : 

I. Multiplication. 



II. Division. 
3^t/-^ -2 + ir-ay* 



aa + 3 




+ 3a 
-3a 


i6l 


-3aH- 


-5* 


a2 + 2 


— x~ 


■iyi 




-2aU- 


-5^ 



x^y'^ -^ x^y^^ — a;*"iyi — a; "" ^y 



-1 

- 1 + r-\v* 



— x~^ y^ -i- x~^y^ 

— x~^y^ -^ x^^y^ 



343. XSzerciBea. 

72. Multiply a~^ x~^ — a x by x — a, 

73. Multiply a&-^4-l+a-^6 by aft-*- lH-a-^6. 

74. Find the 2d power of ab~^ -^a'^b. 

75. Find the 3d power of xy'^ — x~^y. 

76. Divide X* — 2 + «•* by aj +a;~^ 

77. Divide x^y-^ + 1 + x'^y^ by aj.y-^ + 1 +aj-iy. 

78. Divide a~^ — x'^ — ax^-^a^x by x — a. 

79. Find the square root of 

x^y-^ -\-2xy-^ + S + 2x-^y + x"^ y\ 

80. Multiply a 4- a^ ^^'^ + h^ by a^ - 6*. 

81 . Multiply a — a^ xi-|- a; by a* + x^. 
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82. Multiply a — a^ x^ '\- x hy a + a^ x^ -\- x. 

83. Multiply a^ — a^ -^^ a~^ — a~^ 

by a^ + a^ — a~i — a""^. 

84. Divide x — yhyx^ + y^, 

85. Divide a + 6 by a* + &*. 

86. Divide m — nhym*+ n*. 

87. Divide A;^ -f Z^ by fcJ + ^. 

88. Divide a« - 6« by a^-* + ft*-*. 

89. Divide a-^h^hya^- b^. 

90. Find the 5th root of 

a2 - 5 a*-i + 10 a«-2 - 10 a«-« + 5 a*°-* - a^^.B. 

91. Find the cube root of 

344. A root indicated by a radical sign or a frac- 
tional exponent is called a radical quantity, or briefly, 
a radical. 

345. The degree of a radical is indicated by its 
index or by the denominator of its fractional exponent. 

Thus ^a*, ari, and (a + a:) 5, are radicals of the third degree. 

346. A radical quantity is rational when the quan- 
tity expressed under the radical sign (or fractional 
exponent) is a perfect power of the same degree as the 
root indicated: otherwise it is an irrational quantity, 
or a surd. 

Thus v^, y^V^, and 8- J,. are rational ; but v/3, ^20, V^, and 
8"z, are irrational quantities, or surds. 

347. A radical quantity is reduced to its simplest 
form by taking out from under the radical sign all the 
factors that can be taken out. See Art. 297. 

Thus the simplest forms of )/9S, (108)4, and y/b^'y^, 
are respectively 7v/2, 3(4)i, nud i/^y/tfiy. 
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348. The quantity written immediately before the 
radical sign is the coefficient of the radical. 

349. Radicals are similar if they are of the same 
degree, and the quantity expressed under the radical 
sign is the same in all. 

Thus 2V4 and 5^4 are similar; but 2^5 and 2 Vs are not simi- 
lar; neither are 5^2 and 5^3. 

Radicals sometimes become similar by reduction. Thus ^S 

and ^50 when reduced to their simplest forms, 2v/2 and 5^2, are 
similar. 

350. Most of the operations with radicals are sim- 
plest if fractional exponents are used instead of radical 
signs. This is illustrated by the following examples, 
where the form of expression is changed whenever the 
change makes the operation simpler. 

351. Illustrative Examples. I. Add V500, VI8O, 
and V^320. 

The radicals when reduced to their sim- ^5qq_- 1Q1/5 

plest forms are found to be similar, and i/iao— (\J^ 

their sum is found by adding the coefficients r "~ , 

and writing the result before the common Vo^U= oyo 

radical factor. Sum = 24 ^5. 

II. From V^ subtract V^. 

The radicals being dissimilar, \/50=5i/2 

their difference can only be indi- \/26 = 2\/d 

""^^^^^ Difference = 5 V^2 - 2\/6. 

III. Multiply 4V^^by iV^^. 

By changing the form 4^^ ^ 7 ^^4^= 4a? xix7ai xi 

of expression, the multi- =28a?+ixi+t 

plication is performed by \^ ^ 

adding the exponents. = 28 a 'b xe 

See Arts. 81 and 339. =28Va"a-' 

The product may then 
'le changed back to the other form, if desirable. 
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IV. Divide 6 Viy^ by 2^6^, and 6 Va^ by 2^€fi. 

By changing the form q y^f -r 2 ^Sy = 6 fti y J ^ 2 ii yi 

of expression, the division = 3 fti - i v J ~ i 

is performed by subtract- ^ i » 

ing exponents. See Arts. " „i— - 

84 and 339. =3^6^* 

The results may then be ^,, ^ ^ i _ - 4 . ^ a 

changed back to the other ▼ • ▼ 

form. =*«^7 

_ 6 5 

2aJ""2ya' 

V. Raise 2 Va^a^ to the 5th power. 

See Arta. 245 and 339. (2 ^i^^)* = (2 a J xJ)» 

= 2*aV:c¥ 

= 32Va^^ 



VI. Find the square root of 2Vs^. 

This example may be regard- /2^T? = (o yj ^i)* 
ed as an application of Art. 245, ^1 4^^! «i 

the value of m being ^, or as an "" ,^. . ^ 

application of Art. 291, the value = 2byb2b 

of n being 2. = VSy*** 

352. XSzerciftes. 

92. Add V^ItB, V^343, and \/63. 

93. Add V^32, V^27, and V^20. 

94. From V^243 subtract V27. 

95. Add y]a and y]h. 101. Divide yjb by ^5. 

96. Add >Ja and Va- 102. Divide 3v^2 by 2V2. 

97. Add 2>Ja and 3v/a. 103. Multiply Vy^ by Vj/*. 

98. Multiply \ja by ^a. 104. Divide ^t/* by Vt/». 

99. Multiply 2^a by 3v^a. 105. Multiply V«'' by V*^. 
100. Multiply yjb by V'"). 106. Divide V.^•'' by Va;«. 
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107. Multiply Vab^ by VaFbp^. 

108. Multiply 3 a^>Ja^^ by baVam^ 

109. Multiply 4V^?p by 5}/m'y\ 

110. Multiply 2 V5 A:* Z» by V20 k L 

111. Multiply f by i-. 11^- ^^^P^-d CV^ - V^)'- 

;/y' 114. Expand C^a-^^^by. 

112. Expand (^/a^ -^ya^y. 115. Expand (Va" -|- V^"*)^- 
116. Raise ^u^ to the — f power, and reduce the result to 

its simplest form. 

Simplify the following expressions : 

117. (;^aj«)i. 119. J/^. 121. V5y7. 

118. (Vab^yt 120, V^iV«. 122. v^sys. 

123. Simplify ^, or, in general, "y/^. 

Simplify and find the value 

124. Of (V20^. 126. Of (5^3 - V2)«. 

125. Of(V^y2M/. 127. Of (v^5 ~ v^3)». 

353. The following examples show how some frac- 
tions-having denominators partly or wholly irrational 
can be changed to equivalent fractions with rational 
denominators. This change is made to avoid the use 
of an irrational divisor in computing the numerical 
values of such fractions. 

o 
Illustrative Examples. I. Express -^ with a 

rational denominator. 

V5 = V5=V5^r25 = Vl25 = i>^200. 
II. Express ^^ with a rational denominator. 
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5 

III. Express ^ ^ with a rational denominator. 

o — y J 

5 3 + V^ _ 15-|-5V^ 



3-y^o 3_y^2 3 + ^2 

5 

IV. Express -rp — with a rational denominator. 

y o -f- y ^ 

5 __ 5 ^5-^ 3 _ 5 ^5-5V^3 

V5+ V3 ~ ^5 + ^3 ^ v^5- V^ ~ , 2 • 

The last two examples may be generalized thus : 

(III.) Express -. y with a rational denominator. 

± \e 

If both numerator and denominator be multiplied by 6 if ^c, the 
denominator of the result will be (b± ^c)(b q^V^c), or 6* — c, a 

rational quantity ; and the required fraction is - ^^ 

(IV.) Express ., . with a rational denominator. 

If both numerator and denominator be multiplied by ^b ip V^c, 
the denominator of the result is (^^ ± v^c)(V6q: Vc), or 6 — c, a 

rational quantity ; and the required fraction is \__ — ^. 



354. EzerciBOS. 

Free the following fractions from inational denominators, 
_1_ 132. 2v/i. 

2V4' 133. 3Vf 

129. -^. 134. ^ 



2^10* """• v/3 + v^2' 

130. .4r. 135. '"^ 



V5* V/5 + V2' 

131. -L. 136. ^ 



4V2- V^5-l' 
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138 2+V3 ,^ 1 

3 + V* rt-Vo^-ar* 

,oq 3+V5 1 

140. ■ . ,.„ 1 



141. 



142. 



2 4- V^2 ; , 



V2^=M/2' 147. 



V« -f- a? — V« — 



a; 



a* + «>^* 

355. Equations of the form A2?'' + Baf = M, in 
which w has a fractional or negative value, may be 
solved as quadratics for two values of a^, from which 
may be found values of x by the method of Art. 311. 

Illustrative Examples. I. Solve the equation 
a;S _ 8 a;* = 768. 

In this example n = | and xi — S a: j = 768 

2 n = |. Solving the equa- x^ — 8 a;S -f 16 = 784 

tion as a quadratic, we get a:^ = 4±28 

two values of x'.>, and, from Xit=32 a:s?= —24 

these, two values of x. ^^^^ ^^^ ^ (-24)* 

a;i = 64 x,= (-24)? 

II. Solve the equation iyx + \/a: = 21. 

Writing the equation with x* + 4 a:^^ = 21 

fractional exponents, we find xi + 4 :ri + 4 = 25 

it to be of the quadratic ari=--*>±5 

form, and solve it with refer- _. ^ or —7 

ence to ori. x = 81, or 2401. 

356. Exercises. 

148. x + ^x = SO. 150. 5aj = 39-f-2v/a?. 

149. a;-v^a; = 30. 151. V^- -f- v^a; = 20. 
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152. a^ - 10v/a?» = 459. 158. « + «"* = 2f 

153. Vx + 7^-^2^350. ^^^^ Multiply each mem- 

154. yx^ -f- V-*? = w (n -f 1) . ber by x. 

155. _y(?_4.^1zV? = 2i. 159. a;2-.T-^=6.09. 

156. ^iiV^^_i^. 161^ 8rt-« + 5aj-i = 108. 
^ 162. 12a;-i-aJ-? = 2-^ 



157 28_-hy^ ^ 9_-h3ya; 

* 28-v^a; 9 + 2v^a;* 163. x^-^ax^=^h. 



m m 



357. When the quantity under the radical sign con- 
sists of two or more terms one or more of which are 
unknown, the equation may be cleared of radicals and 
solved in the way shown by the following examples. 

Illustrative Examples. I. Solve the equation 

a:±V25-a:2 = l. 



x±^2o- 


-x^ = 


.1 




±^25- 


-x^ = 


:1~X. 




25- 


-x^ = 


:l-2a: + a:^. 


2a:2- 


2x = 


24 




x^ 


— X — 


.12 






x = 


: 4, or - 


-3. 



We first reduce the equation 
to a form in which the radical 
quantity stands alone as one 
member of the equation.' Then 
we square each member, and 
have an equation which solved 
gives two values of x. 

Note. It is to be observed that the one value of x satisfies the 
equation when the radical is taken with the sign + , and the other 
when it is taken with the sign — . 

II. Solve the equation V9a; + 4 — >/Sx-\-l = V2a; — 1. 

V^9a:+4-V^3a:+l = V^2x-l 

Oar+4 — 2v/9ar+4v^3a:+H-3a:+l = 2ar-l 

V/9a;+4\/3a:+l = 5x+3 
(9a:+4)(3x + l)=(5x+3)2 

27a;2-f-21x+4 = 25a:2+30a?+9 
2a:2-9a = 5 

x= 5, or —J 
We square each member, reduce the result so that the product 
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of the two radicals stands alone as one member, square again, and 
have an equation free from radicals, giving, when reduced and 
solved, two values of r. 

358. XSzercifles. 



164. i» + 2-Vl6-|-a*'=0. 

165. X = 9 - ^a?- + 9. 

166. X + ^2o~+x = lo7 . 

167. a;-f-l-V^^^M9 = 0. 

168. S + yx^-^x = X. 



169. Vl2 + aj = 2 -fv^o;. 

170. \/4H-x = Vaj'-f 20aj + 9. 

171. yJS^x- yjs + ar^ = 0. 

172. v/a:-f-Va;-f-15 = 15. 

173. 2-f-V3»=V5a;-f4. 



183. V2a--f-2 



184. v/(a;-l 

185. ^(x-a) 



186. V^(2-a 



187. ^(z-\-a 

188. yjx-^a 

189. (aj-f 1) 

190. (4 + 2/) 



74. Vi»J4-ll+V« — 4 = 5. 
_- 1 1 1 



<o. 



v/a;— 1 V«-f- 1 



V«^-l 

76. V»'+2a; + Vif^-2a;=2v^o. 

77. V^2 a; - 27 a = 9 V^a - y^. 

78. V44-a;- Vl -f a; = 2 v/x^Hl. 

79. V^8 4-a;-V^a:=2Vl + a?. 

80. v/2a;-45 = 3v/i5-V2». 



2 



81. v/a?-f-v/4-f-a; = -7-. 

ya; 

82. v/a; 4- V^9 + a; = 



45 



V9 4-aj 



+ V7-f-6a; = ^7 a; -f- 72. 



(a: - 2) -f v/(a; - 3) (a; - 4) = v/2. 

F— 6)+ v/(a: - c) (x — a + 6 — c) = V (a — c) (^ — «) 



-f 2 « 6 + 6* = 2 — a + &. 



•^-f-2a6-f-62_5_^_2^ 



- V^a a? -f ar* = ^a. 

+ (5+2/)* = 9. 

191. zi + (;3 - 4)i = 8(2; - 4) -*. 

192. 6 4- (a;' - 1)* = 16(ar» - l)-i. 
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SECTION XII. 

PROGRESSIONS. 
Arithmetical Progression. 

359. A series of quantities so arranged that each 
term is greater than the one before it by a constant 
quantity is an arithmetical progression. 

Thus 3, 5, 7, 9, 11 . . . 

m, m + X, m + 2 a:, m -f 3 a: . . . 
are examples of arithmetical progression. In the first, each term 
exceeds the one before it by 2, and in the second by x. 

The word greater in this definition is to be taken in its algebraic 
sense, so that the excess of each term over the one before it may 
be in some cases a constant negative quantity. Hence the defini- 
tion includes such series as the following : 

9, 5, 1, -3, -7, -9, -13 . . . 

b + 2y, b+ij, by b — tj, b — 2y, . . 
where the excess of each term over the one before it is —4 in the 
first, and —y in the second. 

360. The constant quantity by which each term of 
an arithmetical progression exceeds the one before it is 
called the common difference. 

Note. An arithmetical progression is sometimes called a 
progression by difference. 

361. Each term after the first term of an arithmeti- 
cal progression is found by adding the common differ- 
ence to the preceding term. If the common difference 
is positive, the progression is said to be an increasing^ 
if negative, a decreasing progression. 
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362. Ill the treatment of arithmetical progression 
the following notation will be used : 

a = the first term. 
I = the last teim. 
n = the number of terms. 
d = the common difference. 
S= the sum of all the terms. 
With this notation an arithmetical progression is thus 
represented : 

a, a + rf, a + 2rf, a + Sd, aH-4d . . . 

363. To find an expression for the n^\ or last^ term. 

In the series above g^ven, the coefficient of d is 1 in the second 
term, 2 in the third term, 3 in the fourth term, and so on, being 
always one less than the number of the term. Accordingly in the 
n* term the coefficient of d is n — 1, and the n^ term is equal to 
a + (n — 1)(/. Hence the formula 

1 = a+(n — l)c?. 

364. To find an expression for the sum of all the terms. 

By the definition of 5, 

5=a4-[a + ^] + [a + 2cr]+ . . . +[a + (»-l)rf]. 
If the series be written in the reverse order, beginning with /, 
the next term will be / — r/, the next, / — 2(/, and so on to the 
original first term, which will be / — (n — l)c/. Hence we have as 
another expression for 5, 

^' = /^.[/_^/]+[/-.2r/]+ . . . +[/-(n-l)rf]. 
By adding these two values of 5 term by term we get, 

25=[a-H/] + [a+/]+[a+/]+ . . . +[a + /]. 
In the second member of this equation the quantity [a + /] 
occurs as many times as there are terms in the given series, that 
is n times. Hence 

2S=^(a-{'l)n 

or, in words, 

The sum of all the terms of an arithmetical progression 
is equal to half the sum of the two extreme terms multi- 
plied by the number of terms. 
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. 365. The two formulas 

1= a -f (w — l)df, 
and S=^(^a-\-l)n 

contain all five elements (a, Z, w, rf, /S) of an arithmeti- 
cal progression. They are independent simultaneous 
equations. If, therefore, any three of the five elements 
are given, the other two may be found by solving these 
equations. ' We have only to substitute the known ele- 
ments for their symbols in the equations, and then solve 
them by methods already explained. 

366. Xixercises. 

1. Find I and S, when a = 1, w = 100, and d = 3. 

2. Find n and aS, when a = 40, Z = 4, and d = —3. 

3. Find a and /S, when I = 30, n = 16, and d = 3. 

4. Find n and d, when a = 20, Z = — 8, and S = 48. 

5. Find I and d, when a = 40, n = 12, and S = 150. 

6. Find a and d, when I = 20, w = 9, and S = 36. 

7. Find a and Z, when w = 10, d = 4, and S = 1000. 

8. Find d and ^, when a i= 30 , Z = 15, and 7i = 7. 

9. Find Z and n, when a = 9, d = 3, and S = 306. 

Note. The negative value of n resulting from the quadratic 
equation can have no meaning, and must be rejected. 

10. Find a and n when Z = 37, d = 4, and /S = 190. 

Note. The fractional value of n resulting from the quadratic 
equation can have no meaning, and must be rejected. 

367. Problems in Arithmetical Progressiou. 

11. Find the 42d term of the series 4, 6|^, 9 . . . 

12. Find the 40th term of the series -20, -18, -16 . . . 
Find the sum, 

13. Of all the integers from 1 to 100 inclusive. 

14. Of all the integers from 1 to 1000 inclusive. 

15. Of all the odd numbers from 1 to 99 inclusive. 

16. Of all the even numbers from 2 to 100 inclusive. 

17. Of the series —10, —7, —4, ... to 20 terms. 
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18. Find the number of terms, when the first term is 17, 
the common difference —2, and the sum of all the terms 72. 

19. How many terms of the series 214-18 + 15-1- . . . 
amount to HI ? What is the last term? 

20. How many terms of the series 19 -|- 18 -|- 17 -f- . . . 
amount to 124? 

21. A contract for boring an artesian well provided that 
'2i) cents should be paid for the first foot, and half a cent 
more for each succeeding foot, however deep the well might 
be. The well was sunk to a depth of 1500 feet. How much 
was due by the contract? 

22. It is a law of falling bodies, that, when there is no 
resistance of the air, the space fallen through in the first 
second is 16^j feet, in the next, 48 J, in the next, 80-j^, and so 
on in arithmetical progression. How many feet does a body 
fall through in t seconds? How many when ^ = 20? 

23. In how many seconds will a body starting from a state 
of rest fall through 41 16 1. feet? 

24. Find the 7i*'' term of the series 1, 3, 5, 7 . . . and of 
the series 2, 4, 6, 8 . . . 

25. Find the sum ofl-f-2-|-3-t-4-f- . . . ton terms, • 

26. Find the sum ofl-t-3-t-5-|-7-|- . . . ton terms. 

27. Find the sum of2-t-4-|-6 + 8-f- . . . ton terms. 

28. Find the sum ofJ + |-f-J-f . . . ton terms. 

OQ T7- 1 *i - n — 1 n — 2 , n — 3 , 

29. Fmd the sum of 1 1 f- ... to n 

n n n 

terms. 

30. Find the sum of an arithmetical progression of which 
the 5th term is 14, the 8th term 23, and the number of terms 
12. 

31. The 7th term of an arithmetical progression is —6, 
the 37th, 15|^, and the whole number of terms is 55. Find 
the first and last terms, the common difierence, and the sum 
of all the terms. 

32. The sum of the 19th, 43d, and 57th terms of an arith- 
metical progression is 827. The sura of the 27th, 58th, 
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69th, and 73d, is 1581. Find the first term and the common 
difference. 

33. The prizes for a boat-race were so fixed that each 
crew received $15 less than the crew next ahead of it. The 
leading crew received $120 ; all the others together, $330. 
How many prizes were there ? 

34. The sum of the first nine terms of an arithmetical pro- 
gression is 117, the sum of the last five is 110, and there are 
ten terms in all. Find the first term and the common difference. 

35. Eight numbers are in arithmetical progression. The 
sum of the two middle terms is 29, and the product of the first 
and last terms is 100. Find the first term and the common 
difference. 

36. A and B start at the same time from two towns 165 
miles apart, intending to meet on the way. A goes 1 mile 
the first day, 2 the second, 3 the third, and so on. B goes 
20 miles the first day, 18 the second, IG the third, and so on. 
After how many days will they meet ? 

37. Prove that the average value of the terms of an arith- 
metical progression is ^{a-\-l), 

38. Prove that the sum of the (k — m)*** and the (A; -h m)"' 
terms of an arithmetical progression is equal to twice the 
¥^ term. 

The first and last terms of a progression are called the ex- 
tremes, the rest are called means. If it is required to insert a 
given number of arithmetical means between given extreme's, we 
have merely to find the common difference from the given values 
of 0, /, and n (n being greater by 2 than the number of means to 
be inserted), and then write out the whole series. 

39. Insert 27 arithmetical means between 3 and 17. 

40. Insert 10 arithmetical means between 10 and 20. 

41. It is required to insert m arithmetical means between 
h and k. What must be the common difference ? 

42. The arithmetical mean between two quantities is a 
quantity as much greater thau the one as it is less than the 
other. Prove that the arithmetical mean between two quan- 
tities is equal to half their sum. 
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Geometrlcal Projgpression. 

368. A series of quantities so arranged that each 
term bears a fixed ratio to the one before it is a 
geometrical progression. 

Thus 3, 6, 12, 24, 48 . . . 

m, m Xf tn x^, mx^ , . , 
are examples of geometrical progression. In the first the ratio 
of each term to the one before it is 2, and in the second, x. 

369. The fixed ratio which each term bears to the 
one before it is called the common ratio. 

Note. The common ratio is also called the common quotient; 
and a geometrical progression is sometimes called a progression hy 
quotient. 

370. Each term of a geometrical progression is found 
by multipljdng the preceding term by the common 
ratio. If the common ratio is negative, the terms of 
the progression are alternately positive and negative. 

Thus -5, +15, -46, +135 . . . 

where the common ratio is —3, 
and +4, -2, +1, -i, +J, -\ . . . 

where the common ratio is — ^, 
have terms alternately positive and negative. 

If the common ratio is numerically less than 1 (that 
is, if it is a positive or negative proper fraction), the 
progression is said to be convergent ; if numerically 
equal to or greater than 1, the progression is said to be 
divergent. 

Thus 1» i» ii ^1 A^ • • • 

where the common ratio is J, 
and 2, -f, /j, -^, ^fift . . . 

where the common ratio is — f, 
are convergent. 
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371. In the treatment of geometrical progression 
the following notation will be used : 

a = the first term. 
I = the last term. 
n = the number of terms. 
r = the common ratio. 
S= the sum of all the terms. 
With this notation a geometrical progression is thus 
represented: 

ay ar^ ar% ar^^ ar^j ar^ . . . 

372. To find an expression for the n^\ or last, term. 

In the series above given, the exponent of r is 1 in the second 
term, 2 in the third term, 3 in the fourth term, and so on, being 
always one less than the number of the term. Accordingly in the 
n'" term the exponent of r is n — 1, and the n**" term is equal to 
ar^"^. Hence the formula 

l = a r"""^ 

373. To find an expression for the sum of all the 

terms. 

By definition of S, 

S = a+ar+ar^+ . . . +ar*-\ 
Multiplying each member of this equation by r, 

r S = ar + ar^ + ar^+ . . . +ar^. 
Subtracting the first equation from the second, omitting terms 
which cancel, 

riS— 5 = ar« — a, 
whence the formula 

r — 1 

374. The two formulas 

r-1 
containing all five elements of a geometrical progres- 
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Bion, are independent simultaneous equations, from 
which may be found any two elements when the other 
three are given. 

In some cases, however, the equations cannot be solved by the 
methods heretofore given. Thus, when n is unknown, the equa- 
tion for finding n is of a kind called exponential equations, the 
solution of which usually requires the use of logarithms, although 
in certain simple cases they may be solved by inspection. Also, 
when r and either a or I are unknown, the equations for finding 
these elements are of the n^ degree, n being the given number of 
terms. But no general methods have been given for the solution 
of equations of a higher degree than the second. Nevertheless, 
the equation for finding a or / is frequently solvable by inspection. 

375. ZbcerciBea. 

43. Find I and S^ when a = 5, 71 = 6, and r = — §. 

44. Find a and S^ when I — 0.004, n = 5, and r = 0.1. 

45. Find a and Z, when n = 6, r = ^, and S = T^^. 

46. Find r and S^ when a = 2 J, / = ^\. and n = 6. 

47. Find a and ?•, when / = 48, n = 5, and S = 93. 
SOLUTION. (1) 48 = rtr* 



ar^ — a 
r-l 



By substituting the /2) 93 = 

given elements in the 
formulas, the results are (3) 93r — 93 = « r* r — a 

of fractions, at the same y a y « 

time writincf the term 




a 7-^ in the form ar*r. 

This gives (3). Sub. 43 

stitute in (3) the value C^^) x — = (93 - ay 

of r derived^f rom (1), (5) ^(93 __ „)4 == 43 x 45* 

u- u ' .4/48 1 ., (6) a(93 - a)* = 3 X 90* 

which is v/ — ; also the ^ ^ ^ ^ ^ 

y a a = 3 

value of a r*, which is (7) 48 = 3 r* 

48. The result is (4), r*= 16 

which reduced gives (5), r = 2 

an equation of the 5th 

degree, with a as the unknown quantity. This equation would be 
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satisfied by the value a = 48. But if a = 48, S would equal, not 
93, but 240. Hence this value is rejected. By separating 48 into 
two factors, 3 x 16, one of which is a perfect fourth power (16 = 2*), 
the second member of (5) is changed to the form 3 X 2* x 45*, or 
3 X 90* as in (6). It is easy to see that (6) is satisfied by the 
value a = 3. This value substituted in (1) gives (7), from which 
may be found the value of r. 

48. Find I and r, when a = 64, w = 6, and S = 126. 

SOLUTION. (1) / = 64rfi 

The method of solu- v^v -„^_64 7'*r— 64 

tion is similar to that of r—l 

the preceding exercise. /(126 - ly = 64 x 62^ = 2 x 1245 
Eliminate r by substi- / = 2. 

tuting in (2) its value, r='/^=: VS- = i' 



V6^ 



— , derived from (1), at the same time replacing 64 r* by I. 

49. Find n and Sy when a = 85^, I = 20 J, and r = J. 

SOLUTION. (1) ^ = ^}^(f)'— ^ 

By substituting the given (2) (f )«-i = ^^ 

elements in the formula whence n — 1 = 5 
l:=zaf"~^ we get (1), which n = 6 

reduced gives the exponen- 
tial equation (2). This may be solved by inspection; for it is 
easy to see that | raised to the 5th power equals ^^j- 

50. Find I and n, when a = 2, r = —3, and S = —364. 

Solution. The substitution of the given elements in the 
formula for S gives the exponential equation (— 3)« = 729, which 
is easily solved by inspection ; for since (— 3)^ = 729, n = 6. 

51. Find a and n, when I = 1458, r = 3, and aS = 2186. 

solution. (1) 



Multiply by 3 each mem- 
ber of (1). The result is 
(3). Eliminate the quantity (3) 
a x 3» from (2) and (3). 
The result is (4), from which 
the value of a is found. The 
value of n may be found from 
the exponential equation (3) after substituting therein the value of a. 



(2) 



(4) 



1458 = 


ax 3«-i 


2186 = 


ax 3" -- a 


3-1 


4374 = 


a X 3« 


2186 = 


4374 - a 
3-1 


a = 


2 
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52. Find r and n, when a = 12, Z = 1|^, and S = 32ff . 

SOLUTION. , jv 128 _ ^2 ^_i 

The method of solution ^^ 

is similar to that of the pre- ro\ ?5?2 = ^2r»~12 



81 r-1 



ceding exercise. From (1) 

is obtained (3), from which rg\ ^^^^ =12r* 

and (2) is eliminated the 81 

quantity 12 ?■*. The result is 128 r _ ^^ 

(4), from which the value of fA\ 2660 _ _81 



(4) 



r is found. 81 r— 1 

376. Problema in Geometrical Progreasion. 

53. Find the common ratio and the sum of six terms of 
the series 3|, 2 J, IJ . . . 

54. Four numbers are in geometrical progression. Their 
sum is 280, and the smallest one is 7. What is the largest 
one, and the common ratio? 

55. Supposing the population of Chicago to have in- 
creased regularly from year to year in geometrical progres- 
sion, what was the yearly rate of increase from A.D. 1860, 
when the population was 109,260, to A.D. 1870, when the 
population was 298,977? 

56. From a cask containing 20 gallons of pure brandy, 
3 gallons are drawn out and 3 gallons of water poured in. 
Then the liquid in the cask is weakened a second time in like 
manner, then a third time, and so on. How much pure 
brandy remains in the cask after 24 such weakenings ? 

57. Generalize the foregoing, putting for 20, 3, and 24, the 
letters a, 5, and n respectively. 

58. A mixture of silver and copper is made, containing 76 
pounds of the former, and 20 pounds of the latter. From 
this mixture 20 pounds are taken away, and the remainder 
melted with 20 pounds of copper. Then the new mixture is 
treated in the same way. When this has been done 24 times, 
how much pure silver remains in the mixture ? 

59. Generalize the foregoing, putting for 76, 20, and 24, 
'\e letters a, 6, and n respectively. 
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60. There are four numbers in geometrical progression, 
which being diminished respectively by 7, 3, 2, and 3, are in 
arithmetical progression. What are the numbers? 

61. Find four numbers in arithmetical progression, which, 
being increased respectively by 5, 7, 11, and 18, will be in 
geometrical progression. 

62. Find an expression in terms of a, r, and w, for the 
continued product of all the terms of a geometrical progres- 
sion. 

63. Prove that the reciprocals of the terms of a geometri- 
cal progression also form a geometrical prc^ression. 

64. What are the properties of a series of products 
formed b}' multiplying each term of a geometrical progres- 
sion by the term next following it? 

65. Prove that the series of sums or of remainders 
formed by adding or subtracting each term of a geometrical 
progression to or from the term next following it is also*a 
geometrical progression. What is its common ratio? 

66. Prove that the product of the (Jc-^my^ and the 
{Jc + my^ terms of a geometric progression is equal to the 
square of the k^^ term. 

If it is required to insert a given number of geometric means 
between given extremes, we have merely to find the common ratio 
from the given values of a, /, and n (n being greater by 2 than the 
number of means to be inserted), and then write out the whole 
series. 

67. Insert four geometric means between ^\ and 2J. 

68. Insert eleven geometric means between 1 and 2. 

69. It is required to insei*t m geometric means between h 
and k. What must be the common ratio ? 

70. Insert one geometric mean between A and B, 

71. Prove that the geometric mean between two quantities 
is equal to the mean proportional between them (Art. 196). 

72. The arithmetical mean between two numbers is 15, 
and the geometrical mean is 12. What are the numbers? 

73. Prove, in general, that two quantities may be found 
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if their arithmetical and geometrical means are both given. 
Find expressions for them. 

Note. There are some questions relating to compound inter- 
est, annuities, sinking-funds, &c., which might be introduced here 
as depending for their solution on the principles of geometric 
progression; but the numerical computations are tedious without 
the use of logarithms. Such questions, therefore, are better placed 
at the end of the next Section. 

The Sum of an Infinite Number of Terms. 

377. In a convergent geometrical progression the 
value of r is a proper fraction. Now, the second power 
of a proper fraction is numerically less than the first 
power, the third power is less than the second, and so 
on. The' greater the value given to w, the less becomes 
the value of r* ; that is, the more nearly does its value 
approach the limit 0. If we make n greater than any 
assignable number, that is, w = oo , the value of r** will 
become less than any assignable number, that is, r* = 0. 

Therefore, for a convergent, geometrical progression 
of an infinite number of terms, the formulas for the 
last term and sum become 

r r 

^_ a(r''-l) _ a(0-l) ^ -a _ a 
"" r — 1 r — 1 r — 1 1 — r' 

The formula aS' = 



1-r 

gives what is called the sum of all the teims of an 
infinite convergent geometrical progression. The mean- 
ing is, not that all the terms could ever be written down 
and added, for this would be impossible, but that, the 
greater the number of terms taken, the more nearly 

does their sum approach the definite limit q . 

1 — r 
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Thus, in the infinite series 

the sum of the first three terms is ^, or 1 — ^ 
the sum of the first five terms, fj, or 1 — ^ 

the sum of the first twenty terms, t^flU, or 1 — ^ ^^l^t& 
and so on ; the greater the number of terms taken, the more nearly 
does their sum approach the timit 1, which is the value of S in 
this case. 

5=^^ = 1. 



378. ZbcerclBea. 

74. Find the sum of 1 -f ^ -f J -f ^ -|- . . . to an infinite 
number of terras. 

75. Find the sum of ^ -f ^ -f y^-f ... to an infinite 
number of terms. 

76. Find the sum of iV + tJit + hjV u + ... to an in- 
finite number of terms. 

77. Find the sum of ^^ -f ^^ir + xxnA^irff + ... to 
an infinite number of terms. 

78. Find the sum of | -f (f )2 -|- (|)8 + (f )* -f ... to an 
infinite number of terms. 

79. Find the sum of 18 + 12 + 8 + ... to an infinite 
number of terms. 

80. Find the sum of 0.3 + 0.03 + 0.003 -f ... to an 
infinite number of terms. 

81. What must be the common ratio that the sum of an 
infinite geometric progression beginning with ^ ma}' be 2 ? 

82. What is the common ratio of an infinite geometnc 

progression beginning with ■^, if the sum of all the terms 

is J-^ 
*=• 11 • 

83. Achilles pui^sues a tortoise with a speed twelve times 
as great as that of the tortoise, but from a starting-point one 
stadium behind it. When. he comes to the place where the 
tortoise was at the outset, he finds that the tortoise has gone 
^j of a stadium farther ou. He runs that distance, and finds 
the tortoise is still yj^ of a stadium ahead of him ; he runs 
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j^ of a stadium, and finds tlie tortoise still ahead of him 
ttW ^^ ^ stadium ; and so the race continues. The question 
is whether Achilles will ever overtake the tortoise ; and, if 
so, where. 

Circulating Decimals. 

379. The formula S= ^ may be used to find, in 

1 — r 

the form of a common fraction, the exact value of a 

circulating decimal. 

Thus, 0.'297 or 0.297297297 . . . 

may be expressed in the form 

an infinite geometric progression in which a = ^V» '' ^ Tihjf 

Then S = y^^-= §^ = 111 = iT = *^« ®^*^* ^^^^ 

of the given circulating decimal. 

This may be verified by reducing ^^ to a decimal. | 

If the first part of the decimal does not repeat, the value of the 

repeating part may be found, and added to the other. Thus 

0.536 or 0.5363636 . . . 
may be expressed in the form 

The sum of all the terms except the first is, by the formula, 



Tt roir _ OLO 86 _ _9 6_ _ _a_ 

1 1 ~ 0-99 — 990""65" 

Adding this to the first term, we find as the exact value 

380. Ezercisea. 

Find the valne, in the form of a common fraction reduced 
to its smallest tenns, 

84. Of 0.111 ... 91. Of 0.i85. 

85. Of 0.333 ... 92. Of 2.327. 

!!' ?m^.l/ ' ' 93. Of 0.i88i. 

87. Of 0.5454 ... qa Of 9 ^^9^^ 

88. Of 0.00333 ... ^^' ^^ 2.43243, 

89. Of 0.0555 ... 95- Of 0.2916. ^ 

90. Of 0.58333 ... 96. Of 0.428571. 
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SECTION XIII. 



LOGARITHMS. 



381. We have seen that powers of the same quan- 
tity are multiplied together by addmg the exponents, 
that one power is divided by another by subtracting 
one exponent from the other, that a power of a power 
is found by multiplying the exponent, and that a root 
of a power is found by dividing the exponent. See 
Arts. 80, 83, 245, 291, 292, and 334-339. 

Now, if some one number should be selected as a 
base, and by means of suitable exponents all numbers 
should be expressed as powers of this base, then all 
the labor of multiplying and dividing numbers could 
be replaced by the mere addition and subtraction of 
these exponents, and the labor of finding the powers 
or the roots of numbers could be replaced by the 
simple process of multiplying or dividing the expo- 
nents. 

382. A method of abridging the labor of computa- 
tion by the aid of such a system of exponents was 
invented by Baron Napier of Scotland, who gave the 
name logarithms to the exponents so used. 

This method, first published in 1614, was soon after- 
wards modified, and, for practical use, much improved, 
by Henry Briggs, an English mathematician, who 
adopted for the base of his system the number 10, and 
with this computed the first table of logarithms of the 
kind now in common use. 
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Theory of Logarithms. 

383. The base of a system of logarithms is a chosen 
number of which all other numbers are regarded as 
powers. 

The base may have any positive value except 1. 
The base of the common system of logarithms is 10. 

384. The logarithm of a number is the exponent of 
the power to which the base must be raised to produce 
the number. 

The abbreviation log is used for the words the loga- 
rithm of, 

385. The value of x which satisfies the equation 

is the logarithm of iV* in a system of which the base 
is b. 

386. If we assign to b some fixed positive value 
other than 1, and let N represent in turn every positive 
number from to -f oo , there will be found, by solving 
the equation for each value of N^ a corresponding value 
of X. These values of x taken together make up a 
system of logarithms. 

There may be an infinite number of systems of logarithms, 
because an infinite number of positive values may be assigned to 
h the base. Only two systems, however, have ever been in use. 
One, called the Napierean system, has for a base the definite 

limit to which the value of the expression ( 1 H — j approaches as 

greater and greater values are assigned to m. When m is infinite, 

the expression becomes (^ + ~) =2.7182818 . . . The system 

of logarithms having this peculiar number for a base is simpler 
than any other, and is often called the natural system. It is used 
in the theoretical investigations of higher algebra. 

The common system having 10 for a base is used for practical 
computations. 
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387. In the equation 

supposing b to have any positive value other than 1, 

when iV= 1, the value of x is 0, 
when iV= 6, the value of x is 1. 

Hence 

In any system the logarithm of 1 is 0, and the logor 

rithm of the base is 1. 

388. When N is equal to any integral power of the 
base, as b\ b\b\ . . . ot b~\b ~\b~^^ , . . the value 
of X is an integer. Hence 

The logarithm of a number is integral when the num- 
ber is equal to an integral power of the base. 

When the number is not equal to an integral power of the 
base, the logarithm is expressed either exactly or approximately 
by fractions. See Art. 390. 

389. By computing the values of x for any given 
series of values of iV, say for all positive integers from 
1 to 100, and arranging the results in a table, we should 
have a table of logaiithms, 

390. Note on the Computation of Logarithms. Al- 
though a computer of logarithms would use short methods afforded 
by the higher branches of mathematics, it is well for the beginner 
to assure himself that the computation of a logarithm is quite 
withjn the reach of elementary methods. For the purpose of 
showing this, we shall here compute the common logarithm of 2 
by solving the exponential equation 

10^ = 2. 
Seeing that 10° ( = 1) is less than 2, while 10^ ( = 10) is greater 
than 2, we conclude that the value of x is greater than and less 
than 1 ; in other words, x is a proper fraction. Accordingly we let 

X = — , thus changing the form of the given equation to 
ar 

1(P = 2, 
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and seek the value of a/. By raising each member to the zf power, 

we have 

2*' = 10. 

Seeing that 2* is less, while 2^ is greater, than 10, we conclude that 
the value of x' is 3 plus a proper fraction, which we represent by 

^; thatis,x' = 3 + ^. 

Substituting this value of x' in the last equation, observing that 
28+," = 2« X 2*", we have 

2«x2^'=10 
or, by reducing, 

2^ = f 

from which we seek the value of a/'. By raising each member to 
the x" power, we have 

(*)"' = 2. 

Seeing that (})' is less, while (|)* is greater, than 2, we conclude 
that the value of jf' is 3 plus a proper fraction, which we repre- 
sent by ^, that is, x" = 3 + ^. 

Substituting this value of x" in the last equation, and reducing, 
we have 

from which we seek the value of x'"- By raising each member to 
the zf" power, we have, 

or (1.024)^'" = 1.25 

Seeing that (1.024)» is less,* while (1.024)" is greater, than 1.25, 

we conclude that the value of of" is 9 plus a proper fraction. 



• The best way to find the 9th power of such a number as 1.024 is to 
use the Binomial Formula, making rt = l and 6 = 0.024. 

Substituting these values in the first lour terms of (a+&)B gives 

9a8& = 0.216 
36 a7 62 = 0.020736 
84 gg 63 = 0.001161 . . . 
1.237 . . . 
from which we see that (1.024)9 is less than 1.25; for the rest of the 
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We might represent this fraction by -j; and continue the opera- 

tion ; but we have gone far enough to make the method clear. 
Collecting the results, we find that 

_^_1 1 _1 

*'"x'~3+ 1 ~3+l "3+1 



3+ 1 3+1 



a/" 9 + J^ 

Neglecting the -j; we assume as an approximate value of x the 
complex fraction o.-, 

- which reduced to a simple fraction is 

^, or the decimal 0.30107. The logarithm of 2 correct to five 
decimal places is 0.30103, from which we see that the error of our 
value of X is less than the half of one ten-thousandth. 

Further steps would have made the approximation still closer. 

As exercises, the equations 10* = 3 and 10* = 5 may be solved 
so far as to reach the approximate results 
__1 ^ _1 

^~2+ 1 ^"1 + 1 



10 + 1 ~ 2+1 

^i = 0.4772 . ^ 



2 ' 3 + 1 ^^^^^ 

r = 0.6989 . . . 

which differ but little from the values, correct to five places, 
of log 3 = 0.47712, and log 5 = 0.69897. 

In this way we might compute all the logarithms given on the 
next page. 

terms are too small to change the first three figures of the result above 
obtained. 

Substituting the same values in the first three terms of (a + 6)1^ gives 

aio = l 
10a9&=0.24 
45 a8&2 = 0.02592 
1.26592 

from which we see that (1.024)io is greater than 1.25; for even the first 
three terms amount to 1.26 . . . 
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( 


Comm< 

Log. 
0.0000 


Num. 
21 


g^arithms of Numbers from 1 to 100 


» 


Num. 


Log. 


Num. 


Log. 


Num. 


Log. 


Num. 


Log. 


1 


1.3222 


41 


1.6128 


61 


1.7853 


81 


1.9085 


2 


0.3010 


22 


1.3424 


42 


1.6232 


62 


1.7924 


82 


1.9138 


3 


0.4771 


23 


1.3617 


43 


1.6335 


63 


1.7993 


83 


1.9191 


4 


0.6U21 


24 


1.3802 


44 


1.&435 


64 


1.8062 


84 


1.9243 


5 


0.6990 


25 


1.3979 


45 


1.6532 


65 


1.8129 


85 


1.9294 


6 

1 


0.7782 


26 


1.4150 


46 


1.6628 


66 


1.8195 


86 


1.9345 


' 7 


0.S451 


27 


1.4314 


47 


1.6721 


67 


1.8261 


87 


1.9395 


8 


0.0031 


28 


1.4472 


48 


1.6812 


68 


1.8325 


88 


1.9445 


9 


0.9542 


29 


1.4624 


49 


1.6002 


69 


1.83^ 


89 


1.9494 


10 


1.0000 


30 


1.4771 


50 


1.6990 


70 


1.8451 


90 


1.9542 


1 

11 


1.0414 


31 


1.4914 


51 


1.7076 


71 


1.8513 


91 


1.9590 


12 


1.0792 


32 


1.5051 


52 


1.7160 


72 


1.8573 


92 


1.9638 


1 13 


1.1139 


33 


1.5185 


63 


1.7243 


73 


1.8633 


93 


1.9685 


1 14 


1.1461 


34 


1.5315 


54 


1.7324 


74 


1.8692 


94 


1.9731 


1 15 


1.1761 


35 


1.5441 


55 


1.7404 


75 


1.8751 


95 


1.9777 


. 16 


1.2041 


36 


1.5563 


56 


1.7482 


76 


1.8808 


96 


1.9823 


17 


1.2304 


37 


1.5682 


57 


1.7559 


77 


1.8865 


97 


1.9868 


18 


1.2553 


38 


1.5798 


58 


1.7634 


78 


1.8921 


98 


1.9912 


19 


1.2788 


39 


1.5911 


59 


1.7709 


79 


1.8976 


99 


1.9956 


20 


1.3010 


40 


1.6021 


60 


1.7782 


80 


1.9031 


100 


2.0000 



Fundamental Propositions. 

301. To find the logarithm of a product. 

Let N and N' be any two numbers, and let x and a/ be their 
logarithms to the base h. 



Then 



N' = b^'. 



Multiplying, 

whence it appears (Art. 384) that a:+ a:' is the logarithm of NN'. 
The reasoning would be similar if there were three or more 
factors instead of two. 

Hence 

The logarithm of a product is equal to the sum of the 
logarithms of its factors. 
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392. To find the logarithm of a quotient. 

Let N be the dividend and N' the divisor, and let x and x' be 
their logarithms as before. 

Then N= fr= 

Dividing, N^N'^b"^ 

whence it appears (Art. 384) that x^xf is the logarithm of 

Hence 

The logarithm of a quotient is equal to the logarithm 
of the dividend less the logarithm of the divisor, 

393. To find the logarithm of a power. 

Let N=b'. 

Taking the m^ power, iV*" = 6"»* 

whence it appears (Art. 384) that mx is the logarithm of N'^. 

Hence 

The logarithm of a power of a number is equal to the 
logarithm of the number multiplied by the exponent of 
the power, 

394. To find the logarithm of a root. 
Let N=i 6*. 

Taking the n**" root, yjN = J», 

X I 

whence it appears (Art. 384) that - is the logarithm of yiV. 

Hence 

2%e logarithm of a root of a number is equal to the 
logarithm of the number divided by the iridex of the root, 

395. Briefly expressed in formulas the propositions 
just proved are as follows : 

(1) logCNN' W . . .) = log N+ log N' 4- log N''+. . . 

(2) log(iV^-^ N'^ = log N- log N\ 

(3) logiV*" =wlogiV; 

(4) log yN = \ log K 
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396. For the purpose of illustrating these formulas 
we shall select some simple examples coming within the 
range of the table on page 240. Thus we shall justify 
what was said in Art. 381 by showing how the multi- 
plication or division of numbers can be performed by 
adding or subtracting their logarithms, and how the 
powers or the roots of numbers can be found by multi- 
plying or dividing their logarithms. 

I. Find by logarithms the product of 5 and 7. 

Referring to the table, we 0.6990 = log 5 

find the logarithms of 5 and 7. 0.8451 = log 7 

These added give 1.5441 as the Sum, 1.5441 = log(5 x 7) 

logarithm of 5 x 7. Referring = log 35 

again to the table, we find that Hence 5 x 7 = 35. 
1.5441 is the logarithm of 35. 

Thus we have learned by the use of logarithms that the product 
of 5 and 7 is 35. 

II. Find by logarithms the product of 3, 4, and 7. 

By adding the logarithms 0.4771 = log 3 

of 3, 4, and 7, we find the loga- 0.6021 = log 4 

rithm of their product to be 0.8451 = log 7 

1.9243, which stands in the Sum, 1.9243 = log(3 x 4 x 7) 
table as the logarithm of 84. = log 84 

The product sought, then, is 84. Hence 3 x 4 x 7 = 84. 

III. Find by logarithms the product of 2 and 3. 

Here the sum of the loga- 0.3010 = log 2 

rithms of 2 and 3 fails to agree 0.4771 = log 3 

with the logarithm of 6 as Sum, 0.7781 = log(2 x 3) 
o iven in the table. But it is 0.7782 = log 6. 

to be remembered that the 

values of the logarithms given in the table are only approximate 
values, being expressed in each case to the nearest ten-thousandth. 
The value actually expressed in the table may be greater or less 
than the true value by an amount not exceeding the half of a ten- 
thousandth. This half of a ten-thousandth is called the possible 
error of a logarithm in this table. The sum or difference of two 
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logarithms would be affected by a possible error twice as great as 
that affecting a single logarithm, that is, by a possible error of 
one ten-thousandth. It is plain, therefore, that the logarithm of 
2x3 agrees with the logarithm of 6 within the limit of possible 
error. 

It follows, from what has just been said, that the sum of a 
large number of logarithms would be affected by a large possible 
error. This is true; and yet the probable error is small. For, 
since the actual errors of logarithms are sometimes positive and 
sometimes negative, the chances are, that most of the errors of 
one kind are offset by errors of the opposite kind, leaving the 
probable error of the result a small one. 

IV. Divide 98 by 14, using logarithms. 

By subtracting the logarithm 1.9912 = log 98 

of 14 from the logarithm of 98, 1.1461 = log 14 

we find the logarithm of the quo- 0.8451 = log(98 -j- 14) 
tient to be 0.8451, which stands = log 7 

in the table opposite 7. Hence 98 -r 14 = 7. 

V. Find by logarithms the third power of 4. 

Multiplying the logarithm of 0.6021 = log 4 

4 by 3, we find the logarithm of 1.8063 = log 4' 

4« to be 1.8063, which agrees with 1.8062 = log 64 

the logarithm of 64 given in the Hence 4* = 64. 
table loithin the limit of possible 
error. 

VI. Find by logarithms the fourth root of 81. 
Dividing the logarithm of 81 1.9085 = log 81 

by 4, we find the logarithm of 0.4771 = log Vsl 

VsT to be 0.4771, which agrees = log 3 

with the logarithm of 3 as given Hence J/Sl = 3. 
in the table. 

VII. Find by logarithms the value of 32*. 

By finding | of the logarithm 1.5051 = log 32 

of 32, we have 0.9031 as the loga- 4.5153 = log 32» 

rithm of 32^ and this is the loga- 0.9031 = log 32? 

rithm of 8 as given in the table. = log 8 

Hence 32? = 8. 



244 ELEMENT ABT ALGEBBA, [397- 

VIII. Divide 16 by 48, using logarithms. 

By subtracting the logarithm 1.2041 = log 16 

of 48 from the logarithm of 16, 1.6812 r= log 48 

the negative remainder —0.4771 —0.4771 = log(16 -^ 48) 

is found. Now +0.4771 is the =log J 

logarithm of 3, as given in the Hence 16 -r 48 = \. 
table; then (Art. 336) -0.4771 
most be the logarithm of the reciprocal of 3, that is, of \. 

397. ISxercisea. 
Using loganthms, 

1. Multiply 15 by 6. 16. Find the sq. root of 49. 

2. Multiply 31 by 3. 17. Find the sq. root of 100. 

3. Multiply 18 by 4. 18. Find the sq. root of 36. 

4. Multiply 2 by 5. 19. Find the 3d root of 64. 
6. Multiply 4 by 10. 20. Find the | power of 27. 

6. Multiply 8 by 10. 21. Find the | power of 81. 

7. Multiply 10 by 10. 22. Find the | power of 8. 

8. Divide 18 by 3. • 23. Divide 10 by 50. 

9. Divide 48 by 6. 24. Divide 20 by 80. 

10. Divide 88 by 8. 25. Divide 5 by 10. 

11. Divide 92 by 4. 26. Divide 4 by 100. 

12. Divide 60 by 6. 27. Divide 25 by 100. 

13. Find the 2d power of 7. 28. Divide 1 by 5. 

14. Find the 5th power of 2. 29. Multiply 30 by \. 

15. Find the 3d power of 3. 30. Multiply 70 by ^. 

Exercises of this simple kind should be used until the general 
principles of logarithms become thoroughly familiar. Although 
the logarithms here used are common logarithms, it should be 
remembered that the same examples could have been worked with 
logarithms in any other system. 

The PropertieB of Common Logarithms. 

398. We have seen (Art. 388) that the logarithms 
of integral powers of the base are integers. In the 
common system, therefore, the integral logarithms are 
the following: 
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log 1 = 

log 10 = 1 

log 100 = 2 
log 1000 = 3 
log 10000 = 4 
and so on 



log 1 =0 

log 0.1 = -1 
log 0.01 = -2 
log 0.001 = -3 
log 0.0001 = -4 
and so on. 



399. From this table we see that the logarithm of 
any number between 

1 and 10 is -h a fraction 

10 and 100 is 1 -h a fraction 

100 and 1000 is 2 + a fraction 

1000 and 10000 is 3 + a fraction 

and so on. 

Also that the logarithm of any number between 
1 and 0.1 is —1 + a fraction 
0.1 and 0.01 is --2 -h a fraction 
0.01 and 0.001 is — 3 + a fraction 
and so on. 

400. The integral part of a logarithm is called its 
characteristic ; and the fractional part, which is com- 
monly expressed as a decimal, is called its mantissa. 

Thus, in the logarithm of 45, which is 1.6532, the characteristic 
is 1, and the mantissa is .6532 ; and in the logarithm of 2, which 
is 0.3010, the characteristic is 0, and the mantissa is .3010^ 

401. If two numbers are expressed by the same series 
of significant figures^ but in different positions with refer- 
ence to the decimal point, their logarithms in the common 
system have the same mantissa, but different character- 
istics. 

Proof. It is plain that either of the numbers could be made 
equal to the other by changing the position of its decimal point, 
which would be the same as multiplying or dividing the number 
by some integral power of 10. The greater of the. two numbers, 
then, is equal to the product of the smaller by some integral power 
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of 10, and the logarithm of the greater number is equal to the loga- 
rithm of Uie smaller plus the logarithm of an integral power of 
10. But the logarithm of an integral power of 10 is an integer. 
Hence the logarithm of the greater number exceeds the logarithm 
of the smaller by just an integer, which shows that the charac- 
teristics differ, but that the two mantissas, if they are both positive, 
have the same value. In the next article it is shown how loga- 
rithms are always written so as to .have positive mantissas. 

402. This reasoning is illustrated by the following 
examples, wherein, from the known logarithm of 45, 
are found the logarithms of various numbers expressed 
by the same significant figures, 45, in different positions 
with reference to the decimal point. 

Thus, 
to 

adding 
we find 

(See Art. 391.) 
to 

adding 
we find 

from 

subtracting (Art. 392) log 

we find log 4.5 = 0.6532 

We now select an example for the purpose of showing how the 
logarithm of a decimal fraction is written. 

From log 45 =1.6532 
subtracting log 1000 = 3 

we find log 0.045 = 2.6532 

The simple negative value of this remainder is —1.3468, and 
this is the value of the logarithm of 0.045. But there is another 
form of expressing it. If the remainder is put in the form 
— 3 + 1.6532, the integral part —3+ 1, equal to —2, is negative, 
and the fractional part .6532 is positive. These two parts are 
written together in the form 2.6532, the minus sign being written 
over the 2 to indicate that it alone is negative. By this form of 
expression we avoid the inconvenience of a negative mantissa. 



log 

log 
log 


45 

100 

4500 


= 1.6632 

= 2 

= 3 6532 


log 
log 


45 

1000 

15000 


= 1.6532 
= 3 


log' 


= 4.6532 


log 
log 


45 
10 


= 1.6532 
-1 
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Moreover, this form is needed to make the statement at the 
beginning of Art. 401 applicable to the logarithms of decimals 
as well as to the logarithms of integers. The number 0.045 being 
less than 0.1, but greater than 0.01, its logarithm is less than —1 
and greater than —2; and so we have found it to be either — 1 
united with a negative decimal, that is, —1.3468, or —2 united 
with a positive decimal, that is, 2.6532. Of these two equivalent 
forms the latter is always chosen, and thus it becomes a rule that 

The mantissa of a logarithm U always positive, 

403. The examples given in the last article, with 
others directly derived from them, arranged in a series, 
will show how the position of the highest significant 
figure of a number may be used to determine the char- 
acteristic of its logarithm. 

Thus, .... 



log 45000 


= 4.6532 


log . 4500 


= 3.6532 


log 450 


= 2.6532 


log 45 


= 1.6532 


log 4.5 


= 0.6532 


log 0.45 


= 1.6532 


log 0.045 


= 2.6532 


log 0.0045 


= 3.6532 


log 0.00045 


= 4.6532 



the series extending indefinitely both ways. 

By comparing the position of the highest significant figure, 4, 
with the value of the characteristic in each case, we see, that 
When the highest significant figure is 

in the units' place, the characteristic is 

one place to the left, " " +1 

one place to the right, " " —1 

two places to the left, " " +2 

two places to the right, " " —2 

three places to the left, " " +3 

three places to the right, " " —3 

and so on. 
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Hence the practical rule for finding the characteristic : 
Count from the units' place to the place of the highest 
significant figure of the number. The number obtained 
by so counting is the value of the characteristic ; positive^ 
if the counting was towards the left^ and negative^ if 
towards the right. 

404. The characteristic, being readily found by the 
foregoing rule, need not be given in a table of loga- 
rithms. We only use the table for finding the mantissa 
corresponding to any given series of significant figures. 
The table on p. 240, therefore, contains more than is 
needed. By omitting the characteristics and decimal 
points, that table can be reduced to the following more 
compact form: 



N 

1 





1 


2 


3 


4 


5 


6 


7 


8 


9 


0000 


0414 


0792 


1139 


1461 


1761 


2041 


2304 


2553 


2788 


2 


3010 


3222 


3424 


3617 


3802 


3979 


4150 


4314 


4472 


4624 


3 


4771 


4914 


5051 


5185 


5315 


5441 


5563 


5682 


5798 


5911 


4 


6021 


6128 


6232 


a335 


6435 


6532 


6628 


6721 


6812 


6902 


6 


6990 


7076 


7160 


7243 


7324 


7404 


7482 


7559 


7634 


7709 


6 


7782 


7853 


7924 


7993 


8062 


8129 


8195 


8261 


8325 


8388 


7 


8451 


8513 


8573 


8633 


8692 


8751 


8808 


8865 


8921 


8976 


8 


9031 


9085 


9138 


9191 


9243 


9294 


9345 


9395 


9445 


9494 


9 


9542 


9590 


9638 


9685 


9731 


9777 


9823 


9868 


9912 


9956 



In this table the mantissa of the logarithm of a 
number expressed by any one or two figures is thus 
found : 

Seek the first figure of the number in the left-hand 
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margin of the table^ the second figure at the top of the 
table^ and the required mantissa is found in the same 
line with the first figure^ and in the same column with 
the second. 

405. Exercises. 

Find the logarithm 

31. Of 54. 36. Of 0.78. 

32. Of 930000. 37. Of 5000. 

33. Of 3900. 38. Of 0.00079. 

34. Of 99000. 39. Of 0.27. 

35. Of 6.9. 40. Of 0.00006. 
Find the number corresponding 

41. To 4.8129. 46. To 1.2041. 

42. To 1.5185. 47. To 3.6721. 

43. To 0.8261. 48. To 4.9445. 

44. To 5.6335. 49. To 2.7160. 

45. To 2.9031. 50. To 1.0414. 

Tables of Iiogarithms. 

406. The tables of logarithms given in the fore- 
going jDitges have served the purposes of illustration, 
but they are not large enough for practical use. Tables 
for practical use, however, are all constructed in the 
form of the table on p. 248; that is, the mantissas, 
printed without decimal points, fill the body of the 
table, and the figures of the corresponding numbers 
are found partly in the left-hand margin, and partly 
at the top of the table. 

When mantissas are given to four places of decimals, the table 
is usually constructed so as to give the mantissa for every number 
expressed by three figures. The first two figures are found in the 
left-hand margin, and the third at the top of the table. Such 
a table, known as a four-place table of logarithms, is given 
on the two following pages. 



FOUR-PLACE LOGARITHMS 



1 





1 


2 


1 
3 


4 


5 


6 


7 


8 


9 


10 


0000 


ocm 


0086 


0128 


0170 


0212 


0253 


0294 


a334 


0374 


11 


(H14 


0453 


0492 


0531 


0669 


0(307 


0646 


0682 


0719 


0755 


12 


07H2 


0828 


0S(i4 


08{)() 


09:34 


0969 


1004 


1038 


1072 


1106 


13 


' iiai) 


1173 


120() 


12.39 


1271 


1.303 


13:35 


13(37 


1399 


1430 


14 


1 14(il 
17«)1 


1492 


1523 


1653 


1584 


1614 


1644 


1673 


1703 


1732 


15 


1790 


1818 


1847 


1876 


1903 
SJl76 


1931 


1959 


1987 


2014 


16 


2041 


20(» 


2095 


2122 


2148 


2201 


2227 


2253 


2279 


17 


2:i04 


2.330 


2,365 


2.380 


2406 


2430 


2466 


2480 


2504 


2529 


18 


i 25o:{ 


2577 


2601 


2()25 


2648 


2672 


2695 


2718 


2742 


2765 


19 


1 2788 


2810 


2833 


285() 


2878 


2900 


2923 


2945 


2967 


2989 


20 


3010 


30;32 


.3054 


3075 


30»3 


3118 


3139 


3160 


3181 


3201 


21 


3222 


3243 


:«63 


3284 


:J304 


3324 


3345 


3365 


3386 


3404 


22 


3424 


3444 


:M(>4 


348:^ 


3502 


3622 


3541 


3560 


3579 


3598 


23 


:«)17 


363() 


3655 


3674 


:3692 


3711 


3729 


3747 


3766 


3784 


24 


3802 


3820 


3838 


3866 


:3874 


3892 


3909 


3927 


3945 


3$«2 


25 


3979 


3997 


4014 


4001 


4048 


4065 


4082 


409i) 


4116 


413:3 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4298 


27 


4314 


4330 


434(3 


43<32 


4378 


4393 


4409 


4426 


4440 


4456 


28 


4472 


4487 


4502 


4518 


4633 


4548 


4664 


4579 


45i>4 


460J) 


29 


4624 


4639 


4654 


4669 


4683 


4(398 


4713 


4728 


4742 


4757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


31 


4914 


4928 


4i>42 


4966 


4969 


4983 


4997 


5011 


5024 


5a-38 


32 


6051 


5065 


.'5079 


6092 


6106 


6119 


6132 


5145 


6169 


5172 


33 


5185 


6198 


.5211 


6224 


6237 


6250 


5263 


5276 


6289 


5302 


34 


5316 
5441 


6328 


5340 


5363 


6366 


6378 


5391 


6403 


5416 


5428 


35 


6453 


5465 


6478 


5490 


5502 


6514 


6527 


55:39 


.5551 


36 


5563 


5575 


5587 


551W 


6611 


662.3 


5(3.36 


6647 


5668 


5670 


37 


5682 


66JH 


5705 


,5717 


5729 


6740 


5752 


57(33 


5775 


5786 


38 


5798 


580!» 


.''>821 


.5832 


5843 


6855 


5866 


5877 


5888 


5899 


39 


5911 


6\122 


593:^ 


5944 


5955 


69(36 


6977 


5988 


5999 


6010 


40 


6021 


6031 


()042 


(3053 


6064 


6075 


6085 


60<)6 


6107 


6117 


41 


6128 


6138 


6149 


61(30 


6170 


6180 


6191 


6201 


6212 


6222 


42 


6232 


6243 


()253 


62(33 


6274 


6284 


(3294 


6304 


6314 


6325 


43 


a3:i5 


6:^5 


6355 


6:3(35 


6375 


6385 


6:395 


6405 


6415 


6425 


44 


64a5 


6444 


(>4.54 


(34(34 


6474 


6484 


6493 


6503 


6513 


6522 


45 


(J532 


(>542 


(k551 


6.561 


6571 


6580 


6590 


(3599 


6609 


6618 


46 


m-is 


6637 


('>646 


6(35(3 


6665 


6675 


(3(384 


6(393 


6702 


6712 


47 


6721 


6730 


6739 


6749 


6758 


67(37 


(3776 


6785 


6794 


6803 


48 


6812 


6821 


iiS^ 


()a39 


6848 


(mi 


6866 


(3875 


6884 


6893 


49 


6fX)2 


6911 


6920 


6t)28 


69.37 


6146 


69.55 


6964 


6972 


6981 


50 


6990 


6998 


7007 


7016 


7024 


70:33 


7042 


7a50 


7069 


7067 


51 


7076 


7084 


70<)3 


7101 


7110 


7118 


7126 


71.35 


7143 


7162 


52 


7160 


7168 


7177 


71 a5 


7193 


7202 


7210 


7218 


7226 


7235 


53 


7243 


7251 


7259 


7267 


7275 


7284 


7292 


7300 


7308 


7316 


54 


7324 


7.332 


7340 


7;348 


7356 


7364 


7372 


7380 


7388 


7396 
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OF NUMBERS FROM 1 TO 1000. 



N 





1 


2 


3 


4 


5 


6 


7 


8 


9 


55 
56 
57 
58 
59 


7404 
7482 
7559 
7634 
7709 


7412 
7490 
7566 
7642 
7716 


7419 
7497 
7574 
7649 
7723 


7427 
7505 
7582 
7657 
7731 


7435 
7513 
7589 
7664 

7738 


7443 
7520 
7697 
7672 
7746 


7451 
7528 
7604 
7679 
7752 


7459 
7636 
7612 
7686 
7760 


7466 
7643 
7610 
7694 
7767 


7474 
7651 
7627 
7701 

7774 


60 
61 
62 
63 
64 


7782 
7853 
7924 
7993 
8062 


7789 
7860 
7931 
8000 
8069 


7796 
7868 
7938 
8007 
8075 


7803 
7875 
7945 
8014 
8082 


7810 
7882 
7952 
8021 
8089 


7818 
7889 
7J)59 
8028 
8096 


7826 
7896 
7966 
8035 
8102 


7832 
7903 
7973 
8041 
8109 


7839 
7910 
7980 
8048 
8116 


7917 
7987 
8055 
8121' 


65 
66 
67 
68 
69 


8129 
8ia5 
8261 
8325 
8388 


8136 
8202 
8267 
8331 
8395 


8142 
8209 
8274 
8338 
8401 


8149 
8216 
8280 
8344 
8407 


8156 

8222 
8287 
8351 
8414 


8162 
8228 
8293 
8357 
8420 


8169 
8235 
8299 
8363 
8426 


8176 
8241 
8306 
8370 
8432 


8182 
8248 
8312 
8376 
8439 


8189 
8254 
8319 
8382 
8445 


70 
71 

72 
73 
74 


8451 
8513 
8573 
8633 
8692 


8457 
8519 
8579 
8639 
8698 


8463 
8525 
8585 
8645 
8704 


8470 
8531 
8591 
8651 
8710 


8476 
85;i7 
8597 
8657 
8716 


8482 
8543 
8603 
8663 

8722 


8488 
8649 
8609 
8669 

8727 


8494 
8555 
8615 
8675 
8733 


8500 
8561 
8621 
8681 
8739 


8506 
8667 
8627 
8686 
8746 


75 
76 
77 
78 
79 


8751 
8808 
8865 
8921 
8976 


8756 
8814 
8871 
8927 
8982 


8762 
8820 
8876 
8932 
8987 


8768 
8825 
8882 
8938 
8993 


8774 
8831 
8887 
8943 
8998 


8779 
8837 
8893 
8949 
9004 


8785 
8842 
8899 
8954 
9009 


8791 
8848 
8904 
8960 
9015 


8797 
8854 
8910 
8966 
9020 


8802 
8859 
8915 
8971 
9025 


80 
81 
82 
83 
84 


9031 
0085 
9138 
9191 
9243 


9036 
9090 
9143 
9196 
9248 


9042 
9096 
9149 
9201 
9253 


9047 
9101 
9154 
9206 
9258 


9053 
9106 
9159 
9212 
9263 


9058 
9112 
9165 
9217 
9269 


9063 
9117 
9170 
9222 
9274 


9069 
9122 
9176 
9227 
9279 


9074 
9128 
9180 
9232 
9284 


9079 
9133 
9186 
9238 
9289 


85 
86 
87 
88 
89 


9294 
9345 
9395 
9445 
9494 


9299 
9350 
9400 
9450 
9499 


9304 
9355 
9405 
9455 
9504 


9309 
9360 
0410 
9460 
9509 


9315 
9365 
9415 
9465 
9513 


9320 
9370 
9420 
9469 
9518 


9325 
9376 
9125 
9474 
9523 


9330 
9380 
9430 
9479 
9528 


9336 
9385 
9436 
9484 
9533 


9340 
9390 
9440 
9489 
9538 


90 
91 
92 
93 
94 


9542 
9590 
9638 
9685 
9731 


9547 
9595 
9643 
9689 
9736 


9552 
9600 
9647 
9694 
9741 


9557 
9605 
9652 
9699 
9745 


9562 
96a) 
0657 
970:5 
9750 


9566 
9614 
9661 
9708 
9754 


9571 
9619 
9666 
9713 
9759 


9676 
9624 
9671 
9717 
9763 


9581 
9628 
9675 
9722 
9768 


9586 
9633 
9680 
9727 
9773 


95 
96 
97 
98 
99 


9777 
9823 
9868 
9912 
9956 


9782 
^27 
9872 
9917 
9961 


9786 
9832 
9877 
9921 
9965 


9791 
9836 
9881 
9926 
9969 


9795 
9841 
9886 
9930 
9974 


9800 
9845 
9890 
9934 
9978 


9806 
9850 
9894 
9939 
9983 


9809 
9864 
9899 
9943 
9987 


9814 
0859 
9903 
9i)48 
9991 


9818 
9863 
9908 
J>952 
9996 
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A four-place table is useful for many kinds of work where 
only a moderate degree of accuracy is required. For work requir- 
ing higher degrees of accuracy, tables of five, six, seven, and even 
ten places, are used. A five-place table usually gives three figures 
in the left-hand margin and one more at the top; and a seven- 
place table, four in the left-hand margin and one more at the 
top. 

But all tables are used in the same general way, both for find- 
ing the logarithms of given numbers and for finding the numbers 
corresjK)nding to given logarithms. One who is familiar with the 
use of a smaller table will easily pass to larger tables. 

For the purposes of elementary instruction, a four-place table 
may be chosen to save time; since experience has shown, that, in 
a long piece of work, the time consumed in using a four-place 
table is only one-half that consumed in using a five-place, and one- 
fourth that consumed in using a seven-place table. 



407. ISxercisefl. 



Find the logarithm 



O" 



51. Of 287. 54. Of 3460000. 

52. Of 54.7 55. Of 0.0496. 

53. Of 9.99. 56. Of 0.000987. 
Find the number corresponding 

57. To 3.8876. 60. To 1.1673. 

58. To 0.9952. 61. To 4.6201. 

59. To 2.0253. 62. To 3.6010. 

Interpolation. 

408. A table of logarithms is not limited in its use 
to the numbers found in its margin. The logarithm of 
any number, however long the series of its significant 
figures, can be found from any given table by a process 
called interpolation. The nature of this process may 
be learned from the following examples. 



NUMBER. 


MANTISSA. 


3250 


5119 


4 


5.2 


3254 


5124 


6 


7.8 


3260 


5132 
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409. Illustbative Examples. I. Find the loga- 
rithm of 3254. 

The table gives 5119 for the 
mantissa of the logarithm of . 
3250, and in the next column 
5132 for the mantissa of the loga- 
rithm of 3260. The given num- 
ber comes between the two numbers 3250 and 3260, separating the 
difference between them into two parts, 4 and 6. A mantissa 
coming between 5119 and 5132, and separating the difference in a 
similar way, that is, into parts proportional to 4 and 6, is taken as 
the mantissa for the given number. This mantissa is found by 
adding ^ of 13 (=5.2) to the mantissa 5119, or by subtracting 
^ of 13 (= 7.8) from 5132. The result in either case, when 
expressed to the nearest unit in the fourth place, is 5124. 

To this mantissa we add the characteristic, and have 

log 3254 = 3.5124. 

In the foregoing process it is taken for granted that the differ- 
ences between numbers are proportional to the differences between 
their logarithms. Now, this is not true ; yet it comes near the 
truth, when, as here, the differences between the numbers are small in 
comparison with the numbers themselves. In fact, a properly con- 
structed table of logarithms permits us to assume as a principle, 
for the purpose of interpolation, that small differences between num- 
bers are proportional to the differences between their logarithms. In 
the table we are now using, the difference never exceeds y^^ of 
either of the numbers that differ. 

This principle may be stated in another form. The difference 
between 3250 and 3260 is 10, and is called the tabular difference of 
the numbers. The difference between the two consecutive man- 
tissas 5119 and 5132 is 13, and is called the tabular difference of the 
logarithms. The given number 3254 is a non-tabulated number, 
and 5124 is a non-tabulated mantissa. Using these terms, the 
principle is thus stated : 

The Principle of Proportional Parts. 

A non-tabulated number and the mantissa of its loga- 
rithm fall within corresponding tabular differences^ and 
separate them into proportional parts. 



NUMBER. 


MANTISSA. 


253000 


4031 


748 


i2.n6 


253748 


4044 


2&2 




254000 


4048 
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Jnterpolation based on this principle is known as 
simple intezpolation, or interpolation by proportional 
parts, 

II. Find the logarithm of 253748. 

Here the tabular difference of 
the numbers is 1000, and it is 
separated by the given number . 
into two parts, 748 and 252. The 
tabular difference of the loga- 
rithms is 17, which is to be sepa- 
rated into two parts proportional to 748 and 252. It is enough 
to find one of these parts, ^^^ of 17, which is 12.716. Calling 
this 13, and adding it to 4031, we have 4044 for the mantissa 
sought. Adding the characteristic, we have 

log 253748 = 5.4044. 

For the purpose of deriving a practical rule from the foregoing 
examples, it may be observed that the tabular difference of the 
numbers is always some integral power of 10. Hence the ratio 
of either part of this tabular difference to the whole of it is easily 
expressed as a decimal fraction. Considering that part which 
comes between the smaller tabular number and the given number, 
we see that its ratio to the whole tabular difference may be 
expressed by writing the fourth and follotmng figures of the given 
number with a decimal point before them. Now, by the principle of 
proportional parts, we have merely to multiply the tabular differ- 
ence of the logarithms by this ratio to find that part of the differ- 
ence which comes between the smaller mantissa and the mantissa 
sought. When the part thus found is added to the smaller man- 
tissa, the sum is the mantissa sought. By this process the smaller 
mantissa is said to be corrected t and what is added is called the 
correction. 

The work for the two illustrative examples, therefore, may be 
written in the following brief form : 



I. Find log 3254. 


II. Find log 253748. 


mant. for 325 = 5119 


mant. for 253 = 4031 


cor. 0.4 X 13 = 5 


cor. 0.748 x 17 = 13 


mant. for 3254 = 5124 


mant. for 253748 = 4044 


log 3254 =3.5124 


log 253748 = 5.4044 
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410. These examples suggest the following practi- 
cal rule for finding the logarithm of a non-tabulated 
number : 

Find the mantissa corresponding to the first three fig- 
ures of the given number. ' Write the remaining figures 
with a decimal point before them. Multiply the decimal 
80 expressed by the difference between the mantissa found 
and the next following mantissa in the table. Correct 
the mantissa first found by adding to it this product 
expressed to the nearest unit. 

To the corrected mantissa prefix the proper character- 
istic. 

Other Examples. 

III. Find log 0.32987. V. Find log 0.04985. 

mant. for 329 = 5172 mant. for 498 = 6972 

cor. 0.87 X 13 = 11 cor. 0.5 x 9 = 5 



mant. for 32987 = 5183 mant. for 4985 = _ 6977 

log 0.32987 = T.5183 log 0.04985 = 2.6977 

IV. Find log. 39.634. VI. Find log 9999. 

mant. for 396 = 5977 mant. for 999 = 9996 

cor. 0.34 X 11 = 4 cor. 0.9 x 4 = 4 

mant. for 39634 = 698l mant. for 9999 = 1.0000 

log 39.634 = 1.5981 log 9999 = 4.0000 

The last example is an extreme case. It is to be borne in mind 
that the logarithm of 9999 is nearer 4.000 than it is to 3.9999. 

411. XSxercises. 

Find the logarithm 

63. Of 48726. 70. Of 54.947. 

64. Of 0.098324. 71. Of 1.00099. 

65. Of 7298800. 72. Of 1001.3. 

66. Of 9912834. 73. Of 98.37. 

67. Of 0.001329. 74. Of 1.045. 

68. Of 1.0024. 75. Of 56.077. 

69. Of 2.9876. 76. Of 89.92. 



MANTISSA 


NUMBER 


5843 


3840 


5848 


4.2 

3844 


6855 


5.8 

3850 
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412. The principle of proportional parts is also 
applied to find the number corresponding to a non- 
tabulated logarithm. 

Illustrative Example. Find the number corre- 
sponding to 1.5848. 

For the present, we disregard the characteristic and the place of 
the decimal point. 

The given mantissa 5848 lies 
between 5843 and 5855, two suc- 
cessive mantissas found in the 
table, separating the difference 
between them into the parts 5 and 
7. Corresponding to these two 

mantissas are the numbers 3840 and 3850, between which the 
number sought must be found. By the principle of proportional 
parts the number sought must separate the difference between 
3840 and 3850 into two parts proportional to 5 and 7. Hence if ^ 
of 10 be added to 3840, or if ^i^ of 10 be subtracted from 3850, the 
result in either case will be the number sought, that is 3844, so 
far as it can be expressed by four figures. 

The degree of accuracy belonging to a four-place table is not such 
as to loarrant, in general, the finding of more thati four figures of 
the number corresponding to a give7i logarithm. 

The figures of the number sought are 3844. But the charac- 
teristic of the logarithm shows that the highest significant figure 
is one place to the left of the units' place. Hence the number 
sought, when expressed in the proper denomination, is 38.44. 

413. This example suggests the following practical 
rule for finding the number corresponding to a non- 
tabulated logarithm : 

Find in the table the mantissa next below the mantissa 
of the given logarithm^ and write down the three figures 
of the corresponding number. Subtract this mantissa 
from the given mantissa. Divide ten times the remainder 
by the tabular difference of the two successive mantissas 
between tvhich the given mantissa is found, expressing the 
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quotient to the nearest unit by one figure. Annex this 
figure to the three already written down. Thus are found 
four figures of the number sought.* 

Place the decimal point as required by the given char- 
acteristic^ annexing or prefixing zeros if any are needed. 

The numerical work of the above example may be written in 
the following brief form : 

LOG. NUM. 



I. 1.5848 


38.44 




43 








12)50 
4 








Other Examples. 




LOG. NUM. 

n. 3.4184 0.002621 
83 


IV. 


LOO. 

0.0415 
14 


NUK. 

1.1003 


17)10 
1 




39)100 
03 




LOO. KUM. 

ILL 1.9999 99.98 


V. 


LOG. 

3.0001 


NUM. 

100.02 


96 




00 




4)30 
8 




43)100 
02 




414. Exercises. 




Find the number coiTespondii 


llg 






77. To 4.5507. 


86. 


To 6.0066. 




78. To 3.6801. 


87. 


To 4.1932. 




79. To 0.7321. 


88. 


To 3.4900. 




80. ToT.9490. 


89. 


To 5.0122. 




81. To 2.8509. 


90. 


To 1.0171. 




82. To 1.0060. 


91. 


To 2.7783. 




83. To 5.1084. 


92. 


To 0.0420. 




84. To 2.8437. 


93. 


To 9.9162. 




85. To 4.0009. 


94. 


To 8.9060. 





• In the early part of the table it is safe to find Jive figures. We 
should then divide 100 times tlie remainder by the tabular difference, 
expressing the quotient to the nearest unit by two figures. These 
would be annexed to the three already written down. 
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Computation by Logarithms. 

415. Under this head it is only necessary to give 
the practical methods of computation, the principles 
upon which those methods are based having been 
already illustrated. 

Multiplication. 

416. Illustrative Examples. I. Find the con- 
tinued product of 78.05, 0.6178, 34100, 10.009, and 
0.0009. 

We find the logarithm of each log 78.05 = 1.8924 
factor, add the logarithms, and log 0.6178 = 9.7909 — 10 
find 4.1707 for the logarithm of log 34100 = 4.5328 
the product. The product itself log 10.009 = 1.0004 
is 14814. log 0.0009 = 6.9542 - 10 

To avoid the use of negative 24.1707 — 20 

characteristics, which are incon- log products 4.1707 
venient in adding, the logarithm product = 14814. 

of 0.6178 is written, not 1.7909, 

but 9.7909 — 10; and the logarithm of 0.0009 is written, not 
4.9542, but 6.9542 — 10. The characteristic is increased by 10, 
and then the subtraction of 10 from the logarithm is expressed 
by writing —10 after it. When the sum of the logarithms has 
been found, the characteristic is reduced to its true value by sub- 
tracting the extra lO's thus introduced. In practice it is not usual 
to write —10 after the logarithm; but the fact that any charac- 
teristic has been increased by 10- is remembered, and allowed for 
at the end of the work, as in the following example. 

II. Find the continued product of 3.26, 0.002678, 
0.99, and 0.001177. 

log 3.26 = 0.5132 

log 0.002578= 7.4113 

log 0.99 = 9.9956 

log 0.001177= 7\0708 

24.9909 

log product = 6.9909 

product = 0.000009793 
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417. Ezercisea 

95. Multiply 963472 by 884300. 

96. Multiply the product of 0.0337 and 46.328 by 0.00934. 

97. Find the continued product of 4.65, 97.432, 10G7.8, 
and 0.09943. 

98. Find the continued product of 4^, 96-3^, 33{^, ^^, 
and -^^. 

XoTE. Common fractions may be reduced to decimals. 

99. Find the circumference of a circle whose diameter is 
43678.3 feet. 

Note. 7r = 3.1416. See Note, p. 190. 

too. Find the number of cubic inches in a cylinder 9 ft. 
G in. long and 1 ft. ft in. in diameter. 

Division. 

418. The remainder obtained by subtracting a loga- 
rithm from 10 is called the arithmetical complement 
of the logarithm, or sometimes, for brevity, the cologa- 
lithm. 

The abbreviation colog is used for the words tJie 
arithmetical complement of the logarithm of. 

Thus, 

log 2 = 0.3010 
colog 2 = 9.6990. 

The definition may be expressed by a formula thus, 

10 — log N= colog i\r. 

419. We have seen that the logarithm of a quotient 
is found by subtracting the logarithm of the divisor 
from that of the dividend. This is expressed by the 
formula, 

log (M-i- IT) = log M- log K. 
From the formula given in the preceding article we 
infer that 

—log i\r= colog iV— 10. 
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Hence, by substitution in the formula just given, 

log (itf -*- iT) = log Jtf 4- colog N- 10. 
That is, 

The logarithm of a quotient is found ly adding to- 
gether the logarithm of the dividend ajid the cologarithm 
(f the divisor^ and subtracting 10 from the result, 

420. Examples. I. Divide 63 by 7. 

log 63= 1.7993 
colog 7 = 9.1549 
10.9542 
log quotients 0.9542 « 

quotient = 9 

II. Divide 0.01478 by 0.9243. 

log 0.01478= 8.1697-10 
colog 0.9243 = 10.0342 

18.2039 - 10 
log quotients 2.2039 
quotient =0.01599B 

In examples like the above, it would be as easy to subtract the 
logarithm as to add the cologarithm; but when division by a 
number is only one step in a series of ojJerations the use of the 
cologarithm is much more convenient. See Exs. III. and IV. 

TTT T.. J XI. 1 r 0-2735 X 0.8432 x 4598 

III. Find the value of 0.2988 x 126.34 ' 

log 0.2735 = 9.4370 - 10 
log 0.8432= 9.9259-10 
log 4598 = 3.6626 
colog 0.2988 =10.5246 
colog 126.34 = 7.8984 

41.4485-20 
log value = 1.4485 
value = 28.09. 

IV. Find the value of x from the proportion 

0.3086:0.419 = 98.834 :ic. 
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colog 0.3086= 10.5106 
log 0.419 = 9.6222-10 
log 98.834= 1.9949 ' 

22.1277-10 
logx= 2.1277 
a: =134.19 

To find the fourth term of a proportion: Add 
together the cologarithm of the first term and the loga- 
rithms of the second and third. The sum dimiiiished by 
10 is the logarithm of the fourth term, 

V. Find the reciprocal of 387.45. 

In other words, we are required log 1 = 0.0000 

to find the quotient of 1 divided colog 387.45 = 7.4118 

by 387.45. Writing out the work 7.4118 

in the usual form, we see that subtract 10 

the logarithm of the reciprocal log reciprocal = 3.4118 

of a number is found by subtract- reciprocal = 0.002581 
ing 10 from its cologarithm. 

421. EzerciseB. 

101. Divide 65.073 by 32.95. 

102. Divide 0.004963 by 0.0007332. 

103. Divide 100000 by 3.1416. 

^f^A ^' A^u 1 ^ 96.34 X 352.67 x 0.045 

104. Find the value of o.o39674 x 1004 x 993 ' 

105. Find the value of M^. 46A_X 39| X 49^^ 



106. Find the value of 



lOf X 53| X 92f X 3^ 
1.7322 X 1.3641 x 1.9325 



1.6288 X 1.3196 x 1.9264 

107. Divide the product 79.635 x 996.84 by the quotient 
8.346-5-0.0011223. 

108. Find the value of x from the proportion 

2.499: 3.983 = 5.446: a:. 

109. Find the value of x from the proportion 

0.0632 : 0.8414 = 0.0074 : x. 

110. Find the value of x from the proportion 

10000: 370= l:a;. 
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111. Find the reciprocal of 34.984. 

112. Find the reciprocal of 0.0025. 

113. Find the reciprocal of 0.014567. 

114. Find the value of (32.125)-*. 

115. Find the value of (0.1875)-*. 

Powem and Roots of Numbers. 

422. Examples. I. Find the fifth power of 297. 

The values found for the higher log 297 = 2.4728 

powers of numbers are affected by x 5 

correspondingly greater degrees of log (297)* = 12.3640 
uncertainty. The possible error in (297)* = 2,312,000,000,000. 

the logarithm of the given num- 
ber, being multiplied by the exponent of the power, often makes 
the possible error in the logarithm of the power large enough to 
admit a variation in the fourth and even the third figure of the 
value found for the power itself. In the present case the possible 
error of the logarithm of the power is ± 2^ units in the last place 
of the mantissa, so that the first four significant figures of the 
power may be 2313 or 2311 as well as 2312. 

II. Find the fourth power 0.9857. 

log 0.9857= 9.9937-10 

X 4 

39:9748 - 40 
log (0.9857)*= r.9748 
(0.9857)*= 0.9436 

III. Find the cube root of 63. 

log 63= 1.7993 

_^3 

log ^63 = 0.5998 

^"63= 3.979 

IV. Find the fifth root of 0.02814. 

When the characteristic is neg- log 0.02814 = 48.4493 — 50 

ative, it should be increased be- -^ 5 

fore division, not by 10, but by as 9.6899 — 10 

many 10*s as there are units in log v^O.02814 = T.6899 

the index of the required root, in 1^0.02814 = 0.4897 
this case by five 10*8, or 60. 
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V. Find the fourth root of 0.005677. 

Here four lO's are added be- log 0.005677 = 37.7541 — 40 
fore division. -f 4 

9.4385-10 
log V0.005677 = 1.4385 

VO.005677 = 0.2745 

VI. Find the -f power of 0.041339. 

log 0.041339= 8.6164-10 

X 2 

17.2328-20 
log (0.041339)2 = 27.2328 - 30 

-r3 

9.0776-10 

log (0.041339)^ = 1.0776 

colog (0.041339)5 = 10.9224 

log (0.041339)-^ = 0.9224 

(0.041339)-5 = 8.364 

423. Ezercises. 

116. Find the sixth power of 4938.2. 

117. Find the twentieth power of 17. 

118. Find the third power of 0.b25362. 

119. Find the square root of 6. 

120. Find the cube root of 7. 

121. Find the square root of 0.009. 

122. Find the cube root of 0.8. 

123. Find the fourth root of 4.444. 

124. Find the 48th root of 1.476. 

125. Find the 30th root of 0.095. 

126. Find the f power of 256.75. 

127. Find the | power of .0.0561. 

128. Find the -| power of 965. 

129. Find the value of V^4"3~99 x 0.0005693. 

130. Find the value of (39.6 x 93.21)1 

131. Find the value of (546.2 x 89.344)-?. 
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132. Find the value of 



(36.44)** 

133. Find the value of iV^^^. 

V 11234 

134. Find the value of (1.0025)^^ 

135. Find the value of (1.01)^^. 

424. Miscellaneous Exercises. 
Find b}' logarithms the value 

136. Of f^~^ >< y^"^ ■ 

^596.04 X 48.922 
^ (493)« X (9.018)" X (549.54)» 
(513)»X (8.447)"* X (6900)" * 
^^/ (63.92)'x(0.0942)« V 

^^ ' ^ \ (54.48)« X (0.953) V* 
139. Of ((^•593);x(6.998)?Y 
\(7.004)i X (5.998)7 



140 Of ,4/ (639)3 X (411.96)* X (8.9)^ 

V (744)*^ X (411)* X (0.96)« ' 

/ 43.2 X V87476 X V0.0963 \^ 
141. Of ^ 3964^53 ^ (0.9986)» /" 

1,2. Of /(0:328)^4V^^ 

V (9.28 )ix (i)ix (j>,)^ / 

i.o r,«, /49.326^, /68.433 
^^^- ^'V 53:629 ^V67:966- 



^^^•Q^V 4:665 + V 97622-5' 

,,. ^„ 3/0:0944 .../0.1432 
14o. Of 



3/ 0:0944 _^ 0/0. 
V 0.1449 ' Vo. 



0899 



146. Of" --^^^^ 



3 /0:049 3/0: 
V 0.054 "Vo. 



698 

' 34 

95"' 
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With the given values a =2.432, 6 = 5.937, c= 7.098, 
x= 1.443, y= 1.586, «= 1.755, compute the values of the 
following expressions : 

148. ax-\-by -hcz. 

149. ^+iy+2i. 

oca 

150.^ + ^-1 + ^. 
by cz ax 

151. (U^- + '-)(''-+^- + '-\ 
\b c a/\y z xj 

152. (« + ^ + £V? + f + 4- 
\x y zj\a c/ 

153. fl4-Ui)(l + l + iV 
\a b c/\x y zj 

154. ^ + bcx + cay^ 
cyx azy bxz 

155. ^ax^-{-by^ + cz\ 

157. '^ {a^ + b' + c^) {x' + y^ + !^ . 

158. (a-a')H5-y)'(c-z)' 

abcxyz 

'^'- ("-;)('- 1) (■-0- 

160. (a -f. x) (a - «) + (6 -f y) (& - y) -f (c -f 2) (c - 2) . 

161. v/a^ - a;2 _|. y^^2_^2 ^ ^^'^ - z\ 

Note. Observe that a^—x^=(a-^ x) (a — x). 

162. c^^-fl^ ^ b^-y\ ^ c^-^\ 

b^ — y^ c^ — z^ a^ — x^' 

163. ^ + ^ + 21^. 
a" b^ c^ 
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Exponential Equations. 

426. An exponential equation is easily solved by 
the use of logarithms. 

Illustrative Example. Find the value of x in 
the equation 17' = 47. 

Taking the logarithm of each member, x log 17 = log 47 

Dividing each member by log 17, x= j-^w = rfsoi 

Again taking the logarithm of each member, 

log X = log i^J J J = 0.2233 - 0.0900 = 0.1333 

x= 1.360 

426. Ezeroises. 

164. Given 5*= 100, to find x. 

165. Given 175*= 1000, to find x. 

166. Given 3' = 2, to find x. 

167. Given 25*= 10000, to find x. 

168. Given (1.002)*= 1.5, to find x. 

169. Given (1.04)" = 3, to find n. 

170. Given (1.045)" = 5, to find n. 

171. Given (1.06)"= 2, to find n. 

Compound Interest by Logarithms. 

427. Illustrative Examples. I. What is the 
amount of $3784 at compound interest for forty years 
at 6 per cent per annum ? 

By substituting in the formula for compound interest, Art. 217, 
we have 

a = 3784(1.05)*o. 
Applying logarithms, 

log 1.05 = 0.0212 

log (1.05)*o = 0.8480 

log 3784 = 3.5779 

log a = 4.4259 

a = 26660 

Ans. About $26680. 
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Note. The possible error of the logarithm of a is 20^ ten- 
thousaDdths. Hence the value of a may be as small as 26540, or 
as great as 26790. This shows that we are certain only of the 
first two figures of the value of a, the third figure being open to 
some doubt. Thus we see the need of larger tables if we seek 
practically accurate and useful results in such examples as this. 

II. What principal put at compound interest at 4J 
per cent per annum will amount to $10000 in twenty 
years ? 

By substituting in the formula, 

10000 = /?(!. 045)« 
10000 
^~(1.045)»- 
Applying logarithms, 

log 1.045=0.0191 

log (1.045)20 = 0.3820 

colog (1.045)20= 9.6180 

log 10000 = 4.0000 

log/) = 3.6180 

j9 = 4150 

Ans, About $4150. 

The value of p in this example is called the present worth of 
910000 payable twenty years hence. 

III. At what rate per annum, compound interest, will 
$3600 amount to $5524.60 in eight years? 

By substituting in the formula, 

5524.60 = 3600(1 + r)8 



=v^i 



„. 5524.60 
1 + r 



3600 
Applying logarithms, 

log 5524.60 = 3.7423 
colog 3600 = 6.4437 
8)0 .1860 
log 1 + r = 0:0232 
l + r= 1.055 
r= 0.055 
Ans. h^ per cent. 
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IV. In how many years will $234 amount to $420.36 
at 5 per cent compound interest ? 

By substituting in the formula, 

420.35 = 234(1.05)" 

(1.05)- = lMfi 

log (1.05)-= log IMJA 

n log 1.05 = log 420.35 - log 234 
log 420.35 -log 234 
^ ~ log 1.05 

Applying logarithms, 

log 420.35= 2.6236 

log 234= 2.3692 

0.2544 

log 1.05= 0.0212 

„ _ 02544 
0-0213 

log 0.2544= 9.4055 

colog 0.0212 = 11.6737 

logn= 1.0792 

n = 12.00 

Ans, In 12 years. 

V. In how many years will a sum of money at com- 
pound interest double itself at 6 per cent per annum ? 

The condition is that a = 2 /?. Substituting 2p for a in the 

formula, we have 

2/? = />(1.06)" 

(1.06)» = 2 

f» log 1.06 = log 2 



n = 



- ^og2 __o.soio 



log 1.06 "'0.0258 

log n = 9.4786 -8.4031 
log n= 1.0755 
n=11.9 
Ans. In 11.9 years. 

Note. The formula for compound interest 

a = p(\ + r)" 
is based on the supposition that the interest is compounded annu- 
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ally. The rate per annum is represented by r. If the interest is 

compounded semi-annually, the formula must be changed by putting 

r 

n for r, and 2 n for n, thus : 

In the same way, if the interest is compounded quarterly, the 
formula becomes 

4ii 



«=;'(i + 5) • 



And in general, supposing the interest to be compounded 
q times a year, the formula becomes 

428. Ezercisea. 

172. Find the amount of $387.50 for 11 years at 6 per 
cent, compound interest. 

173. Find the amount of $1496 for 4 j-ears at 7 per cent, 
compound interest. 

174. If interest were compounded monthl}' at the rate of 
6 per cent a year, what would be the amount of $100 at the 
end of one year ? 

175. How much more will $ 1000 earn in three 3'ears, if the 
interest is compounded quarterly', than if it is compounded 
annuall}^ the rate per annum being 6 per cent? 

176. What sum will amount to $5000 in ten years, com- 
pound interest, at 5 per cent per annum ? 

177. What sum will amount to $25000 in twenty 3'ears, 
compound interest, at 3 per cent per annum ? 

178. In twelve 3'ears $2170 at compound interest amount- 
ed to $4125.40. What was the rate? 

179. At what rate per annum, compound interest, would 
$42000 amount to $60000 in five years? 

180. At what rate per annum, compound interest, would 
a sum of money double itself in ten years ? 

181. At what rate per quarter, when interest is com- 
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pounded quarterly, would $1000 amount to $1500 in five 
years? 

182. How long will it take $100 to earn $100 at 6 i^r 
cent i)er annum, compound interest? 

183. How long will it take a sum of money to triple itself 
at 4 per cent per annum, compound interest? 

184. How long will it take $55000 to earn $12000 at 5^- 
per cent per annum, compound interest? 

185. Interest being compounded semi-annually at the rate 
of 4^ per cent per annum, how long will it take $7000 to 
earn $ 3500 ? 

186. In the year 1870 the population of the United States 
was 39000000 ; in 1880 it was 50000000. What was the 
yearly rate of increase ? 

Note. The formula for compound interest is applicable to 
questions of this kind. 

187. Supposing the yearly rate of increase in the popula- 
tion of the United States to continue the same from 1880 to 
1890 that it was from 1870 to 1880, what will be the popu- 
lation in 1890? On a similar supposition, what will the 
population be in 1900? 

188. Supposing the same rate of increase to continue, in 
how many years from 1880 will the population of the United 
States be doubled ? 

189. Apply logarithms to the solution of Ex. 55, p. 230. 

Sinking Funds. 

429. Pkoblem. a person deposits p dollars annu- 
ally where the money accumulates at compound interest. 
What will the whole amount deposited and accumulated 
be at the end of n years from the time of making the 
first deposit, the rate of interest being r per annum ? 

Solution. At the end of n years the first deposit will have 
been at compound interest n years, the second n— 1 years, the 
third 71 — 2 years, and so on. The last deposit, made at the begin- 
ning of the n^ year, will have been at interest 1 year. 
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Hence, Amount of first deposit =-p{^ + 0" 

Amount of second deposit =i^(l + r)"-* 

• ••••• 

Amount of the last deposit but one = /?(1 + r)" 
Amount of the last deposit * =J'(1+'')' 

The sum of these amounts is 

p(l + r)+p(\+ry+ . . . 4-;j(l + r)». 
This is a geometrical progression, of which the first term is 
y)(l+r), the last term je>(1 + ?*)"> ^^^® number of terms >i, and the 
common ratio \ + r. 

By substituting in the formula (Art. 373) p(\ -f- r) for a, and 
1+7- for r, the sum of all the terms is found to be 

Representing by A the whole amount deposited and accumulated, 
the formula is 

^=f[(H-r)»-'-(l+r)]. 

Application. A person makes an annual deposit 
of $600. What is the whole amount deposited and 
accumulated at the end of twenty years, interest being 
compounded annually at 4 per cent ? 

^=^^[(1-04)^^-1.04]. 

Applying logarithms, 

log 1.04= 0.0170 
log (1.04)21= 0.3570 
(1.04)21= 2.275 
(1.04)21-- 1.04= 1.235 
log 1.235= 0.0917 
log 600= 2.7782 
colog 0.04 = 11.3979 
log^= 4.2678 
A = 18526. 
Ans. 118526. 

430. If it be required to find what sura, j[>, deposited 
annually, will amount to A dollars in n years at a given 
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rate, r, compound interest, the formula may be reduced 

to the form 

Ar 

^=(l-hr)«+*-(l-f-r)- 

Application. What sum deposited annually will 
amount to $ 10000 in twenty years, interest being com- 
pounded annually at 5 per cent? 

10000x0.05 
^ (1.05)21-1.05 
log (1.05) = 0.0212 
log (1.05)21= 0.4452 
(1.05)21= 2.787 
(1.05)21-1.05= 1.737 
colog 1.737= 9.7601 
log 10000= 4.0000 
log 0.05= 8.6990 
log;)= 2.4591 

;? = 287.80 
An9. 8287.80. 

Note. If the deposits are made semi-annually, quarterly, or 
q times a year, the above formulas are easily changed to suit the 

r 
case by putting - for ;•, and q n for n. 

431. Exercises. 

190. A clerk deposits annually $175 in a savings bank 
which pays 4 per cent per annum, compound interest. What 
amount will he have accumulated in six years ? 

191. What will a saving of $400 a year amount to in ten 
years, if the money is de^wsited where it draws A^ per cent 
compound interest? 

192. A young man saves 20 cents a da}', and at the end 
of each year deposits the amount saved in a bank which 
pa^'S 4 per cent, compound interest. If he began at the age 
of twenty, what will his savings amount to when he reaches 
the age of forty years? 

Note. Keckon each year as 365 days. 
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193. What sum must be deposited annually with a trust 
compan}' which allows 5 per cent, compound iuterest, to 
cancel at maturity a debt of $ 100000 maturing twenty yeai-s 
hence? 

194. A town borrows $250000 for the purpose of con- 
structing water-works, issuing for this amount bonds which 
will mature in 25 years. What sum must be annually set 
aside as a sinking fund to cancel the debt at maturity, sup- 
posing the sinking fund can be made to earn 4^ per cent per 
annum ? 

Annuitiea 

432. An annuity is a sum of money payable yearly 
to a person for a term of years or for his lifetime. 

Problem. What sum of money must a person de- 
posit now in an annuity office* that he may henceforth 
draw from the office a dollars annually for n years, thus 
exhausting his deposit and the accumulated interest at 
the end of that time ? 

Solution. The principle adopted for the solution of questions 
of this kind is this, that the original deposit^ with its accumulation at 
a given rate of compound interest, shall be equal to the sum of all the 
yearly payments and their several accumulations up to the time of the 
last payment. 

Let P represent the original deposit, and r the rate of interest. 
The amount of P at the end of n years at compound interest is 

P(l + r)«. 
This is the amount placed to the depositor's credit. 

Against this is charged the amount of each payment from the 
time it was made to the end of the n years ; that is, 

Amount of first payment for n — 1 years = a(\ + 7')""^ 
Amount of second payment for n — 2 years = a(l •\- r)""^ 

• •••••• 

Amount of last payment but one = a(l -i- r) 

Amount of last payment = a 

The sum of all these amounts is 

a4-a(l-i-r)+ . . . + a(H- r)»-i. 
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This is a geometrical progression the sum of whose terms 
(Art. 373) is 

which IS the gross amount placed to the depositor's debit. 
Since the account must balance, 



P(l + ry = ^[(1 + r)» - 1] 



whence 



4(l + r)»~l] 
r(l -f r)» • 

Application. What is the cost of an annuity of 
•tl200 a year to run for thirty years from the present 
time, the rate of interest being 3 per cent ? 

12 00 [(1.03)«> - 1] 
0.03 X (1.03)«> • 
Applying logarithms, 

log 1.03= 0.0128 
log(1.03)«>= 0.3840 

(1.03)«>= 2.421 
(1.03)«>-1= 1.421 
log 1.421= 0.1526 
log 1200= 3.0792 
colog 0.03 =11.5229 
colog(1.03)»= 9.6160 
logP= 4.3707 
P = 23480 
Ans, 923480. 

433. It may easily be shown that the above formula 
can be reduced to the form 

_ PrQ-hry 
for the purpose of finding what annuity, a, for a given 
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number of years would be afforded by a given deposit 
at a given rate of interest, and to the form 

log a — log (a — Pr) 

for the purpose of finding how long a given deposit 
will afford a given annuity at a given rate of interest. 

Application. How many years will an annuity of 
$800 run against a deposit of $8000 for which 4 J per 
cent compound interest is allowed ? 

By the last formula above, 

log 800 -- log 440 
'*" log 1.045 • 
Applying logarithms, 

log 800= 2.9031 

log 440= 2.6435 

log 800 - log 440 = 0.2596 

log 1.045= 0.0191 

_ 0-2596 
""" 00191 

log 0.2596= 9.4143 
colog 0.0191 = 11.7190 
logn= 1.1333 
n = 13.59 
Ans, Between 13 and 14 years. 

Note. If the payments are made semi-annually, quarterly, or 

q times a year, the above formulas are easily changed to suit the 

r 
case, by putting - for r, and q n for n. 

434. Exercises. 

195. What is the cost of an annuity of $1000 for 23 
years at 5 per cent, compound interest ? 

196. What is the present worth of an annual pension of 
$ 600 for 20 yeara at 4 J per cent, compound interest ? 

197. Which is the more valuable, and how much, a 
pension of $ 500 a year for twenty years, or an immediate 
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payinent of $6000, compound interest being reckoned at 5 
per cent per annum ? 

198. How large an annuity can be purchased with $30000, 
if it is to run thirty years at 3^ per cent, compound interest ? 

199. A man dying leaves his whole estate, valued at 
$250000, to a college, providing, however, that the college 
shall pay to his widow an annuity of $2000 during the rest 
of her life. Assuming 27 years as the length of time a 
person of her age is expected to live, and 4 per cent as the 
rate of compound interest, what is the present value to the 
college of the legacy ? 

200. How long would a deposit of $ 50000 afford an annu- 
ity of $3000, reckoning compound interest at 5 per cent? 

201. A debt of $80000, bearing compound interest at 5 
per cent per annum, is to be paid off in twenty annual pay- 
ments, the first payment to be made one j'car hence. What 
must each annual payment be ? 

202. In a certain countr}' having now a population of 
6000000, the natural rate of increase in population is ^ of 
one per cent per annum ; but in consequence of emigration 
the population decreases. If emigration should continue at 
the rate of 20000 people every year, how many years before 
this country would be wholly devoid of inhabitants? 
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SECTION XIV. 

MISCELLANEOUS PROBLEMS AND EXER- 
CISES. 

1 . What sum of money is that of which a fourth part and 
a fifth part together amount to $7740? 

2. A and B started in trade at the same time, A with 
$2750, and B with $3000. A lost half as much again as B, 
and B then had left half as much again as A. How much 
did each lose ? 

3. Divide 21000 acres of land among four persons so that 
A's share shall be f of B's, B's share f of C's, and C's 
share ^ of D's. 

4. A and B can do a piece of work in l\\ daj's, but A 
can do it alone in 21 days. How long would B take to 
do it alone? 

5. One aim of a lever is 7 feet and the other 8 feet long, 
and the two loads balancing one another on these arms differ 
by 50 pounds. How many pounds does each load weigh? 

6. At what time between 2 and 3 o'clock do the hour and 
minute hands point in exactly opposite directions? 

7. At a certain time between 9 and 10 o'clock, the minute- 
hand is 15f minute-spaces behind the hour-hand. What 
o'clock is it? 

8. Two boys had a mile race with their bicycles. Their 
rates were as 4 to 5. The loser, although he had a start of 
half a minute, was beaten by 176 yards. Wliat was the 
rate of each ? 

9. A merchant bought a piece of cloth at $3.75 a 3"ard, 
and, intending to gain 20 %, sold it at $4.50 a yard ; but, 
the piece proving to be 2^ yards shorter than he supposed it 
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to be when he paid for it, he really gained only 14^3 %. 
How many yards did he suppose were in the piece ? 

10. A boj' being asked to divide one half of a certain 
number by 4, and the other half by 6, and to add the quo- 
tients, tried to get the answer at one step by dividing the 
whole number by 5 ; but his answer was too small by 2. 
What was the number? 

11. Two steamboats make the same trip, one in 7 J hours, 
and the other in 8 hours. During the trip the faster boat 
overtakes the other and passes her, giving the passengers an 
opportunit}' to observe the speed of the two. From the 
moment when the prow of the faster boat is abreast the stem 
of the slower to the moment when the stem of the faster is 
abreast the prow of the slower is observed to be just 6 
minutes. Each boat is 300 feet long. Find the speed of 
each boat, and the length of the trip in miles. 

12. A father dying leaves children, who by his wiU are to 
share his property as follows : the first takes $1000 and 
one-tenth of what remains ; then the second takes $2000 and 
one-tenth of what then remains ; then the third takes $3000 
and one-tenth of what then remains ; and so on, each taking 
$1000 more than the one before him and one-tenth of the 
remainder. But it turns out that the property is thus 
equally divided among all the children. What is the amount 
of property divided, the number of children, and the share 
of each? 

13. What number is that of which the m}^ part and the 
?i*^ part together amount to a ? 

14. When a pounds of a commodity cost m dollars, what 
is the cost of h pounds ? 

15. What is the interest on k dollars for I years, at c per 
cent per annum ? 

16. George can mn as far in a minutes as Albert can in 
h minutes. How far can George mn while Albert mns m 
rods? 

17. A messenger who travels a miles in It hours goes from 
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one city to another in n hours. In how many hours can 
another go who travels a' miles in "kf hours ? 

18. One laborer earns as much in a days as another does 
in h days. The first earns k dollars in I days. How much 
does the other earn in the same time ? 

19. What number subtracted from both nunierator and 

denominator of the fmction - will change its value to — ? 

20. A merchant sells k yards of cloth for as much money 
as I yards cost him. What per cent does he gain ? 

21. One merchant owes another $2500 payable after 3 
months, $3200 payable after 8 months, and $1300 payable 
after 9 months. When may the whole be paid without loss 
of interest to either party ? 

22. Generalize the foregoing by finding when a whole sum 
a + 6 + c -h d may be paid, if a is payable after k months, 
h after I months, c after m months, and d after n months. 
What rule of arithmetic is expressed by the result? 

23. A straight line A B is divided at the point M, so that 
the part A M is to the part M B as 13 to 17 ; but, if the point 
M be moved 4 inches towards B, the part AM will then be 
to the part MB as 15 to 19. What is the length of the 
whole line? 

24. What is the price of com when 5 bushels of corn and 
88.75 in money are given for 10 days' labor, and, at the 
same rates, 9 bushels of corn and $13.25 in money for 16 
days' labor? 

25. A and B can do a piece of work together in 8 dajs. 
A works alone 4 days, and then both finish it in 5 days more. 
In what time could each have done it alone? 

26. I have a certain sum of money at interest at a certain 
rate. My brother A, having $1000 more than I, at interest, 
at a rate 1 % higher, receives $80 more interest than I do. 
My brother B, having $1500 more than I, at interest 2 % 
higher, receives $150 more than I do. How much money 
have I at int€rest, and at what rate ? 
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27. A cast-iron flask full of mercury weighs 62 kilograms ; 
but under water it weighs only 56.36 kilc^rams. How much 
mercury is there in the flask, supposing the specific gravity 
of the cast-iron to be 7.1, and that of mercury 13.6? 

28. The sum of two fractions is ^9 ^^^u* difference 3; 

a 

what are the fhu;tions ? 

29. Two numbers are as 1^ to 2J; but, if each be in- 
creased by 15, they will then be as If to 2^. What are the 
numbers ? 

30. The area of a triangle varies as the base and height 
jointly. The bases of two triangles are as 8 to 1 1 , and theii 
heights as 7 to 13. What is the ratio of their areas? 

31. If a : 6 = 3 : 2, what is the value of a-\-b:a — b? 

32. If a : & = 5 : 3, what is the value of r- -h -? 

b a 

If a : & = 4 : 5, what is the value 

33. Of 1 -^? 34. Of J^^-^^ 35. Of J r^—J 

36. Separate the number a into three parts, a;, y^ and 2, 
such that x'.y = m:n^ and y : z =p : g. 

37. Separate the number a into four parts, w^ x, y, and Zj 
such that w : X = m : n, x:y =^p:q, and y :z = r:s, 

38. A traveller having spent 864 pounds sterling in Eng- 
land, 5288 francs in France, and 4264 marks in Germany, 
finds that the whole amount spent is equal to $6234. He 
reckons 4 pounds sterling to be worth 21 cents more than 
100 francs, and 25 francs to be worth 6 J cents more than 20 
marks. At what values respectively does he reckon the 
pound, the franc, and the mark? 

39. Find three numbers which will satisfy the following 
conditions : if 6 be added to the first and to the second, the 
sums will be to each other as 2 to 3 ; if 5 be added to the 
first and to the third, the sums will be to each other as 7 to 
11 ; and, if 36 be subtracted from the second and from the 
third, the remainders will be to each other as 6 to 7. 
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40. In an experiment, 3 lbs. of maple wood, 1 lb. of 
cork, and 5 lbs. of lead, being tied together and weighed 
under water, are found to lose 8.40 lbs. In another, 2 lbs. 
of maple wood, 1 lb. of cork, and 6 lbs. of lead, lose 7.23 
lbs. In a third, 1 lb. of maple wood, 2 lbs. of cork, and 8 
lbs. of lead, lose 10.31 lb. From these results compute the 
specific gravity of maple wood, of cork, and of lead. 

41. Prove that tlie difference of the squares of two con- 
secutive integers is equal to the sum of those integers. 

42. Show that the sum of the cubes of any three consecu- 
tive integers is divisible by the second of them; 

43. If the difference of two fractions is — , show that 

n 

m times their sum is equal to n times the difference of their 
squares. 

44. There are three numbers such that the product of 
each pair, when divided by the other number, gives the quo- 
tients 3, 12, and 27 respectively. Find the numbers. 

Generalize this question, representing the three quotients 
by a, 6, and c. 

45. Find the number whose cube root is one-fifth of its 
square root. 

46. A person who can walk forwards four times as fast 
as he can walk backwards undertakes to walk a certain dis- 
tance, one-fourth of it backwards, in a stated time. He 
begins by walking backwards ; but, finding his speed one- 
fifth of a mile an hour less than he expected, he is obliged 
to walk forwards two miles an hour faster than he intended 
in order to finish his task within the stated time. How fast 
did he expect to walk forwards, and how fast backwards? 

47. Two men started together on a journey of 210 miles. 
One travelled a mile an hour faster tiian the other, and arrived 
at his journey's end five hours sooner. How many miles an 
hour did each travel? 

48. The fore wheel of a carriage makes six more turns 
than the hind wheel in going 120 yards, and the circumfer- 
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ences differ by one yard. Find the circumference of each 
wheel. 

49. Dividing 800 by a certain divisor gives a quotient 
and no remainder. If the divisor should be diminished by 
20, the quotient would be greater by 2, and still there would 
be no remainder. Find this divisor. 

50. A pane of glass 56 inches long and 33 inches wide is 
to be reduced to one-half its area by cutting from each side 
and end strips of the same breadth. How broad must these 
strips be? 

51. A circular grass plat is surrounded by a paved walk 
8 feet wide. The area of the walk is equal to the area of 
the grass plat. Find the radius of the grass plat. 

52. A father provided in his will that 700 acres of land 
should be divided equally among his sons ; but, one of the 
sons not surviving the father, each of the others received 35 
acres more than he otherwise would have received. How 
many sons were there at first? 

53. Divide a line whose length is a into two parts such 
that the whole line shall be to the longer part as the longer 
part is to the shorter. What are the results when a = 10? 

Note. A line so divided is said to be divided in extreme and 
mean ratio. 

54. A boat's crew can row 8 J miles down a river and 
back again in 1^ hours. If the river flows uniformly at the 
rate of 2 miles an hour, what is their rate of rowing in 
still water? 

55. A boat's crew can row a miles down stream and back 
again in b hours. If the rate of the stream is given, what 
is the rate of rowing in still water? If the rate of row- 
ing in still water is given, what is the rate of the stream? 

56. Divide 45 into two parts such that the sum of the 
quotients found by dividing each part by the other is 3|^. 

57. Divide a into two parts such that the sum of the quo- 
tients found by dividing each part by the other is m. 

58. Two fields have the same area ; but one is an exact 
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square, and the other is a rectangle. Find the ratio of the 
length to the breadth of the rectangle if the distance around 
it is twice (m times) as great as the distance around the 
square. 

59. Find two numbers, in the ratio of 4 to 5, such that, 
if 6 be added to the larger and 1 to the smaller, the square 
roots of the results shall differ by 1 . 

60. Four numbers are in proportion. The sum of the 
means is 19, the sum of the extremes is 21, and the sum of 
the squares of the four numbers is 442. Find these numbers. 

61. The distance around a certain right-angled triangle is 
30 feet, and its area is 30 square feet. Find each side. 

62. The hypothenuse of a right-angled triangle is 60 feet, 
and its area is 864 square feet. Find the sides. 

Generalize, putting 7i for the hypothenuse, and A for the 
area. 

63. There are two numbers whose sum multiplied by the 
less is equal to four times the greater, but whose sum multi- 
plied by the greater is equal to nine times the less. What 
are the numbers? 

64. A square field and a rectangular field have the same 
area. The latter is three times as long as it is wide, and 
the distance around it exceeds the distance around the 
former by 128 rods. Find the dimensions of each field. 
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